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1. Introduction

In this paper, we consider the non-isentropic compressible Euler equations with a source term in the
following Euler coordinate system:

pt + (pu)x = 0,
(o), + (o1 + p(p,$)) = Bolul"u, (1.1)
S, +uS,=0,

where p,u,S and p(p,S) are the density, velocity, entropy and pressure of the considered gas, re-
spectively. x € [0, L] is the spatial variable, and L > 0 is a constant denoting the duct’s length.
p(p,S) = ae® p?, with constants a > 0 and y > 1. And, the term Bo|u|®u represents the source term with
a, B € R. Especially, the source term denotes friction when S8 < 0.

System (1.1) is equipped with initial data:

(0,1, 8) =0 = (po(x), uo(x), So(x)", (1.2)
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and boundary conditions:
(pa uaS)T|x=0 = (p[(t)’ I/l[(t), Sl(t))T (13)

If S = Const., the system (1.1) is the isentropic Euler equations with a source term. In the past few
decades, the problems related to the isentropic compressible Euler equations with different kinds of
source terms have been studied intensively. We refer the reader to [1-10] to find the existence and decay
rates of small smooth (or large weak) solutions to Euler equations with damping. The global stability
of steady supersonic solutions of 1-D compressible Euler equations with friction Splu|u was studied
in [11]. For the singularity formation of smooth solutions, we can see [12—15] and the references
therein. Moreover, the authors in [16] established the finite-time blow-up results for compressible
Euler system with space-dependent damping in 1-D. Recently, time-periodic solutions have attracted
much attention. However, most of these temporal periodic solutions are driven by the time-periodic
external force; see [17, 18] for examples. The first result on the existence and stability of time-periodic
supersonic solutions triggered by boundary conditions was considered in [19]. Then, the authors of [20]
studied the global existence and stability of the time-periodic solution of the isentropic compressible
Euler equations with source term Sp|u|*u.

If S # Const., much less is known. In [21-26], the authors used characteristics analysis and energy
estimate methods to study 1-D non-isentropic p-systems with damping in Lagrangian coordinates.
Specifically, the global existence of smooth solutions for the Cauchy problem with small initial data has
been investigated in [21,22]. The influence of the damping mechanism on the large time behavior of
solutions was considered in [23,24]. For the results of the initial-boundary value problem, see [25,26].
The stability of combination of rarefaction waves with viscous contact wave for compressible
Navier-Stokes equations with temperature-dependent transport coefficients and large data was obtained
in [27]. As for the problems about non-isentropic compressible Euler equations with a vacuum
boundary, we refer the reader to [28,29]. In [30-32], the relaxation limit problems for non-isentropic
compressible Euler equations with source terms in multiple space dimensions were discussed.

In this paper, we are interested in the dynamics of non-isentropic Euler equations with friction.
Exactly speaking, we want to prove the global existence and stability of temporal periodic solutions
around the supersonic steady state to non-isentropic compressible Euler equations with the general
friction term SBplu|*u for any «, B € R. It is worth pointing out that the temporal periodic non-isentropic
supersonic solution considered in this paper is driven by periodic boundary conditions.

We choose the steady solution W(x) = (p(x), it(x), S (x))T (with @i(x) > 0) as a background solution,
which satisfies

(ﬁﬁ)x:O,
~~2 ~ & _ prqa+l
ﬁ(%bi:(z)ﬂ’(p,S))x—ﬁpu , (1.4)

(ﬁ’ Ijt’ S)T|x=0 = (p—a u-, SO)T'

The equation (1.4); indicates that the static entropy in the duct must be a constant. That is, $ (x) = S.
Moreover, when (a, ) lies in different regions of R?, the source term Spii®*! affects the movement of
flow dramatically. We analyze the influence meticulously and gain the allowable maximal duct length
for subsonic or supersonic inflow.

Based on the steady solution, we are interested in two problems. The first one is, if p;(t) — p-,

w(t) —u_, S)(t) — Sy and po(x) — p(x), up(x) — ii(x), So(x) — S are small in some norm sense, can we
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obtain a classical solution of the problem described by (1.1)—(1.3) for [0, o) X [0, L] while this classical
solution remains close to the background solution? If the first question holds, our second one is whether
the small classical solution is temporal-periodic as long as the inflow is time-periodic at the entrance of
ducts?

We use W(t, x) = (p(t, x), u(t, x), S (t, x))T = (o(t, x) — p(x), u(t, x) — it(x), S (t, x) — So)" to denote the
perturbation around the background solution, and, correspondingly,

Wo(x) = (Po(x), tg(x), S o(x)) = (po(x) = p(x), tg(x) = i(x), S o(x) = Sp),

Wi(t) = (pi(2), (1), S (1)) = (ui(2) — p—, () — u—, S () — So),

that is,
Po(x) = po(x) + p(x),
t=0:4 up(x) = ap(x) + ax), 0<x<L, (1.5)
So(x) = So(x) + S,
and

o) = pi(D) + p-,
x=0:$ w@) =u(t)+u_, t=>0. (1.6)
S = SZ(I) +Sy.

