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1. Introduction

We consider the initial boundary value problem of the following porous elastic system with nonlinear
or linear weak damping terms and nonlinear source terms

Uy = HUsy — b + g1(ur) = fi(u, §), xe(0,L), t€[0,7),

Pu = 6Prx + bux + &P + 82(p)) = fo(u, ¢), x € (0, L), 1 €[0,7),

u(x,0) = ug(x), u(x,0) =u(x), xe(0,L), (1.1)
¢(x,0) = o(x), ¢:(x,0) = ¢1 (), x € (0, L),

w0, =u(L,t) = ¢0,1) =p(L,t) =0, t€[0,7),

where u(x, t) and ¢(x,t) are the displacement of the solid elastic material and the volume fraction,
respectively, u, b, ¢ and £ are coeflicients with physical meaning satisfying

u>0,b#0,6>0,&>0and ué > b,
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uy, U, ¢o and ¢; are given initial data, and the assumptions of weak damping terms g;, g, and nonlinear
source terms fi, f» will be given in Section 2 by Assumption 2.1 and Assumption 2.2, respectively .

In the physical view, elastic solid with voids is an important extension of the classical elasticity theory.
It allows the processing of porous solids in which the matrix material is elastic and the interstices are void
of material (see [8,20] and references therein). Porous media reflects the properties of many materials
in the real world, including rocks, soil, wood, ceramics, pressed powder, bones, natural gas hydrates and
so on. Due to the diversity of porous media and its special physical properties, such models were widely
applied in the past few decades in the petroleum industry, engineering, etc (see [1,12,13,16,17,19]).

As mathematical efforts, Goodman and Cowin [2, 8] established the continuum theory and the
variational principle of granular materials. Then Nunziato and Cowin [3, 18] developed the linear and
nonlinear theories of porous elastic materials. In recent years, the study of the porous elastic system
also attracted a lot of attention [5-7,21,22]. We particularly mention that Freitas et.al. in [5] studied the
problem (1.1) and proved the global existence and finite time blowup of solutions. Especially, they built
up the continuous dependence on initial data of the local solution in the following version

E(t) < &“"E(0), Co > 0, (1.2)

which can also be extended to the global solution with the same form. By denoting z = (u, ¢) and
zZ = (il,9) the global solutions to problem (1.1) corresponding to the initial data zo, z; and Z, Zi,
respectively, E(0) is the distance of two sets of different initial data

20,%0 € V := H)(0,L) x H)(0, L),

and
21,71 € L*(0, L) x L*(0, L),

that is
I 1 . )
E(0) := E”Zl -l + illz() = Zolly,
and E( (1) is the distance of solutions induced by these two sets of different initial data
— 1 . 1 .
E(0) := Sl = 2l + 5z = 2l

The growth estimate (1.2) indicates that the growth of the distance of solutions E(t) is bounded by
an exponential growth bound with time . In other words, as the time ¢ goes to infinity, the distance
of solutions E(¢) of the system is bounded by a very large bound, by which it is hard to explain the
solutions z and 7 of such a dissipative system with the initial data z, z; and Z, 71, respectively, as both
of them are expected to decay to zero as the time ¢ goes to infinity. Hence, the estimate on the growth
of the distance of solutions E(7) is proposed to be improved to reflect the decay properties with time ¢
to be consistent with the dissipative behavior of the system. To achieve this, the efforts in the present
paper are illustrated by two new continuous dependence results on the initial data for the global-in-time
solution. Especially, it is found that the system with the linear damping term behaves differently from
that with the nonlinear damping term. Hence in the present paper, we adopt two different estimate
strategies to deal with the problem and derive two different conclusions:
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(i) For the linear damping case, i.e., g;(u,) and g,(¢;) take the linear form and satisfy Assumption 2.1,
we have

E®) < C, (E(O) +C, (E(O))g)p e o, (1.3)

where the positive constants C, C,, Cs, a, p are independent of initial data.
(i1) For the nonlinear damping case, i.e., g;(u,) and g,(¢;) take the nonlinear form and satisfy Assump-
tion 2.1, we have

E(t) < Cs (E(()) +Cq (E(()))ZO) e, (1.4)

where 0 < « < 1, and the positive constants Cs, Cg, C7, by are dependent of initial data.

By observing (1.3) and (1.4), we find that these two continuous dependence results can reasonably
reflect the decay property of the dissipative system (1.1). The difference between (1.3) and (1.4) is
that the parameters in (1.3) do not depend on the initial data, while the parameters in (1.4) depend on
the initial data. Hence although (1.3) and (1.4) are in the similar form, we present and prove them
separately.

Additionally, to develop the finite time blowup of the solution to problem (1.1) at the arbitrary
positive initial energy level derived in [22], we estimate the lower bound of the blowup time in the
present paper for the nonlinear weak damping case by noticing that the linear weak damping case was
discussed in [22]. For more relative works on the blowup of solutions to the hyperbolic equations at
high initial energy, please refer to [10, 11, 14, 15,25]. We can also refer to [9,23,24] for the works about
the blowup of solutions to parabolic equations.

The rest of the present paper is organized as follows. In Section 2, we give some notations,
assumptions about damping terms and source terms, and functionals and manifolds for the potential
well theory. In Section 3, we deal with the continuous dependence on initial data of the global solution
for the linear weak damping case. In Section 4, we establish the continuous dependence on initial data
of the global solution for the nonlinear weak damping case. In Section 5, we estimate the lower bound
of blowup time at the arbitrarily positive initial energy level for the nonlinear weak damping case.

