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1. Introduction

In this paper, we study the following two-dimensional nonlinear plate equation modeling the small
amplitude oscillations of suspension bridges

Uy + Nu+ a(x, y)u + pug + f(u) = g(x,y), (6,y)€Q, t>0 (1.1)
with initial conditions

M(x’y’ O) = Mo(x,)’)’ ul‘(-xay7 O) = Ml(x’y)’ (X,)’) €Q (12)
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and mixed boundary conditions consisting of simply supported and free boundary conditions (see [27,
Section 2.5])

u(0,y, 1) = un(0,y,0) = ulk,y, 1) = un(k,y, 1) =0, y€ (=L, t >0,
uyy (x, £1,1) + ru(x, £1,1) =0, x€(0,k), >0, (1.3)
Uy (X, £, 1) + (2 = Nty (x, £1,1) =0, x € (0,k), 1> 0.

Here, the unknown function u = u(x, y, t) represents the deflection at time ¢ of a filament having position
(x,y) in Q. The domain Q = (0,k) X (=1,1) C R? with 0 < [ < k is the rectangular deck of a suspension
bridge having the two short edges y = +/ hinged and the two long edges x = 0, k free. The constant r
1s the Poisson ratio depending on the material composing the bridge deck and usually lies in (0, 1/2).
The term a(x, y)u denotes the restoring force provided by the hangers and a(x, y) is a sign-changing and
bounded measurable function. The term pu, represents the weak damping caused by the internal friction
and p > 0 is the damping coefficient. In addition, g € L*(Q) stands for the external force acting on the
bridge deck. Concerning the nonlinear source term f, we always assume that there exist constants b > 0
and p > 2 such that

@) = f@)l < b(1+ [l +al?) @ - ul, u.iieR. (1.4)
Moreover, there exist constants 0 <n < A;/S % and o > 0 such that
Flu) > —guz —o (1.5)

and
wf(u) > F(u) - guz —0 (1.6)

where

F(u) = f ' f(s)ds
0

and the constants A; and S, will be specified in Section 2.

Deformations and oscillations of suspension bridges have attracted a great deal of attention. The
one-dimensional beams and rods were used to simulate deformations and oscillations of suspension
bridges. Lazer and McKenna [14] considered a beam equation

Uy + Kityrry + au* = sin %x(s +£9(0), x€(0,k), >0

where u* = max{u, 0}, a > 0 is the elastic coefficient of the hangers, K is the flexural rigidity of the
bridge deck, k is the length of the suspension bridge, S is a large constant, € is a small parameter and g(7)
is a periodic function. They obtained multiple periodic solutions. McKenna and Walter [21] investigated
a beam equation of the form

uy + Kty +au’ =1+ g (1.7)

where g = g(x, ?) is a periodic function. They got multiple periodic solutions depending on the range of
a. In particular, under the situation K = 1 and £g = 0 McKenna and Walter [22] studied travelling wave
solutions to Eq. (1.7). Lazer and McKenna [15] suggested several rod models and simulated the sudden
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transition from vertical to torsional oscillations which occurred in the Tacoma Narrows bridge collapse
(see [9,10,24]). Arioli and Gazzola [3] proposed a multiple rods model and also showed the sudden
appearance of torsional oscillations. Battisti et al. [4] studied a nonlinear beam equation with nonlocal

term
2 k
Uy + Uyxxx T (P -7 f l/li dX) U =0
k Jo

where P > 0O is the compression parameter. They established the existence of periodic solutions
and discussed the energy transfer from one oscillation mode to another. Moreover, they provided
corresponding numerical experiments.

In order to pursue reliability and accuracy of the model, various evolution plate equations were
employed to model deformations and oscillations of suspension bridges. Under simply supported
boundary condition

u(x,y,t) = Au(x,y,t) =0, (x,y) €0Q, t>0, (1.8)

Zhong et al. [36] investigated a nonlinear plate equation
Uy + NP+ au™ + pu, + f(u) = g(x,y)

where Q C R? is a bounded open set with a sufficiently smooth boundary Q. Under certain assumptions
on f € C*(R), they obtained global existence and uniqueness of solutions with certain regularity and
derived the existence of a global attractor by verifying the condition (C) [20], a compactness criterion.
Park and Kang [23] studied the following nonlinear plate equation with a more general damping

Uy + Nu+ au” + p(x, y)h(u) + f(u) = g(x,y)

subject to simply supported boundary condition (1.8) where u € L*(Q), u(x,y) > 0 and Q c R?is a
bounded domain with a smooth boundary Q. Under some assumptions on f € C*(R) and h € C'(R),
they got the existence of a global attractor by verifying the asymptotic compactness.