The main conclusions of this article are as follows:

1

Theorem 1.1. For any fixed non-sonic upstream state (o_,u_,S¢) with p_ # p* = [%’;32]”1 > 0 and
u_ > 0, the following holds:

1) There exists a maximal duct length L,,, which only depends on a,f,y and (o_,u_,S), such that
the steady solution W(x) = (p(x), ii(x), S o)™ of the problem (1.1) exists in [0, L] for any L < L,,;

2) The steady solution (p(x), ii(x),So)" keeps the upstream supersonic/subsonic state and pit =
p-u_>0;

3) [l(p(x), w(x), S o)llc2jo.y < Mo, where My is a constant only depending on «, B, y, p-, u_, So and

L,'

4)IfB > 0, a < 1 and the upstream is supersonic, the maximal duct length L,, can be infinite and a
vacuum cannot appear in any finite place of ducts;

5) When 8 > 0, @ > —y and the upstream is subsonic, the maximal duct length L, can also be infinite,
and the flow cannot stop in any place of ducts.

Theorem 1.2. Assume that the length of duct L < L, and the steady flow is supersonic at the entrance
1

of aduct, i.e., p_ < p* = [%ggz]m Then, there are constants €, and K, such that, if
||W0(x)”C1([O,L]) = [|(oo(x) — p(x), up(x) — @(x), S o(x) — SO)”C]([O,L]) < e <éop, (L.7)
IWiOllct q0.+00p = lloi®) = o, wi(®) = u_, S 1(2) = Soller 0400 S & < &0, (1.8)

and the C°, C' compatibility conditions are satisfied at point (0,0), there is a unique C' solution
W(t, x) = (o(t, x), u(t, x),S(t,x))" for the mixed initial-boundary value problems (1.1)—(1.3) in the
domain G = {(t, x)|t > 0, x € [0, L]}, satisfying

W, Ollcr6) = llot, x) = p(x), u(t, x) = @(x), S (1, %) = Sollerq) < Koe. (1.9)
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Remark 1.1. Since the flows at {x = L} are entirely determined by the initial data on x € [0, L] and the
boundary conditions on {x = 0} under the supersonic conditions, we only need to present the boundary
conditions on {x = 0} in Theorem 1.2.

If we further assume that the boundaries p;(¢), u;(t), S /(¢) are periodic, then the C' solution obtained
in Theorem 1.2 is a temporal periodic solution:

Theorem 1.3. Suppose that the assumptions of Theorem 1.2 are fulfilled and the flow at the entrance
x = 0 is temporal-periodic, i.e., W)(t+P) = W(t); then, the C' solution W(t, x) = (p(t, x), u(t, x), S (t, X))
of the problem described by (1.1)—(1.3) is also temporal-periodic, namely,

W(t+ P, x) = W(t,x) (1.10)

foranyt> T and x € [0, L], where T, is a constant defined in (4.3).

The organization of this article is as follows. In the next section, we study the steady-state supersonic
and subsonic flow. The wave decomposition for non-isentropic Euler equations is introduced in Section
3. In Section 4, based on wave decomposition, we prove the global existence and stability of smooth
solutions under small perturbations around the steady-state supersonic flow. And, in Section 5, with
the help of Gronwall’s inequality, we obtain that the smooth supersonic solution is a temporal periodic
solution, after a certain start-up time, with the same period as the boundary conditions.

2. Steady-state supersonic and subsonic flow

In this section, the steady-state flow 1s considered for some positive constants upstream (p_, u_, S)
on the left side. In [11], the authors considered the differential equation in which the Mach number
varies with the length of the duct. In [20], the authors investigated the steady-state equation with sound
speed and flow velocity. Different from the methods used in [11] and [20], and motivated by [33], we
rewrite (1.4) as the equations related to momentum and density in this paper, namely,

my =0,
(% + P(3.S0), =% @.1)
(ﬁ’ m)Tlx:O = (p_,p_u_),

where /1 = pit represents momentum. The advantage of this method is that the vacuum and stagnant
states can be considered. Now, we analyze this problem in three cases:

Casel: o # 1l and a # —y.

In this case, (2.1) becomes

{ iy vy &
where 2 aveSo
By = =t T 23)
Then, we get )
OF g;, ) _ (_% . ayesoﬁy_l) ) 2.4)
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Let G(p, m) = p>p, — m?. For any fixed /i > 0, we have that hmG(p i) = —m? < 0. From the definition

of p(p,S), we obtain
Fa Dj 18 a strictly increasing function for p > 0.

1
Thus, when p — +o0, G(p, M) — +oo. Then, there exists p* = [M]W > 0 such that G (p*,m) = 0

ayes 0

(i.e., (p*)° Dy (") = ﬁ’Lz) That is, when p = p*, the fluid velocity is equal to the sound speed (i.e.,
n=<¢= \/g = aye 2 ) Therefore, we have

OF (D, 17
% = 572 (pp® = i) < 0 & ppi® < i’ (2.5)
and 9F (f) )
1o, m ~a— ~ ~ ~ -
—5 P (pep® = %) > 0 © pap* > i, (2.6)
We conclude that 6F‘(pm) < 0 forp < p* and 6F1(pm) > ( for p > p*. Furthermore, we have
11I%F1(p,m) =0, lim F(p, m) = +o0, Fi(p",m) <0, fora>1; 2.7
p— p—>+00
1i11(1)F1(,5, i) = +co, lim Fy(p,m) = +oo, Fi(p*,m) >0, for —y<a<l; (2.8)
p— p—+o0
and
ljn&Fl(ﬁ, i) = +oo0, lim Fi(p,m) =0, Fi(p",m) <0, fora<—y. (2.9)
p— p—+o0

Then, for any fixed i = p_u_ > 0, according to different regions of @ € R, we draw the graphs of
F\(p,m). See Figure 1 below.

