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1. Introduction

In this article, we study the initial-boundary value problem for the class of finitely degenerate
semilinear parabolic equations with singular potential term as follows

u, — Axu —uV(x)u :g(x)lul‘”_1 u, xe,t>0,

u(x,t) =0, x€eo0Q,t>0, (L.1)
u(x,0) =up(x), x€Q,
where X = (Xj,---, X),) is a system of real smooth vector fields defined on open set U in R" for n > 3,

Q cc U is a bounded open domain, X; = >;_, aj (x) 0y, ap € C*(U), j=1,--- ,m,and (x1,...,x,)
is the coordinate system of U. In general, X is different from the position vector field x = }};_; x0,, of
U in R". In the whole paper, we always suppose that the system of vector fields X is finitely degenerate,
1.e., it satisfies the following Hormander’s condition [13] with Q > 1.

H) Xi,X5,..., X, together with their commutators of length at most Q can span the tangent space
T, (U) at each point x € U, where Q is the Hormander index of U with respect to X.
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The sum of square operator Ay := 3., ij., also called the Hormander type operator, is finitely
degenerate elliptic operator if Q > 1, while it is the usual elliptic operator and m > n if Q = 1. Here,

we further pose the following hypotheses:

(Hyq) 0Q is smooth and non-characteristic for the system of vector fields X, i.e., for any x € 9Q, there
exists at least one vector field X; such that X; (x) ¢ T, (0Q).

(Hp) 1<p$%,

(Hy) u € (0, 1 /Cf) is constant, and the positive singular potential function V (x) € L* () N C (Q)
satisfies the Hardy’s inequality

where v > 3 is the generalized Métivier index (cf. Definition 2.2).

f V(x)|udx<C f |Xu|* dx (1.2)
Q Q
for any u of the Hilbert space H )1(’0 () (cf. Section 2), where

Co- | VV (0)ull
L= sup  ————.

(1.3)
ueHY, (@\(0) (1 X ua|

(Hg) g (x) € L* () N C () is a non-negative weighted function.

Finitely degenerate elliptic operators originate from physical applications and mathematical
problems, e.g., Lewy’s example [19], the stochastic differential equations [30], 0-Neumann problem
in complex geometry [17], Kohn Laplacian on the Heisenberg group H" in quantum mechanics [4].
Hormander [13] proved the hypoellipticity and the subelliptic estimates of Ay, and thus Ay is still
called the subelliptic operator. Bony [3] obtained the maximum principle and the Harnack inequality
of Ay, and Rothschild and Stein [29] gave the regularity estimates of Ay. By Hormander condition
one can define a Carnot-Carathéodory metric induced by X, which is paid attentions by scholars in
sub-Riemannian geometry [27]. Moreover, the Poincaré inequality [14], the Sobolev embedding
theorem [6, 33, 39], heat kernel and Green kernel estimates [15] were well investigated.

Furthermore, under the Métivier’s condition Métivier [26] studied the eigenvalues problems of Ay,
and defined the Métivier index v, also namely the Hausdorff dimension of € related to X. For
example, let X = (X, ..., X,, Y1,...,Y,) on the Heisenberg group H" c R*"*!, where X; = Ox, + 2y;0;,
Y; =09y, +2x;0,,j = 1,...,n. Then X satisfies the Hormander’s condition for Q = 2, the Métivier’s
condition for v = 2n + 2, and the Kohn Laplacian Ax = }_, (XJ2 + sz) is a finitely degenerate elliptic
operator. Unfortunately, in the finitely degenerate case, if no Métivier’s condition there are no
Rellich-Kondrachov compact embedding results, while such compact embedding results play an
important role when one discusses the existence of solutions for the Dirichlet problem of semilinear
subelliptic equations. To deal with this case, Chen and Luo [8] defined the generalized Métivier index
v, also named non-isotropic dimension of Q associated with X [39], which is exactly the Métivier
index under the Métivier’s condition. Note that X always has the generalized Métivier index v on Q
even without the Meétivier’s condition. For example, the Grushin type vector fields
X = (..., 05, X10y, ) n 2 2, i € Z*, defined on a domain Q € R". If Q N {x; = 0} # 0, then X
satisfies the Hormander’s condition with Q = i + 1, the Grushin type operator Ay = 3", ij. is finitely
degenerate, and v = n + i.