Under mixed boundary conditions (1.3), Ferrero and Gazzola [9] investigated the following plate
equation with a more general restoring force

Uy + Au + h(x,y,u) +uu, = g

and established global existence, uniqueness and asymptotic behavior of solutions. Their main results
showed that if g € L*(Q) is independent of ¢ then the unique global solution converges to the stationary
solution as time tends to infinity. Based on the potential well theory (see e.g. [11,12,16,19,29-31,33,34]),
Wang [28] dealt with the following plate equation with nonlinear source term

Uy + N2u+ a(x, Y)u + pu, = |ulP*u (1.9)

where 2 < p < co. He obtained local and global existence, uniqueness, asymptotic behavior and finite
time blow-up of solutions to problem (1.9), (1.2), (1.3) with subcritical initial energy. Xu et al. [32]
considered the following plate equation with nonlinear damping

Uy + Nu+ a(x, y)u + plu T u, = |ulPu (1.10)
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where 2 < g < p < co. In the framework of the potential well theory, they got local and global existence,
uniqueness, asymptotic behavior and finite time blow-up of solutions to problem (1.10), (1.2), (1.3)
with subcritical and critical initial energy, respectively. Moreover, they derived the finite time blow-up
of solutions to problem (1.9), (1.2), (1.3) with supercritical initial energy. Liu et al. [18] also obtained
this blow-up result. In the case of neglecting the effects of internal friction and external force, Berchio
et al. [5] analyzed a plate equation of the form

Uy + YA u+ TO)u+u’)=0

subject to mixed boundary conditions (1.3) where r = 1/5, [ = k/150, v > 0 and Y is the characteristic
function of a set. With a finite dimensional approximation, they proved that the system remains stable at
low energies while numerical results showed that for large energies the system becomes unstable. They
analyzed the energy thresholds of instability and provided interesting remarks on several questions left
open by the Tacoma Narrows bridge collapse. In the case of neglecting the effects of the restoring force,
Ferreira Jr et al. [8] investigated a nonlocal plate equation

u,,+A2u+(P—Sfuidxdy)uxx+,uut:g (1.11)
Q

where S > 0 depends on the elasticity of the material composing the bridge deck, S fQ u? dxdy measures
the geometric nonlinearity of the deck due to its stretching and P > 0 is the prestressing constant. They
proved global existence, uniqueness and asymptotic behavior of solutions to problem (1.11), (1.2), (1.3).
Furthermore, they proved the results on stability and instability and complemented the theoretical results
with some numerical experiments. Bonheure et al. [6] also studied problem (1.11), (1.2), (1.3) and
proved the well-posedness of periodic solutions. They made the phase space be orthogonally split into
two subspaces containing the longitudinal and the torsional movements of bridge decks, respectively. For
the longitudinal component, they gave the sufficient conditions for the stability of periodic solutions and
of solutions. Moreover, they performed a stability analysis and provided the corresponding numerical
simulations in which instabilities may occur.

The above works lay a rich mathematical theory for deformations and oscillations of suspension
bridges and provide important reference value for practical problems. In the present paper, we would
like to study the long-time dynamics of solutions to problem (1.1)—(1.3) and the global attractor is an
effective way to handle this issue. Although [23,36] have already involved the existence of global
attractors, our research object is actually distinct since mixed boundary conditions (1.3) are more
realistic and complex so that the phase space, energy estimates and the compactness criterion are all
different. On the other hand, our assumptions on the nonlinear source term f are weaker than those
in [23].

The main results of our paper are stated as follows.

Theorem 1.1 (Global well-posedness). Let —1; < a; < a(x,y) < ay, uy € H*(Q) and u, € L*(Q).
Then, for any T > 0, problem (1.1)—(1.3) admits a unique solution u € C([O, T, Hf(Q)) with u, €

C ([O, T1; LZ(Q)) which depends continuously on the initial data.

Define an operator S(¢) : Z — Z by
S (O(uo, uy) = (u(®), uy (1))
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where the phase space Z := H>(Q) x L*(Q). Then, it is easy to see from Theorem 1.1 that {S (£)},s0 is a
CP-semigroup generated by problem (1.1)—(1.3).

Theorem 1.2 (Existence of global attractors). In addition to the conditions of Theorem 1.1, suppose
that ay > 0. Then, the dynamical system (Z, S (1)) corresponding to problem (1.1)—(1.3) possesses a
global attractor.

In the above theorems, the constant A; and the space H>(Q) will be stated in detail in Section 2.