Ha>1 ) -y<a<l (i) @ < -y

Figure. 1. Plot of p — F(p, m).

Integrating (2.2), over (0, x), we obtain

Fi (p(x), ) — Fi(p_, i) = B x. (2.10)

If g < 0, by (2.10), F1(p, ) will decrease as the length of ducts increases, until it arrives at the
minimum F(p*, M), no matter whether the upstream is supersonic (i.e., p- < p*) or subsonic (i.e.,
p- > p*). Therefore, we get the maximal length of ducts

l-a
L, = = LE + —ayesopz_lu:" (ayes")”‘ (p_u_ 7(1 “)(T” 1
Bll-a y+ta -1 vy+a

(2.11)
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for a supersonic or subsonic flow before it gets choked, which is the state where the flow speed is equal
to the sonic speed.

However, if 8 > 0, @ > 1 and the upstream is supersonic (i.e., p_ < p*), by (2.7), (2.10) and Figure 1
(1), we know that p is decreasing as duct length x increases. Then, we get the maximal length of ducts

1-a
1(u_ B LAWEIS (2.12)

L,=- ’
a-1 vy+a

B

for a supersonic flow before it reaches the vacuum state. If —y < @ < 1 or @ < -y, by (2.8)—~(2.10) and
Figure 1(i1) and (ii1), p is decreasing as the duct length x increases for supersonic upstream, too. But,
the vacuum will never occur for any duct length L.

Moreover, if 8 > 0, @ < —y and the upstream is subsonic (i.e., p_ > p*), combining (2.9), (2.10) with
Figure 1(ii1), p is increasing as the duct length x increases. At the same time, F'(p, ) is increasing and
approaching its supremum 0. Then, we get the maximal length of the duct L,,, which is still as shown
in (2.12). When L > L, the fluid velocity is zero, that is, the fluid stagnates in a finite place. While,
if -y <a < 1ora > 1, again, by (2.7), (2.8), (2.10) and Figure 1(i) and (i1), p is also increasing as
the duct length x increases, but F; (g, 7i7) goes to infinity as p grows. In this case, although the fluid is
slowing down, it does not stagnate at any finite place.

Case2: o =1.

Now, (2.2) turns into

m=p_u_,
where :
0
Fy (i) = - Inp + X,
v+ 1
And, we get
1ir% Fy(p, i) = +00, lim F,(3, ) = +oo, (2.14)
p— p—>+00
OF, (D, i 72
M =p|-= +ayeSpr, (2.15)
op p*
and
Fy (B(x), i) — Fy(p-, in) = i’ x. (2.16)

Similarly, the function F, (p(x), 7i7) gets its minimum at point p = p*. If 8 < 0, combining (2.14) with
(2.16), we get the maximal length of ducts
1 Tl _
L, =- = aye® o’ ut - 1 (2.17)
By+ 1 ayed

for a supersonic or subsonic flow before it gets choked. While, if 5 > 0, the flow remains in its entrance
state for any duct length L > 0, no matter whether it is supersonic or subsonic.

Case3: o = —vy.

In this case, (2.1) changes into

m=p_u,
{ Fs(p,m), = Bin'™, (2.18)
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where
ﬁ12
F3(p,m) = 57 +aye Inp.
1+vy
Then, we have
l~im0 F3(p, ) = +oo, lim F5(p, M) = +00, (2.19)
p— p—+0
OF5 (D, 7 2
M =p7 _n~i + ayeSOpy—l , (2.20)
ap p*
and
F3 (p(x),m) — F3(p_, i) = ' 7 x. (221

Similar to the other two cases, the function F3 (5(x), ) gets its minimum at point p = p*. If 8 < 0, by
(2.19) and (2.21), we obtain the maximal length of ducts
1
L,=- W+ aye® (p_u ) n(aye® o’ u? (2.22)
el ( )
for a supersonic or subsonic flow before it gets choked. While, if § > 0, again, by (2.19) and (2.21), the
flow also keeps the upstream supersonic or subsonic state for any duct length L > 0.
To sum up, we draw the following conclusion from the above analysis:

Lemma 2.1. Ifp_ #p* >0, u_ >0, ¢" = (ayeSO)ﬁ(p_u_)% > 0 and the duct length L < L,,, where
L,, is the maximal allowable duct length given in (2.11), (2.12), (2.17) and (2.22), then the Cauchy
problem (1.4) admits a unique smooth positive solution (p(x), ii(x), S ()" which satisfies the following
properties:

1)0<p_<px)<pandc” <i(x)<u_., ifp<0andp_<p*;

2)0<p"<p(x)<p_andu_ < ii(x) <c', iff<0andp->p*;

3)0<p(x)<p_andc* <u_ <ii(x) <+oo, iff>0andp_<p*;

4)0<p- <p(x) <+ocoand 0 <ii(x) <u_-<c', ifp>0andp->p*;

S5)pu=p_u_;

6) I[(P(x), it(x), S o)llc2o.Ly < Mo, where My is a constant only depending on «, B, vy, p-, u_, Sy and
L.

