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Abstract: Previously, boundary control problems for parabolic type equations were considered. A
portion of the thin rod boundary has a temperature-controlled heater. Its mode of operation should
be found so that the average temperature in some region reaches a certain value. In this article, we
consider the boundary control problem for the pseudo-parabolic equation. The value of the solution
with the control parameter is given in the boundary of the interval. Control constraints are given such
that the average value of the solution in considered domain takes a given value. The auxiliary problem
is solved by the method of separation of variables, and the problem under consideration is reduced to
the Volterra integral equation. The existence theorem of admissible control is proved by the Laplace
transform method.
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1. Introduction and statement of the problem

Consider the pseudo-parabolic equation in the domain Q = {(x,7) : 0 < x < I, > O}:

ou 0? ou 0 Ou
- ) o) oo
o1 6t6‘x( W)t ax\kgs ) D€ (D
with boundary conditions
u,t) = u(®), ul,t)y=0, >0, (1.2)
and initial condition
ux,00=0, 0<x<l (1.3)

Assume that the function k(x) € C?([0, []) satisfies the conditions

k(x)>0, k(x)<0, 0<x<lL
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The condition (1.2) means that there is a magnitude of output given by a measurable real-valued
function u(r) (See [1-3] for more information).
Definition 1. If function u(¢) € WZ‘ (R,) satisfies the conditions u(0) = 0 and |u(?)| < 1, we say that this
function is an admissible control.

Problem B. For the given function 6(¢) Problem B consists looking for the admissible control u(f)
such that the solution u(x, t) of the initial-boundary problem (1.1)-(1.3) exists and for all # > 0 satisfies

the equation
!

fu(x, Hdx = 6(1). (1.4)
0

One of the models is the theory of incompressible simple fluids with decaying memory, which can
be described by equation (1) (see [1]). In [2], stability, uniqueness, and availability of solutions of
some classical problems for the considered equation were studied (see also [4,5]). Point control prob-
lems for parabolic and pseudo-parabolic equations were considered. Some problems with distributed
parameters impulse control problems for systems were studied in [3,6]. More recent results concerned
with this problem were established in [7-15]. Detailed information on the problems of optimal control
for distributed parameter systems is given in [16] and in the monographs [17-20]. General numerical
optimization and optimal boundary control have been studied in a great number of publications such
as [21]. The practical approaches to optimal control of the heat conduction equation are described in
publications like [22].

Control problems for parabolic type equations are considered in works [13, 14] and [15]. In this
work, such control problems are considered for the pseudo-parabolic equation.

Consider the following eigenvalue problem

de(x))

(k( ) = _Av(x), O<x<l, (1.5)

with boundary condition
i) =w() =0, 0<x<L (1.6)

It is well-know that this problem is self-adjoint in L,(€2) and there exists a sequence of eigenvalues
{Atsothat 0 < A4 < A, £ ... £ 4 — oo, k — oo. The corresponding eigenfuction v; form a
complete orthonormal system {v;};ey in L,(€2) and these function belong to C (Q), where Q = Q U 9Q
(see, [23,24]).

2. Main integral equation

Definition 2. By the solution of the problem (1.1)—(1.3) we understand the function u(x, t) repre-
sented in the form

u(x, 1) = Z_Tx,u(t) —w(x, 1), @2.1)

where the function v(x, 1) € Ci’,l (Q) N C(Q), v, € C(Q) is the solution to the problem:

= kg )
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K k’
+ (lx)u(z>+ (x)u()+ —H ),

with boundary conditions
v(0,)=0, v(,5)=0

and initial condition

v(x,0)=0
Set
Bk = (Axar — by) yis (2.2)
where 1 z
l— kK
a; = fovk(x)dx, by = f Ex) vi(x)dx, 2.3)
0 0
and
!
Vi = f vi(x)dx. 2.4)
0
Consequently, we have
s t
=y A f L) a4 () b+ a(5) i) s, @5)
k=1
where a, by defined by (2.3) and y = 74 Ak

From (2.1) and (2.5) we get the solution of the problem (1.1)—(1.3) (see, [23,25]):

u(x,f) = —> ()— 1V"(x) e (1 (5) ag + 11 (5) by + pu(s) by) dis.
0

According to condition (1.4) and the solution of the problem (1.1)-(1.3), we may write