The rest of this paper is organized as follows. In Section 2, we display some notations and prepare
several preliminary definitions and conclusions related to problem (1.1)—(1.3). Sections 3 and 4 are
devoted to the proofs of Theorems 1.1 and 1.2, respectively.

2. Preliminaries

Throughout the paper, for the sake of simplicity, we denote

-y =11 llees - 1= 11 M2y (s, v) 1=fuvdxdy-

Q

Moreover, C represents a generic positive constant that may be different even in the same formula and
C(-,---,-) stands for a positive constant depending on the quantities appearing in the parenthesis.
As in [2,9], we define a Hilbert space

HX(Q) := {u € H*(Q)|u = 0 on {0,k} x (-1, 1)}

endowed with the inner product

(W, V)2 := (U, V)0 = f(AuAv + (1 = 1) QutyyViy = Uy Vyy — UyyVyy)) dxdy
Q

and the norm

1
2

lutllz := Nl 2y = (L |Au|2dxdy +2(1 - r)fg;(uiy - uxyuyy) dxdy)
which is equivalent to || - ||g2q). Here, in terms of [1, Theorem 4.15], || - [|z2() can be defined by
1/2
(||D2 AP+ IIZ) 2 According to [28], we have the following two inequalities.

Lemma 2.1 ( [28]). Assume that 1 < g < oco. Then, for any u € H*(Q), there holds llull, < Sqllulla

where 1

k2 w2 1 \2

S, =|=+—1|QkDH= |[—]| .
o=y 5 e ()
Lemma 2.2 ( [28]). Assume that -1, < a; < a(x,y) < a, where {/l.,-};’.‘;l is the eigenvalue sequence of
the eigenvalue problem

A’u = Au, (x, y) € Q,

”(O,)’) = uxx(o’ y) = l/t(k, )’) = uxx(k,)’) = Oa y € (_17 l)’
Uy (X, 1) + ru(x, £1) = 0, x € (0,k),

Uyyy (X, £1) + (2 = Nty (x, 1) = 0, x € (0, k),
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and 0 < A, < 1. Then, for any u € H*(Q), there holds
AllullZy < Null2, + (au, u) < Asllull?,
where
1+2 4 <0, 1, a <0,
Al = 4 A, = LT
1, a = O, /11 ’ 2=
Following [2], we introduce a space

HY(Q) = {u e H'(Q|u=00n {0k} x (~1,1)}

which is defined as the closure of C;°(€2) with respect to the norm

s = Nl = ( f VuP dxdy) |
Q

CX(Q) := {u eC® (ﬁ)' Je > 0, u(x,y) = 0if x € [0, 6] U [k—g,k]}

Here,

is a normed space equipped with the norm || - ||,;. The inner product in H!(Q) is defined by

(W, V)1 = (U, V)p1q) = fVqu dxdy, u,ve H: ().
Q

Moreover, the embedding H>(Q) — H!(Q) is compact.
Next, we prove the equivalence between || - ||.; and || - [[z1q).

Lemma 2.3. For any u € H(Q), the two norms ||ul|,; and l|ull 1) are equivalent.

X k
f uy(s,y) ds| < f i (x, )| dx.
0 0

By virtue of Schwarz’s inequality, we further obtain
1

k 2
lu(x, y)| <k? (f ui(x,y) dx) )
0

Proof. For any u € H!(Q), we have

lu(x, y)l =

Hence,

f u(x, y)I* dxdy <k® f uy(x, y) dxdy
Q Q

which implies
llull® < K| Dull.
Thus,

IDull® < lullfy1 g < (1 + K] Dull®

2.1

which means that ||[Du]| is equivalent to [|u||;;1 ). On the other hand, it is easy to see from (2.1) that |||,

is equivalent to ||Dul|. Accordingly, the proof of this lemma is finished.
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In terms of Lemma 2.3, we can draw the following conclusion which will be applied in the proofs of
our main results.

Corollary 2.4. Assume that2 < q < co. Then, for any u € H'(Q), there exists a constant € := €(Q, q)
such that |lull, < €flull.;.

Definition 2.5 (Weak solutions). For given T > 0, a function u € C ([O, T];Hf(Q)) with u, €
C ([0,T1; LA(Q)) is called a weak solution to problem (1.1)~(1.3) in Q x [0, T1, if u(0) = uo in HX(<),
u,(0) = uy in L*(Q) and

(u,(),v) + f (u(t),v), dr + f (au(t),v)dt + p(u(t), v)
0 0 (2.2)

+f(f(u(T))’V)dT=f(g,V)dT+(u1,V)+/1(uo,V)
0 0

for any v € H>(Q) and t € (0, T].
Remark 2.6. Eq. (2.2) implies that

(1), v) + (1), V). + (au(), v) + u(u, (1), v) + (f (u(@)),v) = (g, v) (2.3)
for a.e. t € (0, T] where {-,-) denotes the duality pairing between H*(Q) and its dual space H(Q).