Remark 2.1. The following is worth pointing out:

1) When 8 > 0 and the upstream is supersonic, a vacuum can occur at the finite place for a > 1,
while a vacuum will never happen in any finite ducts for @ < 1;

2) When B > 0 and the upstream is subsonic, fluid velocity can be zero at the finite place for a < —v,
while the movement of fluid will never stop in the duct for a > —vy;

3) For the case of B = 0, we refer the reader to [19] for details.

Thus, from Lemma 2.1 and Remark 2.1, we can directly get Theorem 1.1.
3. Wave decomposition

In order to answer the two problems proposed in the introduction, we introduce a wave de-
composition for system (1.1) in this section. Here, we choose the steady supersonic solution
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W(x) = (o(x), i(x), S (x))T (with @t(x) > 0) as the background solution, which satisfies (1.4). For
system (1.1), the corresponding simplification system has the form

P+ pxu + puy, =0,
u; + ui, + aye p’2p, + aep’71S . = put!, 3.1
S;+uS,=0.

Let us denote W(¢, x) = W(t, x) + W(x), where W = (p, i1, S)" is the perturbation around the background
solution. Substituting

p(t, x) = p(t, x) + p(x), u(t, x) = a(t, x) + a(x), S(t,x) =S x) +So (3.2)
into (3.1) yields
D1 + Upy + pily + Pl + 0 + P, + pit, = 0,
il + uily + ity + i + ayeS p" 2 (py + ) + aeS p*7'S . = Bl + i), (3.3)
STI + MSX = 0.
Combining this with (1.4), system (3.3) can be simplified as
Pr + Upy + ity = —lp — Py, B
i+ il + aye’ 7 po+ ae’ p'7'S = — O(p, p, S, S 0)e’ P — it — gu, Wi, (34)
S, +uS, =0,

where O(p,p,S,S0)e’p = ay(eSp’2 — 59572) and g(u, W) = —B(@ + @)™ — @], g(u, i) can be
represented as follows:

1
g(u, @) = —pla + 1) f (66 + i1)"d6.
0

Obviously, system (3.4) can be expressed as the following quasi-linear equations:

W, + AW)W, + HW)W =0, (3.5)
where
u Jol 0
AW) =| aye’p’? u aeSp’' |, (3.6)
0 0 u
7 ) Ox 0
HW)=| O@p,p,S,8)e’p, ity +gu,ii) 0 |. (3.7)
0 0 0

Through simple calculations, the three eigenvalues of system (3.5) are
AWy=u—-c, 1LW)=u, AHLW)=u+c, (3.8)

where ¢ = +Jaye? pyT The three right eigenvectors r;(W) (i = 1,2, 3) corresponding to 4; (i = 1,2, 3)
are

W) = —Z=(p.=c.0)"
(W) = \/i—(p 0,-97, (3.9)
W) = A= .c.0".
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The left eigenvectors [;(W) (i = 1,2, 3) satisfy

LWr(W) =65, r(W)'r(W)=1, (@,j=1,2,3),

where ¢;; represents the Kroneckers symbol. It is easy to get the expression for /;(W) as follows:

LWy = Y2251 1, 0),
L(W) = Y22 (510, -y )
(W) = Y2 (51

Besides, [;(W) and r;(W) have the same regularity.
Let

Mi = li(W)W, w; = li(W)Wxa o= (,111,/12,/13)T , W= (wl,wz,zm)T;

then,
3 6 = 3
W= unW), —= =) (W),
k=1 =1
Noticing (3.5) and (3.12), we have

s _ a0
dit dit

a(%)

sz,-(W)v'v + A(WYW'VLW)W — LW)H(W)W,

where
2= (L(W))
VI(W) = | 505 LW) |

By using (3.5) and (3.13), we get

dw) ow A(W)
d—J =3 /l(W)—

3
Z(/L-(W) — 4(W)a@r (W) — HW)W.

k=1

Thus, noting V([;(W)r;(W)) = 0 and VI;(W)r (W) = =[;(W)Vr (W), we get

dp; 69;1, 8ul
— ; wWH)—
dt az A )
= Z Oy (W) s + Z D (Wpe i = Z (Wt
Jik=1 Jik=1

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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where
D; (W) = (W) = (W) LOW) Vg j(W)r(W),
(I)ijk(W) = LAIW)YHW)Vyr(W)r (W),
Qu(W) = A (WLWYW'Vyyri(W) + LIW)YH(W)r(W),
and

(D,'ik(W) = O, Vk = 1, 2, 3.
Similarly, we have from (3.10) and (3.13) that
dw; _ dl;(W)W,)

dt d.t
S ) d(Wy)
B Z dit rW) + dit °
k=1
and
d(;(W d w 0 W) d(W.
(d(t ) (W) = oy ) (rk( ) _ ZZ(W) (rk( ) ( )
: AW, dw,
= - Csi(W)( >+ S),
; g d;t dit

where Cy(W) = [(W)2%C Tt is concluded from (3.16) that

d(dW) ZWW) W)@ r(W) = HOW)W.
Therefore,
o LD ) = 3 T Ca W) — AW, (W)
5 &
- Z Croii wk + Z CrsaHW)W.
Then, _ - _ -
v, (W)(aw aaw)
Ny o0 2SR (W, 0.) e = W) (HODW) .
&

where we used (3.5). By differentiating
AW (W) = 4(W)ri(W)
with respect to W, and multiplying the result by /;(W), we get

0AW o1 0 0
LOW) (av(v D, = 1w (W") F LW a(W”‘) LOWAW) (vrvk)
01
= %&k + (A = H)Cr(W).