2. Preliminaries

2.1. Notations and assumptions

We denote the L2-inner product by

L
(u,v) :=f uvdx,
0
L ’
lluall, == (f Iulpdx) .
0

As we are dealing with the system of two equations, for z = (1, ¢) and % = (i1, ¢), we introduce

and the norm of L”(0, L) by

(2.2) = (u,2) + (¢, )
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and 1
llzllp := (lull, +1B115) 7. (2.1)
Further, we consider the Hilbert space

V = Hy(0,L) x Hy(0,L)
with inner products given by

L
G = [ (i 0.8+ €00 + b+ 00.)) d 22)

forz = (u, ¢), Z = (1, @), where u, 6, &, b are the coeflicients of the terms in the equations in problem
(1.1). Therefore, we have

L
ll2lfy == f (,mﬁ + 0P + £ + 2bux¢) dx. (2.3)
0

The norm ||z]|y is equivalent to the corresponding usual norm on V, i.e., Hé 0,L) x Hé (0, L), introduced
in [20]. For 1 < g < +co, we define

Izl
R, := sup ——, (2.4)
zenvoy 1zl
which means
llzll < RlIzIIS, (2.5)

for z € V. Here, due to HOI(O, L) — L0, L) for 1 < g < +oo, we see 0 < R, < +oco. And we denote

?(Z) = (fl (I/t, ¢)9 fZ(u’ ¢))
and
G(z) 1= (81(ur), 82(91)),

where f;(u, ¢), j = 1,2, are the source terms, and g;(u,) and g,(¢,) are the damping terms in the equations
in problem (1.1).

We give the following assumptions about damping terms, i.e., g;(#;) and g,(¢,), and source terms,
ie., fi(u,¢), j = 1,2, in the equations in problem (1.1).
Assumption 2.1. (Damping terms) Let g1, g, : R — R be continuous, monotone increasing functions
with g1(0) = g,(0) = 0. In addition, there exist positive constants @ > 0 and 8 > 0 such that
@) for |s| > 1

als/™! < gi(s)s < Bls|™!, m > 1; (2.6)
and
alsI*' < ga(s)s < BlsI™, r > 1; .7)
(@i1) for |s| < 1
asl” < 1gi() < BlsI™, > 1; (2.83)
and
alsl” < g2 < BIsl’, 7> 1. (2.9)
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Assumption 2.2. (Source terms) For the functions f; € C 1(R?), j = 1, 2, there exists a positive constant

C such that
VA< C (™" + ™ +1), p> 1.

where 7 = (171, 12) € R?, fi(n) = fi(m,m2), j = 1,2, and

aﬁgq

Vi =1—, .
fj (6771 on,

There exists a nonnegative function F € C*(R?) satisfying
VF =F
and
F(An) = A"'F(n)
for all A > 0, where F(n) = F(n;,1,) and

F OF
VF::(a 0 )

o’ o)
According to [5], Assumption 2.2 implies that there exists a constant M > 0 such that

F(z) < M (jul”™" + o).

2.2. Potential well

(2.10)

@2.11)

(2.12)

(2.13)

(2.14)

Next, we recall some functionals and manifolds for the potential well theory. We recall the potential

energy functional

1 L
J(z) = EIIZIIZV - f F(z)dx
0
and the Nehari functional
L
1) := llzlly, = (p + 1)f F(z)dx.
0
The energy functional is defined as
1 2
E(z(1), z(1)) = E”ZIHQ +J(2).

And the Nehari manifold is defined as

N = {z e V\{0}| I(z) = 0}.

(2.15)

(2.16)
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Then we can define the depth of the potential well
= inf .
4= nf I
By above, we introduce the stable manifold
W :={ze V| J(z) <d, I(z) >0} U{0}.

Next, since we need to apply the decay rate of the energy in investigating continuous dependence on the
initial data of the solution, we recall the following notations used in the investigation of the decay rate
of the energy in [5]

A p—1 -2
d:= sup MC(s) = M(sgp) = (p+1)MR =, (2.17)
) =307 (@ )
where
1
M(s) := 5s2 — MR, s", (2.18)

and M(s) attains the maximum value at

so:=((p+1) MRPH)_”%‘ : (2.19)
Here, Proposition 2.11 in [5] shows the fact d<d.
3. Continuous dependence on initial data of the global solution for linear weak damping case

In this section, we consider the model equations in (1.1) with the linear weak damping terms, i.e.,
r=m =i =m = 1. First, we need the following decay result of the energy.

A

Lemma 3.1. (Decay of the energy) Let Assumption 2.1 and Assumption 2.2 hold withr = m =7 =i = 1.
Forany 0 < o < 1, if €&(z9,21) < od and zy € W, then one has

E(z(1), z(D) <Koe™' (3.1

fort > 0, where Ay and K, will be defined in the proof.
Proof. We define

H(t) := &(z(1), () + £z, 20),
where &€ > 0. Here, according to Cauchy-Schwartz inequality, Young inequality, and (2.5), we have

H(1) <8(z(1), (D) + €llzll2l|zll2

& &
<8(z(0), z(1)) + EIIZH% + Ellzzlli

& £
<&(z(1), z/(1) + ERZHZ”%/ + EIIZzH%
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1 1
<8(z(1), z(1)) + emax{R,, 1} (EIIZII%/ + 5||zt||§)

and
H(t) 2E(z(0), (1)) — ellzllallzll2

1 1
>8(z(1), 2/(1)) — e max{Ry, 1} (EIIZIIZV + Ellzrllﬁ) :
According to Theorem 2.12(iv) in [5], we know
1 1 p+1
EIIZII%/ + E”ZIH% < ES(ZO),ZIO)),

which means that (3.2) and (3.3) turn to

emax{R,, 1}(p+ 1)

H() <60 5,0) + T2 D0, 5.0
and
H(t) 260, (1)) - gmaX{ff’_ll}(p *Deatn, .

According to (3.5) and (3.6), we know

a18(z2(1), 2(1) < H(1) <arE(z2(1), 2/(1),

where
emax{R,, 1}(p+ 1)
a; =1-—
p-1
and
emax{R,, 1}(p+ 1)
a =1+ .

p-—1
We calculate the derivative of the auxiliary functional H(¢) with respect to time ¢ as

d
H'(1) =360, z(0) + ellzll; + & (2 2) -

In (3.8), we have

d 1d,_, 1d, , fL d
_ - _ _ —F
3,200, 2(0) =5 llzilly + S lllly + @ (2)dx

=19(||u 1 + ligal3) + ! f ' g(mﬂ + 07 + &¢°
2de N2 ) f0 @ T T
L d
2bu.¢)d —F(z)d
+ u¢)x+f0 o (z)dx

L L
= f (wuy + ¢y) dx + f (puty + 0Py + EPP,
0 0

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7

(3.8)
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L
+bu ¢ + bu ;) dx + f VF(2) - z,dx. (3.9
0