3. Proof of Theorem 1.1

In the proof of Theorem 1.1, we shall see that u € L™ (O, T; Hf(Q)) with u, € L® (0, T; LZ(Q)). In
order to further demonstrate u € C ([0, TI: Hf(Q)) withu, € C ([0, T1: LZ(Q)), we need the following
two lemmas.

Lemma 3.1 ( [26]). Let U and V be two Banach spaces such that U C V with a continuous injection.
If a functionu € L*(0,T; U) and u € C,,([0,T]; V) thenu € C,([0,T]; U). Here, C,,([0, T]; W) means
the subspace of L= (0, T; W) consisting of those functions which are almost everywhere equal to weakly
continuous functions with values in a Banach space W.

Lemma 3.2. Under the conditions of Theorem 1.1, if a function u € L? (O, T;HE(Q)) with u, €
L? (0, T; Lz(Q)) is a solution to problem (1.1)—(1.3) then

1d
(1a0) + B%ut), (1)) = 5 (b OIF + ().

Proof. Extend u to be zero outside (0, T']. Let iz := {u where the truncation function  : R — [0, 1]is 0
onR\ (0,T], 1 0on (6, T — 6] with small 6 > 0 and otherwise linear. Set the mollification of v to be

lg :=1M,*0

where the mollifier n.(¢) := 1/en(t/e), € > 0 and n(¢) is a nonnegative even C*-function on the
real line with compact support and integral one. According to the regularization theory, we have
ii, € C* (R; HA(Q)). & - 0,

ii, — it in L* (R; HA(Q)),
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ity — i, in L2 (R; LZ(Q)) .
Note that
1d

(Ben(0) + A1), (D) = 5 — (eI + 7O

Taking € — 0 first, the above relation still holds for i&. Finally, by taking 6 — 0 and restriction to (0, 7]
we finish the proof of Lemma 3.2.

Proof of Theorem 1.1. We divide the proof of this theorem into four steps.

Step I. Galerkin approximations.

Let {w;}2, be the eigenfunctions of the eigenvalue problem in Lemma 2.2. Then, according
to [9, Theorem 3.4] {w j}‘;.‘;l is an orthogonal basis of H>(Q) and an orthonormal basis of L?(Q). Denote
W, :={w;,ws, - ,w,}. Set

n
Upp = Z(uo, wj)wj
j=1

and .
Ulp = Z(ul,wj)wj
j=1
such that
Uon — Uo in HA(Q) (3.1
and
U, — Uy in LX(Q) (3.2)

as n — oo. For all n > 1 we seek n functions &,,,, &, -+ - , &m € C*[0, T] to construct the approximate
solutions to problem (1.1)—(1.3)

() 1= ) Ep(wj, n=1,2,-- (3.3)
j=1
which satisfy
(srr(2) + Au (1) + aty(8) + p1an (1) + f (0, (D)) = g,v) = 0, >0, (3.4)
u,(0) = uon, u(0) = w1y, 3.5

for any v € W,,. Let &,(1) := (£14(0), é20(1), -+, &u(1))". Then, by taking v = w; (i = 1,2, -+ ,n) in (3.4)
the vector function &, solves

&N + pé () + L) =0, >0, (3.6)
£,(0) = ((ug, 1), (o, w2),*+ - , (ug, wy))", 3.7
E(0) = (uy, wy), Uy, wy), -+, (g, w,))’ (3.8)

where £, : R” — R” is the map defined by
L&) 1= (LinEn()s LonEn(0)), -+ Lun(En(@),
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L&) i=| Y EnONw;+a Y E(w; + f [Z §jn<t>wj] -8 w,-] i=1,2,0m
j=1 j=1 j=1

In terms of the standard theory for ordinary differential equations, the Cauchy problem (3.6)—(3.8)
admits a unique local solution &, € C?[0, T,,) with T,, < T. In turn, this gives a solution u,(¢) defined by
(3.3) and satisfying (3.4), (3.5).

Step II. A priori estimates.