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
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Thus,
doi < d(W)) d(W,)
dtr kZ_; Ay r(W) + dit
5 5 (3.26)
=) TiWymme+ > Tip(Wyme - LW HW), W,
Jik=1 jk=1
where

Tijk(W) = (/lj(W) - /lk(W)) li(W)VW”k(W)rj(W) - Vw/lk(W)rj(W)(Sik,
Ti(W) = = 4k(WLW)VyyriWW’ + LOW)Vyri HW)rju (W)
— Vi i(W)3u W' = LAWYH(W)ri(W).

In view of Lemma 2.1, it is clear that the term H(W), in (3.26) is meaningful.
For the convenience of the later proof, we can rewrite system (3.5) as

W, + A\ (WW, + AT (W)H(W)W =0 (3.27)

by swapping the variables t and x. Here, we represent the eigenvalues, left eigenvectors and right
eigenvectors of the matrix A~'(W) as A, l:-(W) and 74(W),i = 1,2, 3, respectively.
Let
pi= LMW, & =LMW,, = @), =@, 0.3 (3.28)

Similar to the above arguments, we can get similar results by combining (3.27) and (3.28):

di 8,u, of;
d;t Hx '(W)_
(3.29)
= Z Dy (W) oy + Z (W s - Z (W)
Jik=1 k=1
with . A A A
D (W) = (,(W) = W) W)V wh (W)i(W),
Oy (W) = LWEW)HW)V w7 (W)R(W),
Dy (W) = LOW)W' V(W) + LW LW H(W)7(W),
and i de P
©i 0T 4 oy 2%
o Tax TG,
3 (3.30)
= TiaW) - &t + Z Yi(W) - & = (W) (A H(W)) W,
Jk=1 jk=1
where

Tia(W) = (LW) = 2(W)) LWV i W)R (W) = Vg (W) (W)
Ti(W) = = LMV i W)W’ + LOW)Vyy (WA HOW)R (W)
— LOMAT (WYH(W)#(W).
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The wave decomposition for the initial data

W(t’ x)lt:() = WO(X) = (ﬁ()(X), ﬁ()(.X'), SO(-X))T

and boundary conditions
W(t, X)lz0 = Wit) = (Pu(0), (1), S 1(1))

have the following form:

Mo = (Nlo,ﬂzo,mo)T , Wy = (Wlo,wzo,wao)T s = (ﬁll,ﬁzl,ﬁy)T , Wy = (ﬁlz,ﬁzl,ﬁyf , (3.31)

= (s pons p30) " 5 @y = (@, @, @3) " (3.32)
with
tio = LWo)Wo, @io = LL(We)d.(Wo), fa = LIWDW,, &y = [(W)I(W)), (3.33)
i = LAWYW,, @y = LIW)DI(W)), (3.34)
where

Wo = (po, o, So)"s Wi = (o, u;, S))".
4. Existence and stability of global solutions

In this section, based on wave decomposition, we prove the global existence and stability of smooth
solutions under small perturbations around the steady-state supersonic flow in region G = {(¢, x)|t >
0, x € [0, L]}. The initial data and boundary conditions satisfy the compatibility conditions at point
(0,0) (see [11]).

In order to verify Theorem 1.2, we first establish a uniform prior estimate of the supersonic classical
solution. That is, we assume that

|ui(t, x)| < Ke, |wi(t,x)| < Ke, Y(t,x)eG,i=1,2,3, 4.1)
when

@0, @0, S oy <& 1B s SD| 1 .0 < & (4.2)

where ¢ is a suitably small positive constant. Here and hereafter, K, K; and K} are constants that depend
only on L, &, ||(9, &t, S 0)llc2(0..p) and T'1, defined by

L

T'= mn ————>
tzQ,;;ez[OéL] ;(W(t, x))
=1,z,

4.3)

Here, 4;, 4, and A3 are the three eigenvalues of system (3.5). Combining (3.9) and (3.13), (4.1) means

i, oW
|W(t, )| < Ke, ‘EU’ x)|<Ke, Y(t,x)€G. (4.4)

In what follows, we will show the validity of the hypothesis given by (4.1).
Let x = xj.(t) (j = 1,2,3) be the characteristic curve of A, that passes through (0,0):

dx;(t)
dr

A;(W(t.x50)). x50 =0. 4.5)
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Since 13(W) > (W) > 4(W), we have that x = x3(7) lies below x = x3(¢) and x = x3(¢) lies below
x = xj(?). In what follows, we divide domain G = {(z, x)|t > 0, x € [0, L]} into several different regions.