Communications in Analysis and Mechanics Volume 15, Issue 2, 132-161.



134

For the vector fields X = (d,,,0,,,- - ,0,,), Ax is exactly the usual Laplacian operator A, and the
equation in (1.1) is the heat equation with singular potentials, which has attracted attentions since the
work of Baras and Goldstein [2] in 1984. In fact, they studied the initial-boundary value problem for
the linear heat equation

u,—Au—-Vxyu=f(x1) (1.4)

with singular potential V (x) = ¢/ |x|?, and proved that under the initial data uy > 0, if ¢ < % it has
a global weak solution, otherwise it has no solution [2] and even no local solution [5]. Particularly, if
V (x) = 0, the equation in (1.1) becomes

u, — Au = f(u), (1.5)

which has been popularly studied. For the initial-boundary value problem (1.5), Liu in [23] improved
the potential wells method of Payne and Sattinger [28], and obtained the global existence and blow-up
of solutions with subcritical initial energy in [24]. Then, Xu [34] studied this problem with critical
initial energy, and Gazzola and Weth [12] further discussed the high initial energy. Since the family
of potential wells was proposed in [23], it has been used to study various important and interesting
nonlinear evolution equations, including hyperbolic [20, 22, 32, 38], the system of coupled parabolic
equation [35], and the pseudo-parabolic equation [21,36,37].

On singular manifolds, Alimohammady and Kalleji [1] studied the initial-boundary value problem
of the semilinear evolution equation as follows

(9',‘u —Apu—oV@u=g@) | u, k=1 (1.6)

with o = 1, obtained the global existence and the finite time blow-up of weak solutions on cone
type Sobolev spaces. However, for the case k > 2 the results in [1] are invalid, hence later Luo, Xu
and Yang [25] considered the case k = 2 and o in some value range, proved the local existence and
uniqueness of the solution by using the contraction mapping principle, and obtained the existence of
global solutions and finite time blow-up of solutions on the cone-type Sobolev spaces. On the other
hand, the edge-degenerate parabolic equation with singular potentials was studied by Chen and Liu [7].

In this article, under the assumptions (H), (Hyq), (Hy), (Hg) and (H,,), by the known properties
of Ay we establish the local and global existence, decay and finite time blow-up of the solutions for
problem (1.1). This article is organized as follows. After introducing some notions and results on the
finite degenerate vector fields in Section 2, by applying the Galerkin method and Banach fixed theorem
we establish the local existence and uniqueness of the weak solution of problem (1.1) in Section 3.
In Section 4, by constructing a family of potential wells, we prove some auxiliary results for it. In
Section 5, by potential well method we obtain the global existence, the decay estimate and the finite
time blow-up of solutions with subcritical or critical initial energy.

2. Preliminaries

In this section, we recall some notions and properties of the finite degenerate vector fields X.
First, by X we define the Sobolev space (cf. [33])

Hy(U)={ue (V)| Xue L’ (U),i=1,-.m|.
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This is a Hilbert space equipped with the norm

2 2 2
”u”H)l((U) = ||u||L2(U) + ”Xu”LZ(U)’

where IIXMIIiZ(U) =y, ”Xl‘“”izw)' We denote by Hy , (Q) the closure of C’ (Q) in Hy (U), which is
still a Hilbert space. For simplicity, from now on, we write [| - [l = Il - [l @) Il - I, = II - llry for
1 <p<oo,andalsolet||-|| = -[l;2q). Moreover, we denote by (u, v) the inner product in L? (Q), and
follow the convention that C is an arbitrary positive constant, which may be different from line to line.