Taking v = u,,(¢) in (3.4), we obtain

E(1) + pllun (DI = 0 (3.9
where
1 1 1
E, (1) := Ellbtm(t)ll2 + Ellun(t)llfz + E(aun(t), un(2)) + fg F(u, (1)) dxdy — (g, u,(1)). (3.10)

Integrating (3.9) with respect to ¢ from O to ¢, we reach

En(t)+,uf e (DI dT = E,(0), 1 € [0,T,). (3.11)
0

For the fourth term on the right-hand side of (3.10), it follows from (1.5) that

f Flun(t)) dxdy > ~ (012 20kl
Q 2

In light of Lemma 2.1, we get

775% 2
F(u,(t))dxdy > —Tllun(t)ll*2 — 20kl. (3.12)
Q

For the fifth term on the right-hand side of (3.10), we deduce from Schwarz’s inequality, Lemma 2.1
and Cauchy’s inequality with € > 0 that

(&, un(1)) <ligllllun (D)l

1
<eSlun I, + @Ilgllz. (3.13)

Consequently, by substituting (3.12) and (3.13) into (3.10), applying Lemma 2.2 and choosing suffi-
ciently small € such that

A] 7752
=5 " TS0
we obtain .
En(t) 2 Sl @I + 8llun()Z, = C (gl +2k1), 1€ [0,T,). (3.14)

Therefore, from (3.11), (3.14), (3.1), (3.2) and g € L*(Q), it follows that

(DI + it (D)I2, < C, 1 €10, T,) (3.15)
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where C is independent of n. Estimate (3.15) allows us to extend the approximate solutions to problem
(1.1)—(1.3) to the interval [0, T'] for any T > 0.

Step III. Passage to the limit.

From estimate (3.15) we learn that there exist a subsequence of {u,} (still denoted by the same
notation) and a function u such that as n — oo,

u, — u weakly star in L™ (0, T, Hf(Q))

and
u,, — u, weakly star in L™ (0, T; LZ(Q))

for any 7 > 0. Since the embedding H*(Q) — H!(Q) is compact, we infer from the Simon-Aubin
compact embedding [25] that up to a further subsequence

u, — uin C ([0, T]; H(Q)). (3.16)

We claim that for all € [0, T'],

fo (f(un(7)), v) d7 — fo (f(u(1)),v) dr

as n — oo. From (1.4), Holder’s inequality with (p —2)/2p —2) +1/(2p —2) + 1/2 = 1, Minkowski’s
inequality, Lemma 2.1, Corollary 2.4 and estimate (3.15), we deduce that

() = Fu(e), V) <b (1 + O + ) (1) = uo), v)|

<b (KD + s, + IO, ) hne) = w021
<Cllun () = u(®)l- (3.17)

Consequently,

fo (f(ua()) = f(u(r)),v)dr

SCf llun(T) — u(0)ll.1 dr.
0

Thus, the assertion follows from (3.16).

As a consequence, integrating (3.4) with respect to ¢ and passing to the limit as n — oo, we arrive at
(2.2). In view of u € L™ (0, T; H(Q)) and u, € L (0, T; L*(Q)), we have u € C,, ([0, T]; L*()). Hence,
by Lemma 3.1 we derive u € C,, ([O, T]; Hf(Q)). We infer from Remark 2.6 that u,, € L? (0, T; H(Q)).
Thus, u, € C,, ([0, T]; H(Q)). Again, by Lemma 3.1 we get u, € C,, ([O, Tl; Lz(Q)). Thanks to Lemma
3.2, we see that the function

t o |0 + (@)%,
is continuous on [0, T]. Hence, u € C ([0, Tl; Hf(Q)) and u, € C ([0, Tl; LZ(Q)). Moreover, we infer
from (3.1) and (3.2) that u(0) = ug in H*(Q) and u,(0) = u, in L*(Q). Therefore, u is a global solution to
problem (1.1)—(1.3) in the sense of Definition 2.5.
Step IV. Continuous dependence and uniqueness.
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Suppose that # and i are two solutions to problem (1.1)—(1.3) with initial data uy, u; and i, i,

respectively. Set it := it — u. Then, it is a solution to the following equation
iy + A%+ a(x, y)i + pil + f@@1) — f(u) =0

with
171(0) = I:iO = ﬁo — Up, ﬁt(O) = 1711 = 121 — Up.

By the analogous arguments in Lemma 3.2, we have
1d
5 75 W IP + WEOIE, + (aa(0). (e) + gl )P
== (f@®) = f(u(@®)), i,(1)).
By the arguments similar to the proof of (3.17), we can obtain
~CFE0O) = £, 7(0) <b(RKDEE + [l + 17O, ) 1@yl
<Clla@®ll I Ol
Applying Cauchy’s inequality with € > 0, we get
—(f(@() = fu(@)), a,(6)) <C@Ia@I, + el ol7.