Here, the notation VF is defined by (2.13). Thus, according to (2.11), we know VF(z) = ¥ (z), which
means (3.9) turns to

d
d—tS(Z(f), 0))
L L
= f (g + Pepy) dx + f (pulty + 6Py + EdP; + buyd + bu,d,) dx
0 0
L
LO L
= f (g + Gepy) dx + f (Ut + 0Py + EPP; + buyd + bu,d,) dx
0 0
L
v f (il s + fol, §)h) dx
0
L L
= f (U + Gehy) dx + f (pulty + 0Py + EPP; + bu ;) dx
0 0
L L
- f byl + f (il s + folt, §)h) dx
0 0

L L
= f (it + pucte — b, — f1(u, d)u,) dx + f (19 + 0Py + bu e,
0 0
+EQd, — fo(u, P)¢y) dx. (3.10)

Testing the both sides of the first equation in (1.1) by u, and integrating both sides over [0, L], we have

L L
f (g + puttyg — b, — fi(u, P)u,) dx = — f g1(u)udx. (3.11)
0 0

And testing the both sides of the second equation in (1.1) by ¢, and integrating both sides over [0, L],
we have

L L
‘fo (i + 6Py + bu,d, + £ — fo(u, P)d,) dx = — fo g2(d)d.dx. (3.12)

By substituting (3.11) and (3.12) into (3.10), we have

d L L
320, 2(0) = - fo g1 (uu,dx — L g2(d)¢dx. (3.13)

Next, we use Assumption 2.1 to deal with (3.13). In Assumption 2.1, for |s| > 1, according to (2.6) with
m =1 and (2.7) with r = 1, we know that

alsl* < gi(s)s < BIsP, j=1,2. (3.14)
Then taking the absolute value of (3.14) gives

als| < [g;(s)] < BIsl, j=1.2. (3.15)
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For |s| < 1, according to (2.8) with = = 1 and (2.9) with # = 1, we know that (3.15) also holds.
Meanwhile, since g,(0) = g»(0) = 0 and g;(s), j = 1, 2, are assumed to be the increasing functions, for
Jj=1,2, we know g;(s) > 0 for s > 0 and g;(s) < 0 for s < 0, which gives g;(s)s > 0, j = 1,2, for

s € R. Thus, we have
L L
f g1(u)udx + f 82(¢)p.dx
0 0

L L
_ fo &1 (e dx + fo 82(8)b dx

2 2
>allull; + allgll;

2
=al|zll3,

which makes (3.13) turn to

d
380, 2(1) < —allz 5. (3.16)

We deal with the term € (z;, z) in (3.8). Testing the both sides of the first equation in problem (1.1) by u
and integrating both sides over [0, L], we have

(e, ) = —pillalls = b (e, §) — (g1(ur), ) + (fi(u, ), 1) . (3.17)

And testing the both sides of the second equation in problem (1.1) by ¢ and integrating both sides over
[0, L], we have

(b, @) = =0llpall5 — b (ur, ) — EllGlI5 — (82(80), B) + (fo(u, $), &) (3.18)

By (3.17) plus (3.18), we have

L
o) == [ (o + 08 + 0"+ 20u.0) 43 = (100,10 = (52(00,)

+ (fl (I/t, ¢)9 I/l) + (fZ(ua ¢)’ ¢)
=— gl — (G(z),2) + (F(2),2)
< —IBl2 + 1(G(z), D + (F(2),2) . (3.19)

According to (3.16) and (3.19), we know that (3.8) turns to
H'(1) < = allzll; + ellzl; — &l + £1(G:), 2| + £ (F(2),2) - (3.20)

Next, we deal with the term € [(G(z;), z)| in (3.20). By using (3.15) and Holder inequality, we know

(G20, 2N = 1(81(un), ) + (82(¢1), D)
<181 (up), w)l + 1(g2(¢0), P

L L
Sfo Igl(uz)lluldX+f0 |g2(¢0)ll¢ldx
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L L
Sﬂf Jug | ueldx +ﬁf |¢:llgldx
0 0

<Blluill2lleelly + Bligill2llpll>
<2BlIzll2llzll>.- (3.21)

Then, We deal with & (¥(2), z) in (3.20). Here, we first need to give
F@)-z=@+DF(2). (3.22)

For all A4 > 0, taking the derivative of both sides of (2.12) with respect to A, we know

4 pag) = o= S rpg =
PR = VE() -2 = @) = (p+ DYF (). (3.23)

where VF is defined by (2.13). By taking A = 1 in (3.23) and using (2.11), we obtain (3.22). According
to (3.22) and (2.14), we have

L
(F(2),2) = f F(z) - zdx
0

=(p+1) f: F(z)dx
<(p+ DM} (3.24)
By using (2.5), (3.24) turns to
(F(@).2) < (p+ DMR, a2l = (p + DMR, 12l 12115 (3.25)

Then, we estimate the term ||z||‘:'j_1 in (3.25). According to Theorem 2.12 (ii) in [5], we know z(r) € W
for t > 0. By using I(z(¥)) > 0, i.e., z(t) € W, we have

L
(p+ 1)fo F(z(r)dx < Izl

which means

1 L
J(z(D) =—||Z(t)||2v—f0 F(z(n)dx

2
1 2 1 2
>§|Iz(t)llv i 1||Z(f)||v
_p-1 2
=305 Ol (3.26)

MeanWhile, according to (3.16), i.e.,
8 (1 s &t 1 = 0,
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we have &E(z(1), z;,(1)) < E(zp,z1). Thus, we know

-1

sy Ol < Ja0) < 80, 5(0) < B2, (3.27)

i.e.,
L [2p+1 7
(ol s( W )8<zO,zl>) ,
p—1
for ¢ > 0, which implies that (3.25) turns to
2(p+ 1 T
(F(2,2) <(p + DR, ( s )8<zo,zl>) el (3.28)

Due to E(zp, 71) < od being assumed, we know that (3.28) turns to
(F(2),2) <o T I, (3.29)
where d is defined by (2.17). Substituting (3.21) and (3.29) into (3.20), we have
H'(6) < — allzll} + llzd + e T Izl — elall} + 28Bllzi LIzl (3.30)

By using Young inequality for dy > 0 and inequality (2.5) for ¢ = 2, we know that (3.30) turns to

, = &
H'(1) < — allzl + ellzl? + e |12l — ellzlf} + 5—ﬁIIZzII§ + gBSoRy|I2ly
0
&6 pol
- - (a —e- 5—) el = 2(1 = % = BouRs ) el (331)
0
In (3.31), we choose ¢y > 0 to make 1 — o — BooR, > 0 hold, where 1 — o >0duetoo e O, ).