Next, we introduce the Métivier’s condition [26] and the generalized Métivier index [8] as follows.

Definiton 2.1 (Métivier’s condition). Under the Hormander’s condition (H) for the vector fields X, let
V; (x) be the subspace of the tangent space at x € Q spanned by all commutators of X1, -- , X,, with
length at most i for 1 < i < Q. If each v; = dim V;(x) is constant on some neighborhood of every
x € Q, we call X satisfying the Métivier’s condition on Q, and define the Métivier index by

0
V= Zi(vi_vi—l), vo =0,
i=1

namely also the Hausdorff dimension of Q related to the subelliptic metric induced by X.

Definiton 2.2 (Generalized Métivier index). Under the Hormander’s condition (H), by the notations in
Definition 2.1, let v; (x) be the dimension of vector space V; (x) at point x € Q, we define the pointwise
homogeneous dimension at x by

0
v(x) = Zi(w (x) = vii1 (X)), v (x) :=0. (2.1)

i=1
Then, the generalized Métivier index of Q is defined by

y:=maxv(x), (2.2)
xeQ

which is also named the non-isotropic dimension of Q (cf. [39]).

For Q > 1 we see from (2.1) that 3 <n+ Q — 1 < ¥ < nQ, and ¥ is exactly v under the Métivier’s
condition.

Now, we recall the weighted Poincaré inequality and weighted Sobolev embedding theorem related
to X as follows.

Proposition 2.1 (Weighted Poincaré inequality [16]). Under the assumptions (H) and (Hyq), the first
eigenvalue A, of —Ay is strictly positive, and

Allel* < IXul®, ¥ u € Hy, (Q). (2.3)

Proposition 2.2 (Weighted Sobolev embedding theorem [39]). Under the assumptions (H) and (Hyq),
for arbitrary u € C*(Q) we have
lleell o < CUIXull, + [lullp),

where pi =- - % p € [1,9) related to the generalized Métivier index v, and C = C (Q, X) is a positive

constant.

1
p
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Remark 2.1. As v > 3, by Proposition 2.2 for p = 2 we see that H }1(,0 (Q) — L1(Q) is a bounded

embedding for any 1 < q <27 := %

Proposition 2.3 (compact embedding theorem, cf. [9]). Under the assumptions (H) and (Hyq), for
1 < g <2, the embedding
Hy o (Q) — L7 (Q)

is compact.

Note from (H,,) and Remark 2.1 that 2 < p + 1 < 2:. Together with the Poincaré inequality (2.3),

Proposition 2.3 and (Hg), we can deduce the following inequality.

Lemma 2.1. Under the assumptions (H), (Hyq), (Hp) and (Hg), for arbitrary u € H;(’0 (Q), we have

1
llg CO7*T ullper < ClIXull.

Thanks to Lemmas 2.1, for 1 < p < -* we can define a positive constant

1
llg ()7 ull p41

Cx:= sup ————. (2.4)
ueHy (Q)\(0} [1Xull

Proposition 2.4 (cf. [9]). Under the assumptions (H) and (Hyq), the subelliptic Dirichlet problem

(2.5)

—Axu=Adu, xeQ,
u=20, x € 0Q)

is well-defined, i.e., —Ax possesses a sequence of discrete eigenvalues {A;}i>1 such that 0 < 1; < A, <
B3 << A <+, and Ay — +00 as k — +oo. Denote the corresponding eigenfunctions by {¢y}is1,
which forms an orthonormal basis of L* (Q) and also an orthogonal basis of the Hilbert space H )1(’0 (Q).

Lemma 2.2. Forn > 3, C5° (Q\{0}) is dense in H}(’O Q).
Proof. As Cy (Q) is dense in H }(’0 (Q2), we just need to prove that

C3 (Q) € C (@\{0]) ™.