Hence, by taking € = u we deduce from (3.19) and Lemma 2.2 that

5 (I + WO, + (@0, 50) < € (O + 1RO, + @0, 7).
Consequently, we conclude from Gronwall’s inequality that
it ()P + Nae)I2, + (ai(®), w(®)) < C (sl + lliol, + (aiio, fio))
for all € [0, T]. By Lemma 2.2, we have
()3, + (aii(e), @(1) = Aslla)|lZ,

and
-2 N -2
llitoll;, + (aity, itg) < Axllioll,,-

Combining (3.21)—(3.23), we arrive at

I ()P + o), < € (]l + iioll%,)

for all r € [0, T].

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

In particular, by taking uy = iy and u; = iy, it is clear that u is the unique solution to problem

(1.1)—(1.3).
Thus, the proof of Theorem 1.1 is complete.
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4. Proof of Theorem 1.2

In this section, we write

IS (D217 := @I, + I,z := (o, w).

According to [7, Theorem 2.3] and [7, Proposition 2.10], we will prove the existence of a global
attractor for problem (1.1)—(1.3) by verifying dissipativity and asymptotic smoothness of the corre-
sponding dynamical system (Z, S (t)). For the convenience of the reader we display the two abstract
results from [7].

Theorem 4.1 ( [7]). Let (Z,S (1)) be a dissipative dynamical system in a complete metric space Z. Then,
(Z, S (1)) possesses a compact global attractor if and only if (Z, S (t)) is asymptotically smooth.

Proposition 4.2 ( [7]). Let (Z,S (1)) be a dynamical system on a complete metric space Z endowed
with a metric d. Assume that for any bounded positively invariant set B in Z and ¢ > 0, there exists
T = T(s, B) such that

diS(T)z,S(1)7) < ¢+ D7r(z,2), z,Z€B

where ®7(z,7) is a function defined on B X B such that

lim lim ®7(z,,z,) =0

for any sequence {z,} in B. Then (Z, S (1)) is an asymptotically smooth dynamical system.

In order to demonstrate the dissipativity of the dynamical system (Z, S (7)), we first define the total
energy function associated with problem (1.1)-(1.3)

E@) = %Ilut(t)ll2 + %Ilu(t)lliz + %(du(t), u(®)) + fQF(u(I)) dxdy — (g, u(1)). 4.1
The following lemma provides the properties of E(?).
Lemma 4.3. Under the conditions of Theorem 1.1,
E'(t) = —pllu ()| (4.2)
Moreover, there exist two constants My, M, > 0 such that
E(t) 2 My ()2, + w01 ) = My (Iigll® + 2k1). (4.3)
Proof. In terms of Lemma 3.2, we have
5% (lets O + DI, + (@), u(r))) + pllu (DI

= — (f(u(®), u (1) + (g, u,(t))

and so (4.2) is obtained immediately. Moreover, it is easy to see from the arguments similar to the proof
of (3.14) that (4.3) holds.
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Now we employ the perturbed energy method [13,17,35] with some modifications to show that the

dynamical system (Z, S (¢)) corresponding to problem (1.1)—(1.3) is dissipative.

Lemma 4.4 (Absorbing set). Under the conditions of Theorem 1.2, the semigroup S (t) has a bounded

absorbing set in Z.

Proof. We perform a suitable modification of the total energy function as follows
Y() := Et) + ey(t)

where
() = (u(t), u, (1))

and £ > 0 is a constant to be determined later.
We first claim that there exist four constants y; (i = 1,2, 3,4) depending on & such that

VIE®) =2 (gl + 2kl) < () < y3E() +v4 (1IgII* + 2k1).

Indeed, from Schwarz’s and Cauchy’s inequalities and Lemma 2.1 we discover

(o)l S%IIH(I)II2 + %Ilut(t)ll2
S

1
_7||u(t)||52 + Enut(r)nz.

Thus, there exists a constant K > 0 such that

W@l < K (@I, + la(DIP).

In view of (4.3) in Lemma 4.3, we can get
1 M.
2 2 2 2
I + I < 7B + 7= (1 + 241).

Inserting this inequality into (4.6), we obtain

KM,
1

m (Ilgl> +2k1).

W) sMﬁlEm "

Hence, we deduce from (4.4) that

K KMy, K KM,
(1 —SE)E(Z‘) e (Ilgll> + 2k1) < W() < (1 +8M)E(t)+8 o

Thus, assertion (4.5) is proved, and y; > 0 will be ensured by the selection of ¢ later.
Next, we claim that
V' (t) < —€E(t) + 2e0kl.