Then, we select € > 0 such that @ — & — % > 0 and

|- emax{Ry, 1}(p+ 1) S

P 0.

) =
To deal with (3.31), we first have

g =)
(a —&— 5;8) llz:ll3 + 8(1 -0 —350R2) llzll5
0

& 1 p-1 1
=2 (Ol —&- £) §||Zz||§ + 28(1 -0z —,350R2) §||Z||%/
-1 1 1
> min {2 (a/ . ‘;ﬁ) , 28(1 _o —,860R2)} (Enz,lli + 5||z||’é) . (3.32)
0

According to Theorem 2.12 (iv) in [5], (3.32) turns to

& p-l
(a Cen 6—ﬁ)||z,||§ " s(l o —ﬁ60R2)||z||2V
0
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> min {2 (a - ‘;ﬁ) ¢ (1 _oT - ﬁ50R2)} E(1), 2(1)).

0

Due to (3.7), i.e., H(t) < a,E(z(1), z:(1)), (3.33) turns to

g Pl
(a—arfym@+s@—az-¢ﬁﬁﬂm%
0
min{2(a - e - £),2¢(1 - 0= - BSoR,
(0%)

Thus, we know that (3.31) implies
H'(t) < —AoH (1),
where

min{2 (a -&— %3),28(1 _oT —,350R2)}

as

/7.() =

By using Gronwall’s inequality, (3.35) gives
H(t) < e ™ H(0).
According to (3.7), (3.37), and the assumptions &(zg, 71) < odand 0 < o < 1, we have

a26(z9,21) _ a/zoﬁ
L e /l()t < =
ay ay

E(z(1), z,(1)) < e < Kope ',

where

a’zd
Ky = —.
@

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

Theorem 3.2. (Continuous dependence on initial data for linear weak damping case) Let Assumption
2.1 and Assumption 2.2 hold withr = m = # = i = 1. Forany 0 < o < 1, suppose E(zy,21) < od,
20 €W, EGo, %) <odand %y € W. Let 7 = (u, ¢) and % = (ii, @) be the global solutions to problem (1.1)

with the initial data z, 71, and %y, 71, respectively. Then one has
— e - a\p
E <C, (E(()) LG (E(O))z) O,

where

Cy  \P 1-p
C |14 G (4(p+1)Ko)
a Ao(p—1) p—1 ’

(3.40)
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C; := A(1 - p),

p—1
2p + I)KO) | (3.41)

1 1
C, := 4°CR?R?
! ! ( p-1

4(p-1)
24
0<a<min{—22_ 1%,
MC + A

O0<p<l,

Ao and K, are defined by (3.36) and (3.39), respectively, Ry,-1) is the best embedding constant defined
in (2.4) taking g = 4(p — 1),

A2 —a) —aMC
/l] = s
2
—a 1 2 1 K 2 1-a
N :=2179C (2Ky) +23‘“CR22( (p+ 1) 0) 2Ky,
and
1
A\ 2(p—1) 2
_ : 2(p + Dod
M := max {23521%45 (2R4<p_1>(%) +L] ,1}. (3.42)
p —

Proof. We denote w := z — Z. According to the proof of Theorem 2.5 in [5], we notice that

t L
E(t) < E(0) + f f (F(2(1) = FED))w(r)dxdr (3.43)
0 0

holds by Assumption 2.1 and Assumption 2.2. In the following, we shall finish this proof by considering
the following two steps. In Step I, we shall derive a similar estimate of the growth of E(7) to (135) in [5].
As we build this estimate for the global solution instead of the local solution treated in [5], we have to
rebuild all the necessary estimates based on the conditions for global existence theory.

Step I: Global estimate of E () for global solution.

We estimate the term fot fOL (F (z(1)) = F (z(1))) wi(r)dxdr in (3.43) as follows

L
f (F () = F D) - widx
0
L
_ fo (F1(2) - i) (- f)dx
L
+ fo (h@) - A3) G - F)dx

L
< fo () = A @l — fldx
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L
v [ 180 - A6, - Biix. (3.44)
0
Here, according to the proof of Lemma 3.2 in [5], we notice that (2.10) in Assumption 2.2 gives
1fi2) = fi@I < Clz = 2|l + (@~ + g~ + 1917~ + 1), j= 1,2, (3.45)
which means (3.44) turns to
L
f (F (1) - F D)) - wdx
0

L
= -1 | (=p-1 -1, (7p-1 ~
Sf Clz = Z(ul”™" + 1@l + 161"~ + 191" + Dlu, — iiyldx
0

Z:Al

L
+ f Clz = Zl(ul”™" + (@™ + 1"~ + 11"~ + D¢y — ildx . (3.46)
0

=A)
Next, we deal with A, and A, separately. For A, by Holder inequality and Young inequality, we have

1
2

L
A <C (f lz = 2Pl + 13" + gl + 141 + 1)7dx
0
L 3
( f |u,—a,|2dx)
0
c (* y
S5 f o= ZP(ul” + 1@l + (P + (1P + 1)7d
0
Cc [t
+ = f |u, — i, [*dx. (3.47)
2 Jo
By the similar process, we can deal with A, as
c (* ~12 -1, j~ip-1 -1, 1qp-1 2
Ay SE |z = Z7(ul”™ + (@ + 1" + 1" + 1)°dx
0
c N
+3 f 6, — di|*dux. (3.48)
0
According to (3.47), (3.48) and Holder inequality, we know that (3.46) turns to
L
f (F (z(1) = F (1)) - wdx
0