Region 1: The region G, = {(t, x)|0<t<T,0<x<L, x> xﬁ(t)}.
For any point (¢, x) € G, integrating the i-th equation in (3.17) along the i-th characteristic curve
about 7 from 0 to ¢, we have

500 = s 0.1+ [ 3 o) ]

Jik=1

fZ|(Dt/k(W),ujluk|dT+fZ'(I),k(W)ﬂk'dT (4.6)

Jik=1

<o ()] + K f (r, x(O)ldr,  i=1,2,3,
0

where we have used (4.3) and (4.4) and assumed that the line intersects the x axis at (0, b;). Similarly,
integrating the i-th equation in (3.26) along the i-th characteristic curve and assuming that the line
intersects the x axis at (0, b;) again, we get

! 3
[@i(t, X(0)| =@ (0, b)] + f D riWym @] dr

0 jk=1

f Z|Tz;k(W)wk|dT+ f |L(WYHW),W|dr

Jk=1

4.7)

< |w10 (b )l + K2 f |1D'(T X(T))ldT + f [ |uxx + (®esﬁx)x - pxx = ﬁxx
P
+ gu(u, W)l | + qux F - (®€Sﬁx)x + 7 F il F gulu, W)l|palldr

<l@jo (b))l + K> f [ (t, x(T)ldT + K, f lu(r, x()ldr,  i=1,3,
0 0

and

;3
@2 (1, X(D)] = @2 (0, b)) + f D (W jm | dr

0 ik=1

3 f
+ f > T Wym| dr + f |LW)H(W)., W|dr
jk=1 0
VPR b 48)
< b K d xx
|@20 (b2)] + 3f | (7, x(7))] T+f [ m(l || il

p’“n sDldr

+ |ﬁxx

<l@z (b2)] + K3 f l@ (T, x()ldT + K3 f (7, x(7))ldr,
0 0
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where ® = O(p,p,S,S0). Adding (4.6)—(4.8) together, for any i = 1,2,3, and using Gronwall’s
inequality, one gets

lu(t, )| + @ (1, x)| < " (Iluollco([o,u) + IIZUollco([o,L]))- 4.9)
Due to the boundedness of T, the arbitrariness of (¢, x) € G and (4.9), it holds that

max {ju(t, )| + 1@t )} < K ([kollcogo.y + I@ollcogo.y)- (4.10)
1

(7.x)

Region 2: The region G, = {(#,x) | 120, 0 < x < L, 0 < x < xj(1)}.
We make the change of variables ¢ and x. For any point (7, x) € G,, integrating (3.29) along the i-th
characteristic curve about x, it follows that

|2 (2(x), )| < | ()] + st lat(s), oldg,  i=1,2,3, (4.11)
0

where we assumed that the line intersects the ¢ axis at the point (¢;, 0). Similarly, repeating the above
procedure for (3.30), we get

|[@i(1(x), 0)| < |@i(1)] + Ko f [@(1(5), o)lds + K¢ f la@(¢), oldg, i=1,2,3. (4.12)
0 0
Summing up (4.11) and (4.12) for i = 1, 2, 3 and applying Gronwall’s inequality, we obtain

max (|3, 01+ 1, ) < K (lleogo ooy + 1lcoorey) s Y00 €Go (@413)
sX 2

where we exploit the arbitrariness of (7, x) € G».
Region 3: The region G; = {(,x) |0< 1< T1, 0 < x < L, () < x < x3(0)}.

For any point (z, x) € G, integrating the 1st and 2nd equations in (3.17) and (3.26) along the 1st and
2nd characteristic curve, we get

k1 (2, X)) < [0 ()] + K5 f lu(r, x(7))ldr, (4.14)
0
' ' 1 S ~xx
@1 (1, x(1)] < |10 ()] + K f @ (r, (D)l + f (5120~ £©550, -
0 0
1 g Oxx -
+ gl + 51 - £© 5, + L2 — g, D)uslldr (4.15)
< |w10 (x'1)| + K3 f | (T, x(T)ldT + K¢ f |u(t, x(7))|dT,
0 0
lka(t, X(O)] < |pao ()| + Ko f lu(r, x(v)ld, (4.16)
0
and ) )
@2 (t, x())] < |@20 (x5)] + Kio f @ (r, x(7))ldT + K7, f lu(z, x(v)ldr, (4.17)
0 0
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where we assumed that the line intersects the x axis at points (0, x}) and (0, x}), respectively. Similarly,
integrating the 3rd equations in (3.17) and (3.26) along the 3rd characteristic curve, one has

3, X)) < Juz (5)| + Koy f (T, x())ldr

t (4.18)
< s (&)] + Kus f Ju(r, x(o)ldr,
0
and ) 1 N
’ S ~ CPxx
(@3(t, ()| < |3 (1) + Koo f | (r, x(r)|dr + f [§|§<®e5px>x— p
A A
~ 1 ~ S ~ c~xx ~

— g, Dl + §|2uxx+§(®e5px>x+ Prx 4 g, i)lluslldr (4.19)

< |W31 (t;)| + Klzf | (T, x(7))|dT + Ki‘zf |u(T, x(7))|dT,
0 0

where the point (7}, 0) is the intersection of the line and the 7 axis.
Since the boundary data are small enough, we sum up (4.14) —(4.19) and apply Gronwall’s inequality
to obtain the following:

max {lu(t, x)| + @ (1, )} <K(||tollcoo.zy) + l@ollcoqo.y +
(t:<6s (4.20)

||ﬂl||c0([o,+oo)) + ||Wl||C0([0,+oo))),

where we exploit the arbitrariness of (z, x) € Gs.