To confirm this, we note that

W' () =l OIF + (1), (D).

(Ilgl> + 2k1).

4.4)

4.5)

(4.6)

4.7)

Communications in Analysis and Mechanics Volume 15, Issue 3, 436-456.



449

By Remark 2.6, we get

(1) = NI = @I = (@u(), u(r)) = pu @), u(®) = (f @@®), w(@) + (g, u(@).
Hence, from (4.4) and (4.2) in Lemma 4.3, we have
¥'(1) = = (u = Ol DI = ellu)|I?, — e(au(r), u(r))
= ep(u, (1), u(t)) — e(f (u(0)), u(®)) + &g, u()).
By virtue of (4.1), we further get

3
V(1) = — eE(1) - (u - ;) (DI - gnu(r)niz - §<au<t>, u(t))
4.8)

= ep(u,(0), u(?)) + & ( fg F(u() dxdy — (f (u(7)), u(t))) :

For the fifth term on the right-hand side of (4.8), we deduce from Schwarz’s inequality, Lemma 2.1 and
Cauchy’s inequalities with € > 0 that

(a8, 1)) <ellueOlllae (O]
2
<eS2u)|?, + Ziénut(r)nz. (4.9)

For the last term on the right-hand side of (4.8), it follows from (1.6) and Lemma 2.1 that
8([9 F(u(r)) dxdy — (f(u(®)), u(t))) S«?(gllull2 + 2le)
SS(%gﬂuﬂfz + 2ng) . (4.10)
Consequently, by substituting (4.9) and (4.10) into (4.8) we obtain

’ 3 luz 2
V() <—-eEMt)—|u—e >t oo o, ()]
€
s i 4.11)
- 8(5 - % - esg) lu@liZ, - 5 (au(®), u(?)) + 2e0kl.

From the condition @; > 0 and Lemma 2.2, it is apparent that A; = 1. We are now in a position to
choose sufficiently small € such that

1 nS?
5—72—€S§>0.
For fixed €, we choose
. My 4eu
g<miny —,——;.
K~ 6€+ u?

Thus, the middle three terms on the right-hand side of (4.11) are non-positive and could be neglected so
assertion (4.7) is demonstrated. Here, € < M,/K ensures y; > 0 in assertion (4.5).
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By assertion (4.7) and the second inequality in assertion (4.5), we have
W) < — ZW(@t) + 2l + 28 (Q + ﬁ)kl.
V3 V3 V3

Hence,
P(1) < W(O0)e " + y4llgll* + 2 (ys0 + ya) kl. (4.12)

By the second inequality in assertion (4.5), we have
W(0) < y3E(0) + y4 (llgll” + 2k1)

which together with (4.12) and the first inequality in assertion (4.5) yields

. 2
E@) < (EE(O) + L (lg1P + 2kl)) oHy YV 2Tt Vet )y,
Y1 Y1 Y1

Y1

Accordingly, we deduce from (4.3) that

_e +2y4 + I M 2 + vy + 24 + VM-
Y3 EO)e s, 2t 2yt 2||g||2+ (Y30 +v2+ 2y + 71 2)kl.

IS (1)zll5 <
27 M, YiM, YiM,

This shows that any closed ball B(0, R) with the radius

+2y4+ Y1 M 2 + Y+ 2y4s + i M
R> | E2etnde (30 +y2 +2ya + y1 M),
viM, v1 M,

is a bounded absorbing set for S (7).

In order to show that the dynamical system (Z, S (¢)) corresponding to problem (1.1)—(1.3) is asymp-
totically smooth as in the proof of Lemma 4.4, we use the perturbed energy method to establish a
stabilizability estimate.

Lemma 4.5 (Stabilizability estimate). Under the conditions of Theorem 1.2, for a given bounded set
B C Z there exist constants a, 3 > 0 and o := o(B) > 0 (depending on B) such that

t
IS0z = S0zl < ae |z -z} + Uf e Na(r) — u(@)If, dr
0

for every z,Z € Band t > 0 where S (1)Z = (u(t), u,(1)).

Proof. Setii := it —u and _ N
¥(1) := E@t) + ey(t) (4.13)

where N
E@) := @@, + la@|P, 4.14)

W(2) := (@i(t), i, (7))

and € > 0 is a constant to be determined later.
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We claim that there exist two constants ki, k; > 0 depending on &, such that
K E(f) < (1) < kE(®). (4.15)

By the arguments similar to the proof of the (4.6), we have IJ(t)I < KE(t). Hence, we deduce from
(4.13) that N _ N
(1-eK)E@) <¥(t) < (1 +&K)E®2).