L
~ 1 e _ — C
SCf Iz = ZP(ulP ™"+ a7+ gl + 1@ + 1)+ Ellwtlli
0

L 5 oL 3
sc( f |z—z|4dx) ( f (" + 1@l + gl +1g17™" + 1)*dx
0 0
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C
+ Ellwzlli- (3.49)

In (3.49), by noticing z = (u, ¢), Z = (ii, $), we see that

fole—Zl“dx)2
:f((m-m o -3l )5) )é

= f (|u—a|4+|¢—<zs|4+2|u—a|2|¢—<2>|2)dx)2
0

1

L L 2
= f (|u —al* + ¢ - <;>|4) dx + f 2lu — i*|p - <z|2dx) . (3.50)
0 0

By using Holder inequality and Young inequality, we know (3.50) turns to

([ese)

( (I = @l* + ¢ — G1*) dx + 2l — @ll3llgp «zni)

< (2l - all; + 20l - IIy)°
=27z — 7|2, (3.51)

1
2

Next, we deal with fOL(lull"‘1 + Pt +1gP~ + P~ + 1)*dx in (3.49). For ki, ks, k3, ks, ks > 0, we have

(ki + ko + ks + kg + ks)*
< (Smax {ki, k», k3, ks, ks})*
=5* max {k{, k. k3. k{. k&)
<5* (ki + 16 + K3 + K+ ).

From above observation, we have
L . 4
f (il 17"+ 1™ + 161" + 1) dx
0
L
<54 f (1P 4 Jaf“ P + g0 + B[PV + 1) dx. (3.52)
0
According to (3.51) and (3.52), (3.49) turns to

L
f (F(2) = F (@) - wdx
0
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L
1 ~ _ ~ _ _ ~ _
<C2lz - 2R (54 f (P2 + e 4 gD 4 D+ 1)dx)
0
C 2
+ —lw
=il

L
:C2%52||z - Z||i (f (|u|4(p—1) " |¢I4(p—1)) dx
0
3

L
C
+f (|ﬁ|4(p_1) + |¢|4(p—1)) dx+L) + _”Wt”%
0 2

1
Le2in a2 (1D o ede-D L\ L Ce
=C27 5%z — 215 (el + Il + L) + 1wl

By using (2.5), we know that (3.53) turns to

L
f (F (2 -F @) wdx
0
151 . _ T ;i C
<C2*5R; Iz = 2l (Ragr-n Iy + Ragnllelly”™ + L)+~ lwil

According to (3.27) and the assumptions &(zg, 71) < od and E(Zop,71) < od, we have

2(p + Dod

2
Z <
B —

and

2(p + Dod

~12
Z <
[ —

Substituting (3.55) and (3.56) into (3.54), we have

L
f (F(2) - F(2)) - wdx
0

A

2(p + Dod

1 1
<C225°R; [2R4(,,_1)( —

2p-1) 3 c
) + L] ||W||%/ + EHW;H%
ST B
<MC §||Wt||2 + §||W||v
=MCE(?).
Due to (3.57), we know
! L _ ! -
f f (F (z(1)) = F (1)) - w,dxdr < MC f E(r)dr.
0o Jo 0

Substituting (3.58) into (3.43), we have

E@t) < E(0)+ MC f E(r)dr.
0

1
2

NS

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)
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Then, by a variation of Gronwall’s inequality (see Appendix), we have

E(t) < E(0)eM,

(3.60)

As the growth estimate (3.60) we derived in Step I does not reflect the decay of the solution, we shall
deal with the decay terms and the non-decay terms separately in Step II to upgrade the results obtained
in Step [, i.e., (3.60), by giving an improved estimate to reflect the dissipative property of the system

(1.1).
Step II: Decay estimate of E(¢).
According to (3.46), we have

L
fo (F (2(0) = FE0)) - wdx

L
= -1, |=p-1 -1, F7p-1 ~
Sf Clz = Z(ul”™ + 1al”™ + 181" + 181" )lu, — it,ldx
0

Z:A3
L
+ f Clz = Zl(ul”™" + @™ + 11"~ + 11"l — ildx
0
:=A4

L L
¥ f Cle — Zllu; — Fildx + f Clz — Zlig: — Fildx.
0 0

By the similar process dealing with A; and A,, we can treat A; and A4 as

Cc (* .
Ay <— f lz = ZPQulP" + "+ gl + () dx
0

c

4, <& f o= 2P+ P+ g + B Vdx

+_f |p: — ¢12dx

By the similar process of obtaining (3.54), i.e.,

and

1
A+ A, <C22 52R2”Z Z||2 (R4(p 1)||Z|| 4(p-1) +R4(p 1)||Z||4(p ) L)z

c 2
+ = llwill3,

2
we can use (3.62) and (3.63) to give

_ 1 C
As+ Ay < COHORIRS Iz — 2R (AT + 110 ) + S Iwil.

(3.61)

(3.62)

(3.63)

(3.64)
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Due to (3.26), (2.16) and Lemma 3.1, we know

1 p—1 _
Ellztllg + 2+ 1)IIZII%/ < 8@z(t), u(1) < Koe ™

and

1 p—1 o B
Ellzzllﬁ + 2+ 1)||z||2 < EE1),2,(1) < Koe ™.

According to (3.65) and (3.66), we have

- 20p+1 2=
||Z||“1/(P D~ ( (p_ . )KO) e~ 2Ao(p=1

and

2(p—1)
”Z”z‘t/(p—l) - (2(19 +11)K0) e 2o
p —

which mean

. e 2Ap+ 1)\
(=l + =) < 22 ( if_ 1 )Ko) e
By substituting (3.67) into (3.64), we obtain
gty L . C .
Az + Ay <Cye Ao(p I)IEHZ - Z”%/ + Ellzt - Zt”%
oty [ 1 . 1 .
<Cyue Aolp=)t (EHZ - Z”%/ + E”Zt - Zt”%)
C .
+ E”Zt -zl
Substituting (3.68) into (3.61) and using Holder inequality and (2.5), we have
L
[ e - o wax
0
— C L
<Cue P VE() + 5||z, - z,||§ + f Clz — Zl|lu; — i,|dx
0
L ~
+ f Clz - Zll¢r — ¢4ldx
0
~o(p-Dt T ¢ =112 = ~
<Cse E(1) + Ellzt = Zll; + Cllz = Zllallu; — Gl