1 1
= fu(x,t)dx:,u(t)fl_Txdx
0 0

t I

- Z : (fe_”k W (5) ay + 1 (5) by + pa(s) by dS) ka(x)dx

1+ﬂk
0

t

b
_u(t)f—dx k);( fe_”"(t_‘y),u(s)ds

0
(ax + by g
B Qi + Or) Yk —u(t=s) 1 _ - X
Z T fe Hi ,u(s)ds—,u(t)f ] dx
0 0
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1
N2 f —pu(t—s) O (@ + bi) vi
— S ds — t ~r o rr
le e p(s)ds — p(t) Y L

k=1 0 k=1
t

Z (“iff’ﬁ,ﬁi = f e p(s)ds. 2.6)
k= 0

where vy, defined by (2.4).
Note that

(59

l l
l_ [Se]
[ = [(Ganwlir=Fron e
0 0

k=1 k=1
Thus, from (2.6) and (2.7) we get

t

0(r) = u(t) f e M) y(s)ds, t>0, (2.8)
YL Z‘ 1+/1k)2 H
where §; defined by (2.2).
Set
B(r) = Z T 1)2 e, 1> 0, (2.9)
and

o) ﬁk
0= .
kZ:; 1+ A
According to (2.8) and (2.9), we have the following integral equation

t

ou(t) + fB(t - s)u(s)ds =6(t), t>0. (2.10)
0

Proposition 1. For the cofficients {5} | the estimate
0<B<C, k=1,2,..
is valid.

Proof. Step 1. Now we use (1.5) and (2.3). Then consider the following equality

l l

[ d d
Advag = f x/lkvk(x)a’x— —de—(k( ) vk(x)) x

0 0

l l

x=I
+% f k() v,;(x)dx) = KO,(0) - % f k() v, (x)dx
x=0

0 0

l _
- —(Txk(x)v,;(x)
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)
1 v
=Mmmm—ﬂwmm—mmmw+f ?

0

vi(x)dx

= k(0)V,(0) + by.

Then we have
A ar — by = k(0)v(0).

Step 2. Now we integrate the Eq. (1.5) from O to x

X

k(x)vi(x) = k(0)v(0) = — A f vi(T)dr,

0
and according to k(x) > 0, x € [0, [], we can write

vi(x) —

L romr - [
kO =~ [ nwar
0

Thus, we integrate the Eq. (2.12) from O to /. Then we have

l

1 X
V(D) = vi(0) — k(0)v,(0) f O f @( f vi(T)dT)dx
0

0
From (1.6) and (2.13) we get

I X

)
dx 1
k@wmfu ff—fﬁmw

0

Then
!

k(0)vi(0) = A f G(r)vi(1)d,
0

where
i

dx
G@:fu)fﬁ_

T 0
According to G(7) > 0 and from (2.14) we have (see, [24])

V;{(O)ka(T)dT > 0.

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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Consequently, from (2.11) and (2.15) we get the following estimate

l

Br = (A by — ag) v = k(0)v,(0) - f ve(x)dx > 0.
0

Step 3. It is clear that if k(x) € C'([0, []), we may write the estimate (see, [24,26])
’ < ]/2'
max (0l < CA,

Therefore,

Vi) < CA%, Dl < CA, (2.16)
Then from Eq. (1.5), we can write

l

k(D)vi(1) — k(0)v,(0) = A ka(x)dx = —A Vi (2.17)
0

According to (2.16) and (2.17) we have the estimate

vl < ‘/lik(k(l)v,;(l) — k(O)v;(O))‘ <cq'”

Then
Br < k(0) [v,(Oyyi| < C.

Proposition 2. A function B(t) is continuous on the half-line t > 0.

Proof. Indeed, according to Proposition 1 and (2.9), we can write

- 1
0 < B(t) < const _
kz_:‘ (1 + A4)?

3. Main result

Denote by W(M) the set of function 6 € W22(—oo, +00), 6(t) = 0 for + < 0 which satisfies the
condition

<
”9”W22(R+) <M.

Theorem 1. There exists M > 0 such that for any function 8§ € W(M) the solution u(t) of the equation
(2.10) exists, and satisfies condition

@l < 1.
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We write integral equation (2.10)

ou(t) + fB(t —sHu(s)yds = 6(t), t>0.
0

By definition of the Laplace transform we have

(o)

(p) = f e () d.