Region 4: The region G4 = {(t, )|[0<t<T;,0<x<L, xj(t) <x< xZ(t)}.
For any point (z, x) € G4, integrating the 1st equations in (3.17) and (3.26) along the 1st characteristic
curve, we get

ka8 x| < s ()] + K3 fo lu(z, x())ldx, (4.21)

and

+ K4 f | (T, x(1)ldT + K7, f |u(t, x(1))|dT, 4.22)
0 0

where we assumed that the line intersects the x axis at (0, x}). Similarly, integrating the 2nd and 3rd
equations in (3.17) and (3.26) along the 2nd and 3rd characteristic curve, one has

@1 (t, x()| < @10 (x])

o (t, ()| < |par ()| + Kis j; |u(z, x(7))ldT, (4.23)
@2 (t, x())] < |@ (17)] + K fo @ (7, x(T))|d7 + K fo (T, x(7))\dr, (4.24)
s (t, x| < |par ()| + Kin j; u(z, x(7)ldT, (4.25)
and ) )
@3 (t, x(0)| < @y ()] + Kis fo |@(, x(1))ldr + K fo lu(t, x(7))\dr, (4.26)
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where the line intersects the ¢ axis at points (¢, 0) and (#;, 0), respectively.
Noticing that the boundary data are small enough, we sum (4.21)—(4.26) and then apply Gronwall’s
inequality to obtain

max {|u(t, x)| + @ (t, V)I} <K(l|tollcoqo.ry + l@ollcogo,ry +
(t,x)eGy (4.27)

||ﬂl||c0([o,+oo)) + ||wl||C0([O,+oo)))’

where we exploit the arbitrariness of (7, x) € G4.

From (4.10), (4.13), (4.20) and (4.27), we have proved that the assumption of (4.1) is reasonable.
Therefore, we have obtained a uniform C' a priori estimate for the classical solution. Thanks to
the classical theory in [34], we further obtain the global existence and uniqueness of C! solutions
(see [11,35-39]) for problems (1.1)—(1.3). This proves Theorem 1.2.

5. Temporal-periodic solution

In this section, we show that the smooth supersonic solution W(¢, x) = (o(t, x), u(t, x), S (¢, x))" is
temporal-periodic with a period P > 0, after a certain start-up time 7', under the temporal periodic
boundary conditions. Here, we have assumed that W;(t + P) = W(¢) with P > 0.

For system (1.1), Riemann invariants &, i and £ are introduced as follows:

s :Sa = +

Then, system (1.1) can be transformed into the following form:
&+ MEDE =BG+ )™ + 15 =,

1+ 26, Onx =0, (5.2)
Lt BE DL =BG+ 5™ + (- €.,

gzu_yf c. (5.1

where

+1,. 3- 1 3- +1
YTS“rTyf’ /12:”=§(§+§), /l3=u+c:TY§+yT§
are three eigenvalues of system (1.1). For supersonic flow (i.e., u > c), we know that A3 > 1, > 4; > 0.

Obviously, (1.2)—(1.3) can be written as
§0,x) = &(x0), 10, x) =no(x), {(0,x) =gx), 0<x<L, (5.3)

£@,0) =&, n@0)=n(), {0)=4@), 120, (5.4

where &(t + P) = &(t), n,(t + P) = ni(¢) and (¢t + P) = () with P > 0.
We swap ¢ and x so that the problem described by (5.2)—(5.4) takes the following form:

Et 16 =BG+ D+ - o)

Ny + A—z’h = O’

g( +0;%43 ;(%[ﬁ(g + 5+ I -, (5.5)
f, = &(1),

n(t,0) = n (1),

£(t,0) = §i(n),

/l]ZI/t—C:
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where r > 0 and x € [0, L]. Next, we set

1
- g @)L (1> 0
V=E-&En-1,0-0, Alx)= 0 e (1) ; 56
0 0

BE@x).L(1.x))
then, the Cauchy problem (5.5) can be simplified as follows:
£, Lya -1
BG+ 5™ + %(5 - &),

Vi + A(t, x)V, =A(t, x) 0
BG+ 5 + 5 -9,

oz I 5.7
TIBG + 9™ + =€ - &1
_ 0 i
1 £ I\a =1, =25
LIBG + D + € - &7
where
E=u--5¢ =S, {=u+:5¢
A = ﬂl(g,g)f %éﬁ"' %Z,
b= bE D =5+ 5L
=00 =FE+ 5L
According to
o = Bllcr) + llu = dllcig) + IS = Slleie) < Koe
and (5.1), we can easily obtain
€2, x) = E@lerg) + It x) = 7Dllere) + 11£E, x) = ZDllere) < Jie, (5.8)

where the constant J;(> 0) depends solely on p, i,y and L.
In order to prove that W(t + P, x) = W(t, x), for any t > T and x € [0, L], we first prove that the
following conclusions hold:

Et+ Pox)=&(tx), nit+Px)=ntx), {t+Px)=tx), Vt>T,, xe[0,L], (5.9)

where T is the start-up time, which is defined in (4.3).
Let

N(t’ .X) = V(l + }),.X) - V(Z’ X),
then, according to (5.7), we obtain

{ N, + A(t, x)N, = R(t, x), (5.10)

N(@0)=0, >0,
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where
— _ 2
IB(f(HZP,x) + {(t+21%x))a+1 + (=D +Px)—E(t+Px)) " nx(t+P,x)

16y
R(t, x) =A(t + P, x) 0

E+Px) | L@+PX) o+l | (=DE(t+Px)=E(t+Px)) ni(t+Px)
BE== +=5=)" + 16y

Etx) | LX) e+l = DEEX) X)) 0. (t.x)
BEZ—+ 557" +

16y
- A(t, x) 0

) | L) Na+l | r=DEED)=EEX)) n.(t,x)
B+ 55 + Toy

—[A@ + P, x) — A(t, x)]Vi(t + P, x).

(5.11)

Using the continuity of A; (i = 1,2, 3) and (5.8), after some calculations, we obtain the following

estimates:
[Vi(t + P, x)| < Jae,
€@+ P, x) + {(t+ P,x)| < J5,
A, X)| < Jy,
At + P, x) — A1, 0)| < J5|N(1, x)I,
|At(§(t’ )C), n(t’ x))l < Jﬁg’
and
JBING, x)| + 5 Js - JoIN(1, x)|
IR(z, ©)| <|A(z, x)| - 0
J1BIN G, )] + 15 Js - JoIN(z, )]
()81 + T 3 - s
+ |A(t + P, x) — A(t, x)| - 0

()8 + T 3 - s
A+ P,x) = A ] IVt + Px)
<JuIN(, ),

where the constants J; (i = 2,---, 10) depend only on g, i1,y and L.

In the above calculation, we have used
f(t + P’ -x) g(t + P’ X) a+1 f(t’ .X) g(t, .X') a+1
¢ 5 + 3 ) ( ) )

=[u® Nt + P, x) — u®"' (¢, x)|

1
=|u(t + P, x) — u(t, x)||(e + 1)|| f [u(t, x) + O(u(t + P, x) — u(t, x))]*do)|
0

<J7IN(t,x)|, fora # -1;

i+PY)  CU+PY) . &)

I( 2 2 2

t,
+ %)‘”‘I =0< SNt x), fora=~—l.

(5.12)
(5.13)
(5.14)
(5.15)

(5.16)

(5.17)
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Now, fix a point (¢, x*) with 7* > Ty and 0 < x* < L. Let 'y : t = fj(x) and I'5 : 7 = f3(x) be two

characteristic curves passing through point (t*, x*), that is,
di, 1

dx A (€, x), ¢ (f,x)

H(x) =1, (5.18)
and .

% 3 1

dx A3 (é(f,x),¢ (5, %))
where x € [0, x*]. Since A3(W) > A;(W), I'; lies below I'5. Set

f(x") =1, (5.19)

73(x)
Y(x) == f IN(t, x)*dt, (5.20)
2 fi(x)
where 0 < x < x*. According to the definition of 7', and combining #* > T} and 0 < x* < L, we obtain
that (7,(0), #3(0)) € (0, +o0). Then, it follows from (5.10) that N(z,0) = 0. Thus, ¥(0) = 0.
Taking the derivative of W¥(x) with regard to x gives
13(x)

W) = | NG x)TNG 0dE+ % IN (#(x), 0|

f1(x)

1
A3 (£ (B(x), %), £ (B3, x))

1 |N (1 (x) )c)l2 !
2L A E (0, x). £ (1), )
73(x) (x)
< - N(t, x)TA(t, x)Ny(t, x)dt + N(t, x)"R(t, x)dt
;l(x) lvl(x)
1=13(x)

+ %N(t, x)"A(t, x)N(t, x)

1=h (%) (5.21)

1 73(x)
=-3 f [(N(7, x)T A(t, x)N(t, x)), — N(t, x)T A, (¢, X)N(t, x)] dt
fi(x)
73(x) 1
+ N(t, x)"R(t, x)dt + EN(t, X)TA(t, x)N(t, x)
11(x)
13(x) 13(x)
=3 N(t, x)TA(t, x)N(t, x)dt + N(t, x)"R(t, x)dt
1(x) 11(x)

< (J68 + 2.]10) ‘I’(x),

1=13(x)

1=F1(x)

where we used (5.16) and (5.17).

Therefore, using Gronwall’s inequality, we obtain that ¥(x) = 0. In addition, according to the
continuity of W(x), we obtain that W(x*) = 0; then, N(¢*, x*) = 0. Using the arbitrariness of (¢*, x*), we
get

N(t,x)=0, Vt>T;, xe€]0,L].

Thus, (5.9) holds. Then, from (5.1) and ¢ = \/a_ye%p%l, it follows that
W+ P, x) = W(t, x)

for any t > T and x € [0, L], where T is the start-up time defined in (4.3). This proves Theorem 1.3.
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