+ Cliz = Zllallg: = illa

— C
—Ao(p—1 ~ 112 ~ ~
<Cye™ PP VE(F) + Sl =2l + 2C1z = Abllz, - Zl

— C 1
~o(p-1 ~ 12 ~ ~
<Cye™ P VE(t) + Ellzt = Zll5 + 2CR; Iz = ZlIvllz: — Zla-

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)
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According to (3.60), we know
— 1
Iz = Z 1l < (2E(0)e”")°
1.e.,

aMCt

Iz = Zlls < (2E(0))* ™

for 0 < a < 1. Meanwhile, combining (3.65) and (3.66), we also have

~ ~ 1 A
llze = Zill> < llzill> + IZill> < 2(2Ko)? e 2,

i.e.,

s 11l-a < Hl-a L _AU-a),
e =zl <2 2Kg) T e 7 1,

and

2(p+1>1<o)é _n,
_— e 2.

llz = 2llv < llzllv + 1Izlly < 2( 1

Combining (3.70), (3.71) and (3.72), we have

~ 12 - - ~l—
|z — Zz”z =||z; — Zllallz, — Zz||§||Zz - Zt”z ¢

_ Ap(2-a)-aMC

<2 2Ky (2EO) T

We choose 0 < a < min{ MZC{S e 1} such that

A2 —-a)—aMC >0
in (3.74). Meanwhile, according to (3.70), (3.72) and (3.73), we notice that

llz = Zllyllz = Zllo =llz = Zllvllze — Zll3llz — Z 13~
<2 (2(p + DKo
p—1
Due to (3.74) and (3.76), we see that (3.69) turns to

_ Ag2-a)-aMC

)2 (2Ky)'Z* (2E(0))" e

L
fo (F (2(0) = F(E(0)) - wdx

<Che P VE(r)

+ zl_aC (2Ko)2%a (ZE\(O))Q e /‘0<2ﬂ12)—aMct
1
1(2 DK \2 I o
+ 23—aCR2% ((p+—1)0) (ZKO)IT (2E(O))2 e_Mt.
p-

t

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)

(3.77)
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By substituting (3.77) into (3.43), we obtain
!
E(t) <E(0) + C, f e E(rydr
0

+ (25(0))% D

where

D := Nf e dr = E N,
A

Here, according to (3.79), we notice that D < 2-, which means that (3.78) turns to

<t

— — - a N t _

E(t) <E0) + (2E(O))2 P Cy f e P E (D) dr,
0

i.e.,

e—/lo(p—l)tE(t) Se—/lo(l’—l)t (E(O) + (2E(O))2 /1_)
1

+ Cye =1 ft e PV E(7)dr.
0
We define
t
F(1) = f e P TE(7)dr,
0
Thus, we can rewrite (3.81) as
’ (=Dt | 77 2 s N
F(1) <e™%"' | E(0) + (2E(0))° —
A

+ Cye 0PV,

By applying Gronwall’s inequality, (3.83) gives

F(r) < ’E\(0)+(21§(0))5%1 o ly o rar fo g
- (E©0 + 2E0)’ % e (107 lﬂ—o(e:i(pl_)”’
Cy
<(E0) + 2E©)’ % —A;(;(p_l)l),
which means (3.80) turns to
Eo) < (E(O) + 2E0)° %) (1 ; fo“(ep—fl))J

(3.78)

(3.79)

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)
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For 0 < p < 1, according to (3.84), we have
E(t) =EGYE@®)'™

Cy P
a NV =i
s(E(0)+(2E(0))2 %) [1 Caelt )]

+——— | E(0'™. (3.85)
Ao(p=1)
Here, by using Young inequality, we know

— 1 1 1=
E@t) " = E”Zt — 7|5+ EIIZ - ZIIZV)

1 1 '
<| 5 Uzl + 20)* + 3 Clelly + ||z||v>2)
1 2 ~ 1 ~ 112 1 2 -~
=Sl + el + 51l + Sl + el Izl
1-p
1
+5||z||2v)
~ 2 \1-P
< (Il + Iz + I2Ily, + 11117 ) (3.86)

According to (3.65) and (3.66), we know

P~ 2 2 Aot
307D (12l + 112I1y) < Koe™ (3.87)
and
P~ =12 4L 11=2 ~Aot
3+ D) (I3 + 1121) < Koe™". (3.88)

By substituting (3.87) and (3.88) into (3.86), we have

l-p
E(t)l—p < (4(1;+_11)K0) e—/lo(l—P)f,

which means that (3.85) turns to (3.40).

4. Continuous dependence on initial data of the global solution for nonlinear weak damping case

In this section, we consider the continuous dependence of the global solution on the initial data for
the nonlinear weak damping case of the model equations in problem (1.1) by supposing that m > 1,
r>1,and /i = 7 = 1 in Assumption 2.1, which means that the weak damping terms g;(s), j = 1,2, take
the nonlinear form for |s| > 1 and linear form for |s| < 1. These conditions are applied to improve the
estimate (1.2) and reflect the decay property of (1.1), which was clearly clarified in Corollary 2.14 in [5],
that is, the condition 771 = 7 = 1 is necessary to obtain the exponential decay of the energy, which helps
to get the exponential decay, and the absence of such linear condition can only lead to the polynomial
decay of the energy. Hence although we discuss the nonlinear weak damping case here, we still need to
assume that the terms g;(s), j = 1, 2, take the linear form for [s| < 1.
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Theorem 4.1. (Continuous dependence on initial data for nonlinear weak damping case) Let Assumption
2.1 and Assumption 2.2 hold with ¥ = m = 1, E(zo, 21) < M(so—V), EZo,Z1) < M(so—v), llzolly < 50—V,
and ||Zo|ly < so — v for some v > 0. Let z = (u, $) and z = (ii, §) are the global solutions to the problem
(1.1) with the initial data zy, 7, and Z, 71, respectively, where M and s, are defined in (2.18) and (2.19),
respectively. Then one has