Thus, assertion (4.15) is demonstrated and «; > 0 will be guaranteed by the selection of ¢ later.
Next, we claim that there exists a constant k3 := k3(B) > 0 such that
(1) < —eE(f) + w3l (4.16)

To see this, by the arguments similar to the proof of (4.2) in Lemma 4.3, we have

E'(t) = =2(aii(®), (1)) = 2ullit )| = 2(f @) = £(u(t)), @(1)). (4.17)

Concerning the first term on the right-hand side of (4.17), we deduce from Schwarz’s inequality,
Corollary 2.4 and Cauchy’s inequality with € > O that

—2(ai(t), (1) <2ax||a)|lll @l
202

a:C
26 la@)I2, + 26l ()l (4.18)
1

<
2

For the last term on the right-hand side of (4.17), it follows from the arguments similar to the proof of
(3.20) and Corollary 2.4 that

=2(f@@(2) = fu(®), i,(t)) <CB)|[a(®)]|s ||z (D)l
<C(B, e)lla®I, + ellmoIF. (4.19)

Hence, by substituting (4.18) and (4.19) into (4.17) we obtain
E'(t) < C(B, e, )l — 2 — 261 — e)llit ()] (4.20)
We are now in a position to choose sufficiently small € and €, such that
0:=2u—-2¢ —e >0.
Thus, (4.20) can be rewritten as
E'(t) < CB)aI?, - olli 0] (4.21)
Since
W (@) =l O + <G (0), (D),
we conclude from the analogous arguments in Remark 2.6 that

W' (@) =l = a2, - (aii(r), @) — u@(0), @) - (F@@) - fu), b)),
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On account of (4.14), we can get

Y1) <= E(t) + 200l - (aii(z), i(t)) — @i (1), ()

_ N (4.22)
= (f(a(@®) — f(u@®), u(1)).
For the third term on the right-hand side of (4.22), it follows from Corollary 2.4 that
—(aii(?), @i(1)) < all@DOI* < aCla)l?,. (4.23)

For the fourth term on the right-hand side of (4.22), we deduce from Schwarz’s and Cauchy’s inequalities
and Corollary 2.4 that

—uti ). (e) <5 (IO + 17,01
< (I, + 1 Ir). (4.24)

For the last term on the right-hand side of (4.22), we deduce from the arguments similar to the proof of
(3.20) and Corollary 2.4 that

—(f(@)) = f(u(0)), w(r)) < CBNaOIS, - (4.25)

Hence, by inserting (4.23)—(4.25) into (4.22) we derive
W' (1) < —E(t) + CBa@|?, + (2 + %) G (4.26)
From (4.13), (4.21) and (4.26), we conclude that

V(1) < —eE(1) + (C(B) + eCBMa)II%, - (9 - 8(2 + g)) (1)1 (4.27)

. [1 26
£<min{ —, ——
K 4+u

such that the last term on the right-hand side of (4.27) are non-positive and could be neglected. Thus,
assertion (4.16) is proved.
By assertion (4.16) and the second inequality in assertion (4.15), we can derive

‘We can choose

(1) < —=F(0) + ksllad|,.
K2

Hence,
!
Y1) < P(0)e™ + k3 f e P a7, dr
0

where 8 = £/k,. This combined with assertion (4.15) gives
t
E(t) < aE(0)e ™ + o f e P a(r)|)?, dr
0
where « = k,/«; and 0 = k3/k;. Thus, the proof of this lemma is finished.
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Proof of Theorem 1.2. In terms of Lemma 4.5, we learn that for any bounded positively invariant set
B c Z and ¢ > 0 there exists T := T(B, ¢) such that

IS(T)z = S(Tzlz < ¢ + Pr(z,2)
where
T
012 =0 [ (o) - uo)lf dr
0

We conclude from Theorem 1.1 that for every {z,} = {(uon, u1,)} C B,

{(u,,, u,;)} is bounded in C([0, T']; Z).
Since the embedding H>(Q) — H!(Q) is compact, we conclude that up to a subsequence

{u,} converges stongly in C ([O, Tl; Hi (Q)) .

Therefore,
T

lim lim ®7(z,,z,) = o lim lim et — unllf1 dr =0.
0

mM—>00 n—00 m—00 n—0oo

Thus, in light of Proposition 4.2, (Z, S (¢)) 1s asymptotically smooth. According to Theorem 4.1 and
Lemma 4.4, (Z, S (¢)) possesses a compact global attractor.
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