0

Applying the Laplace transform to the second kind Volterra integral equation (2.10) and taking into

account the properties of the transform convolution we get

0(p) = Sa(p) + B(p) a(p).

Consequently, we obtain

i a(p)

) = , Wwhere p=a+i£, a>0,
5+ B(p)
and
LT 1 [ Wa+ie)
+ .
pu(t) = f D) gy = L f f’,—’f O g
2ni 5+ B(p) 21 J 6+ Bla+if)
Then we can write

> - N Pk
B( ) — fB(t)e pt dt = fe (p+p)t dt = ,

g Z I+ Ak)z L p+ i

0

where p; = >0 and

(1+/1 2 =

(o)

pr(a + py)

— o Ok 3 = . - Pk
Bati®)=) = Dar i+ B DG T B

It is clear that
(a+m) +& <[(a+m) + 110 +&,

and we have the inequality
1 1 1

> .
(@+w)+& 1+ (a+w)*+1
Consequently, according to (3.2) we can obtain the estimates

~ . > o (a+ )
Re(0 + B =0 —_
Re(8 + Bla + i¢)) +;(a+#k)2+§2

3.1

(3.2)
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1 o (a+ ) _ Cy
> kZ( = (3.3)

—(a+mP+1 1+

and
Y . Pk
Im(6 + B(a + = B ——
m(s + Bla + i&))| = |¢] ,Z‘ TP
Caa €]
, 34
l+§22(a+/1k)2+1 1+& (34)
where C,,, C,, as follows
Z Pra + py) _ i Pk
(a+mw)?+1 €2 (a+m)?+ 1
From (3.3) and (3.4), we have the estimate
2 » 2 min(Cfd,C2 )
16 + B(a + ié)]> = [Re(S + B(a + i&))]* + [Im(5 + B(a + i&)) > —g-“z’
and c
16 + B(a + i€)| > 2 where C, =min(Ci,, Ca). (3.5)
V1+&
Then, by passing to the limit at a — 0 from (3.1), we can obtain the equality
+00 —
1 0(i .
u(r) = — f D) jirge (3.6)

2”_00 8 + B(i€)

Lemma 1. Let 6(t) € W(M). Then for the image of the function 6(t) the following inequality

| T Ede < C 101z

is valid.

Proof. We use integration by parts in the integral representing the image of the given function 6(¢)

[

O(a + i&) = f ~@rig () dt = —0(1?)

0

=00

.
: f e~ (1) dt.
=0 a+l§
0

Then using the obtained inequality and multiplying by the corresponding coeflicient we get

e—(a+lf)t

+if

(o)

(a+i&)0(a + i&) = f e~ @O Y (1) dt,

0
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and for a — 0 we have

(o8]

i£ 0(i€) = f e G (1) dt.
0
Also, we can write the following equality

(o)

(i&) 0(i&) = f e E 0" (1) dt.

0

Then we have

f BUOP(L + &7 < C 161 (3.7)

Consequently, according to (3.7) we get the following estimate

|0(l§)|(1 + &%)
0GEI V1 + £2dé = | ————
f Vi+&

W 12, '~ 1 1/2
<( f Aaora + &) | f rEd) = Cloe,

—0

Proof of the Theorem 1. We prove that u € W;(RQ. Indeed, according to (3.5) and (3.6), we

obtain
2
f|#<§>| (1 + e de = ﬂ i)
Bié)

<C f BUOP + 167 dg = ClOIR

(1 +|£1) d¢

Further,

t

f ' (r)ydr

N

Hence, u € Lip @, where a = 1/2. Then from (3.5), (3.6) and (3.7), we have

(@) = u(s)l = < Wl Vi =s.

+00

1 ~-
() < f OG5 f @) T+ Ede

16 + B(i)| = 26,

C CM
as M we took
27TC()

C

M =
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4. Conclusion

An auxiliary boundary value problem for the pseudo-parabolic equation was considered. The re-
striction for the admissible control is given in the integral form. By the separation variables method,
the desired problem was reduced to Volterra’s integral equation. The last equation was solved by the
Laplace transform method. Theorem on the existence of an admissible control is proved. Later, it is
also interesting to consider this problem in the n— dimensional domain. We assume that the methods
used in the present problem can also be used in the n— dimensional domain.
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