E(t) <Cs (E(O) +C (E(O))hzo) e, 4.1)

where
O0<k<l,

CyT K a1k
CoTe™r ) (4(p + 1)ed)\'
Cs:=|1+ ,
Oo(p— 1) p—1

b,
C6 = 27—,
2
0o(1 —

C, = o( K)’

T

N —1
2(p + 1)de(,+§)”

1 1
Cs := 4°R’R?  C
" ! ( p-1

4(p-1)

0+6—10-0 L -
o = R E— = mln{Q, 0}, “4.2)
and9>0,0>0,and T >0 satisfy
E(0), (1) < &E(zp,21)e T (4.3)
and
EGED.7(0) < "8Gy 21)e T, (4.4)
6,
by = — 4.5)
6, + MCT
M is defined in (3.42),
52 C L (8(p+ 1) )
N, = (8e%d) ° = +2CR? (8¢%7d) ° | ——=¢%*%d] |,
= () T S 2] (serd) (A2,
and
002 — by) byMC
/12 = -
2T 2
602 = by) — byMCT
B 2T ’
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Proof. Due to Corollary 2.14 in [5], for any T > 0, we know that there exist 6 and 6 to make (4.3) and
(4.4) hold, where @ is dependent on &(zo, z;) and T, and 6 is dependent on &(Zy, Z;) and T. According to
Proposition 2.11 in [5], the assumptions &(zo, z1) < M(so— V), ||zollv < 5o — v, and E(Zp, Z1) < M(so — V),
IZolly < so — v give zo € W and Z, € W, respectively. Here M(sy — v) < d can be observed according to
(2.17). Thus, we know (3.26) also holds. According to these facts and (2.16), we have

1

Ellth% ZED )IIZIIV < 8z, 2(1) < E(zp, 21)e T < 'de T, (4.6)
and

1 Ga _0,

EIIZAI% %IIZIIV < EE1),7(1) < E o, Z1)e” < elde . 4.7)

Due to (4.2), we know that (4.6) and (4.7) turn to

1 A [ A
Slladls + 2( )||z||v de " < &g 4.8)
and
L 2 p-1 05 -4 0+6 5 601
E”Zt”z 0 )||Z||V de 1" < "0de T, (4.9)

respectively. According to (4.8) and (4.9), we have

5 2(p-1)
Iz ”4(P 1)) (2(]9 + i)demg}) e_wz

and

520D
ap-n _ (20 + Dd g5 g,
8 D ) e

which mean

A -1

_ it (2 +Dd 5\ -

(I~ + el ™) < (%e) 2t (4.10)
p—

Next, we need to use the estimate (3.64) to continue this proof. More precisely, by substituting (4.10)
into (3.64), we obtain

G- .o C )
A3 +Ay <Cge T ’§||z -2y + Ellwtllz

Go(p—1)

- 1 . 1 . C
<Cge T t(illz -zl + EHZI - Zzll%) + Ellwzlli- (4.11)

By substituting (4.11) into (3.61) and the similar process of obtaining (3.69), we have
L
f (F (z(0) - F(Z@)) - wdx
0
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G-~ C )
<Cge T tE(f)+5||Wz||2

+2C|z = Zlllz = Zll2

_Gp(p=1)

—~ C
<Cge " T tE(t)+5||Wz||§

1
+2CR; Iz = ZIvllz: = Zilla-
According to (3.60), we know
- _ 1
Iz = Zll2 < (2E(0)e™")*
1.e.,

byMCt

- by
Iz =zl < (2E0)7 e,

where by 1s defined by (4.5). Meanwhile, combining (4.8) and (4.9), we know

~ o1 o
= = 0+0 5\2 —-%
Iz = Zll < Izl + Izl < (8¢"°d)* e,

i.e.,

2 A ﬂ 0p(1-bg)
o =zl < (8¢7d) T e

and

b

1
. (8D )
lz =y < lldlly + Iy < (ﬁemed e

4.12)

(4.13)

(4.14)

(4.15)

(4.16)

where by > 0 and 1 — by > 0 are ensured by (4.5). According to (4.13), (4.14) and (4.15), we have

~ 112 ~ =~ 11b =~ 111-b
lz: = Zill> =llzr = Zill2llz: — Zt”zOHZt - Zt||2 0

2-by 60(2-by)  boMC
0 _(M_L)t

N .
<(2E(0))” (8¢™°d) T e\ T T2
According to (4.5), we have

26,

O<b0<' - ”
60 + MCT

i.e.,

6o(2 —bo) byMC S
2T 2

in (4.17). Meanwhile, according to (4.13), (4.15) and (4.16), we notice that

0

~ ~ ~ ~ b ~ nl=b
lz = Zllvllze = Zill2 =llz = Zllvllze = Zl5° Nz — Zall, ™

4.17)

(4.18)
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_ 8(p+ 1)
S(ZE(O))2 (8 9+9d) ( =1 "+9d)

Due to (4.17) and (4.19), we know that (4.12) turns to

L
fo (F () - F D) - wdx

2-ho _(W—%)t
<C8e fE(t) + (2E(0)) (869+§£)T Ce :

+2CR? (25(0))20( 9+9d) ( p—

By substituting (4.20) into (3.43), we obtain

by

— — ! 6p(p—1) —~ — 20
E() <E(0) + Cq f T TE(ndr + (2E0))° D,

0

where

! N N
D, := N, f e PTdr = =L — Lo,
0 A A

Here, according to (4.22), we notice that D; < A , which means that (4.21) turns to

2

— — — %0 N1 d 6=l —~
E®) sE(0)+(2E(O)) /1_+C8 f ™ TE(7)dr,
0
i.e.,
o(p 1), —~

E) <e T (E(O) + (2E(0)) > Vi )
2

!
_a-D) TSI
+Cge T ’f TE(t)dr.
0

By similar process of obtaining (3.84), we have

E@®) < (E(O) + (2E(0)) 7 N21 ) (1 + %}

For 0 < x < 1, according to (4.25), we know

E(®) =E()E()"™

(E(O) + (2E(0)) ? Ni) [1 + %] E@®)"

8(p+1) Md)l g(@—%)z

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)
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By the similar process of obtaining (3.86), we have

— 1-«
EO' < (lal3 + IZIE + 12l + 1218) (4.27)

According to (4.8) and (4.9), we know

p— 2 2 0+8 5 -1
307D (a3 + ll2ly) < e”*7de (4.28)
and
p—1 S 12 4 2 0+8 5 ,- 21
3o+ D) (I3 + 112I15) < &"Pde7". (4.29)

By substituting (4.28) and (4.29) into (4.27), we have

)

7oA\ 1=k
B < (—‘“P i “e”d) 5
p—1
which means that (4.26) turns to (4.1).
5. Lower bound estimate of blowup time for positive initial energy and nonlinear weak damping case

The finite time blowup at the positive initial energy level was established for the linear weak damping
case and nonlinear weak damping case in [22], and for the linear weak damping case, the lower and
upper bounds of the blowup time were also estimated there. Hence in this section, we shall estimate the
lower bound of the blowup time at the positive initial energy level for the nonlinear weak damping case.

Theorem 5.1. (Lower bound of blowup time for positive initial energy and nonlinear weak damping
case) Let Assumption 2.1 and Assumption 2.2 hold, and E(zy,71) > 0. Suppose z(x, t) is the solution to
problem (1.1). If z(x, t) blows up at a finite time T, then we have the estimate of blowup time

© 1
Ty > f dy,
° Gy Coy? + Cioy + Cyy

where
Co := (p + DRy, 2" > M?,
Co:=(p+ 1M,
Cii := (p + 1)E(z0,21) + (p + DR2,2% 7 (E(z0. 1))
and
G(0) := Ilzoll" .

Proof. Let z = (u, ¢) be a weak solution to problem (1.1). We suppose that such solution blows up at a
finite time 7. Our goal is to obtain an estimate of the lower bound of 7.
Fort € [0,T)), we define

G(1) := O] = lu@IPL] + llgdII7: (5.1)

p+1 p+1 p+1°
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then, by Holder inequality and Young inequality, we have

L L
G (1) =(p+ l)f Jul”™ e, dx + (p + 1)f I¢1" ™! pepidx
0 0

L L
S(p+1)f0 Iul”luzldX+(p+1)fO |$171p¢|dx

<(p + Dllulls lluddlz + (p + DI, lIhell2

p+1
5 (Il + lll i3 + 1157 + i)

p+1
= (lell) + Izl

<

Next task is to estimate the terms in the last line of (5.2). By (2.14) and (2.16), we obtain

1 1 L
E@(t), 2:(D) :Euztui + §||z||zv— fo F(z()dx

1 1 L
ZEHZz”% + EHZ”%/ - M‘f(; (|M|p+] + |¢|p+1)dx

p+l1

1 2 1 2
=5 llailly + Sllzlly = Ml

2
According to (3.16), we know
E(z(1), 2(1) < E(zp,21), t € [0, T)),
where &(z9,z1) > 0. We notice that (5.3) and (5.4) give
lzl13 + 11215 < 28(z0.21) + 2MG (1),
which means
llzll}, < 28(z0,21) + 2MG(1),
and
Izl5 < 28(z0, 21) + 2MG(t).
Combining (2.5) and (5.6), we see

I2I15) < Rap (28(z20,21) + 2MG ().

By substituting (5.7) and (5.8) into (5.2), we have

(p + 1)R2p

G < 2

(28(z0,21) + 2MG(D))" + (p + 1) (E(z20, 21) + MG(1)) .

(5.2)

(5.3)

5.4)

5.5

(5.6)

(5.7)

(5.8)

(5.9)

We consider the function h(x) := x”,x > 0, p > 1. Since A" (x) = p(p — 1)x?"% > 0, h(x) is a convex

function. Thus it gives that

h

];1 +]22
2
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that is to say
(ky + ko)? < 2771 (KP + &D).

Then, due to &(zp, z1) = 0 and G(7) > 0, we can get
(28(z0,21) + 2ZMG(1))" < 277" ((28(z0.21))” + RMG(1)"), (5.10)
which means that (5.9) turns to

G (1) <(p + DR, 272 MP (G(1)” + (p + DMG(1) + (p + DE(20,21)
+(p + DR 2% (E(z0, 21))

i.e.,
G (t
> () < (5.11)
Co (G(1)" + C10G(1) + Ciy
Recalling the assumption that the solution of problem (1.1) blows up in finite time 7, we have
. BT p+] _
lim G(1) = lim [zl = co. (5.12)

Then, integrating both sides of (5.11) on (0, 7)) and combining (5.12), we get

0 1
dy < T.
fG(O) Coy? + Coy + C1y ‘

Thus, the proof of Theorem 5.1 is completed.
6. Appendix: a variation of Gronwall’s inequality

In Sept I of the proofs of Theorem 3.2, by the classical form of Gronwall’s inequality (integral form)
shown in Appendix B.2 of [4], we know that (3.59) gives
E(®) < E(O)(1 + MCre"),. (6.1)

In (6.1), the growth order of the distance of the solutions, i.e., E (1), is controlled by the product of an
exponential function and a polynomial function, which is higher than that in (1.2) established for the
local solution. In Sept I of the proofs of Theorem 3.2, in order to build the growth estimate of E( (1) in
the same form as (1.2) for the global solution, i.e., (3.60), we need the following variation of Gronwall’s
inequality.

Proposition 6.1. For a nonnegative, summable function £(¢) on [0, T'] with satisfying

é@ﬁ@jzmw+@ 6.2)
0

for the constants Cy, C, > 0, one has
() < Cre (6.3)

forae. 0<t<T.
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Proof. We use the similar idea of proving the classical form of Gronwall’s inequality shown by Appendix
B in [4] to give the proofs. We first define the auxiliary function

B !
O f Z(T)dr. (6.4)
0
By direct calculation, we have

X'(1)=e " (é(t) -C f {(T)df) : (6.5)
0
Substituting (6.2) into (6.5), we have

X (1) <e 0y,

t o
f X' (rydr < f e 17 Cydnr,
0 0

which means

1.e.,

P ORS %(1 —e ). (6.6)

According to (6.4) and (6.6), we have

) _
C o6
l(ndr < = (" = 1). (6.7)
|, e <2 (1)

Substituting (6.7) into (6.2), we obtain (6.3).
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