Denote by ¢ a smooth function such that

Now, taking a sufficiently small € > 0 and defining u. (x) = go(%)u(x) for u € Cy (), we have
uc (x) € Cy (Q\{0}) and

2 2 2
e = ullpyy = llete = ull™ + 1X (ue — w) [

It follows from the dominated convergence theorem that

e — ulP = 0, f (p(M) -1
o) €
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Moreover,
2 2 2
C
fx(m) ‘w(m) lu (x)|* dx S—szLp(m) lu (x)* dx
Q € € € o) €
C
<= ulZ Vel f dx
€
{e<|x|<2¢}
n-2 =0
<Ce"™ —> 0.
Lemma 2.2 has been proved. O

By the Hardy inequality on C(l) (Q\{0}) related to degenerate elliptic differential operators [10] and
Lemma 2.2, we immediately see that there exists a positive singular potential function V (x) € L™ ()N
C (Q) such that Hardy inequality (1.2) holds for any u € H}(’O (Q). Therefore, the assumption (Hy) is
reasonable. From (Hy) and the Poincaré inequality (2.3) we see that the operator —Ay — uV (x) is a
positive operator on H )1(’0 (€2). Moreover, we have the following result.

Proposition 2.5. Under the assumptions (H), (Hyq) and (Hy), the Dirichlet eigenvalue problem

{—Axu —uV(x)u=nu, xecQ,

2.6
u=0, x € 0Q (2.6)

is well-defined, i.e., —Ax — uV (x) possesses a sequence of discrete Dirichlet eigenvalues {n;}i>1 such
that 0 <y <mp <np3 < - < < -+, and q — +00 as k — +oo. Denote the corresponding
eigenfunctions by {@i i1, which is an orthonormal basis of L (Q) and also an orthogonal basis of the
Hilbert space Hy,, ().

Proof. Define the bilinear form
afu.v] = (La,v) : Hy, (Q) X Hyo(Q) - R,

where L, := —Ay —uV (x) is an operator defined on the Hilbert space H )1(’0 (€2). By combining with the
Hoélder inequality, (1.3) and the Poincaré inequality (2.3) we have

la [u, vl = (=Axu — uV (x) u, v)|

qudex +’,us(x)uvdx
Q Q
<IXulllXvl] + pll AV ullll Vol

< (14 pC2) IXull1Xv]
<(1+uC2) Nl My » ¥ 0, v € Hyg (Q),

<

and

alu,ul = (=Axu — pV (x)u,u) = | Xul —,uf V() Jul® dx
Q

> (1 - uC2) IXulP?

A
(1072

||u||§{)1(0, VueHy,(Q).
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It follows from the Lax-Milgram theorem that for any g € Hy' (Q), the Dirichlet problem

Liu=-Axu—puVx)u=g, x€Q,
u=0, x € 0Q

has a unique solution u € Hy  (Q), where Hy' (Q) is the dual space of H, (Q) with the norm

(g, ¥)l

2
oeH ), ((Q).0#0 lleel |H)](‘0

”g“H)‘(l(Q) =

and L, : H }(’0 Q) —» H;l (Q) is continuous. Therefore, the inverse operator L;l = (=Ax — uV (x))7! of
L, is well-defined and is a continuous map from Hy' (Q) into H }1(’0 (Q).
Since that the embedding i : H}(’O (Q) — L*(Q) is compact and the embedding i* : L?(Q) —
H;(l () is continuous, we deduce that
K, =L, oi*oi:Hy,(Q) — Hy,(Q)

is a compact and self-adjoint operator. Therefore, K, possesses a sequence of discrete eigenvalues
{tc}i>1 such that g, > 0, decreasing on k and g, — 0 as k — +oco. Denote the corresponding
eigenfunctions by {¢;}i>1, then

K.or = i, Y k=1

and {¢y }x>1 form an orthonormal basis of H;(’O (Q). Proposition 2.5 has been proved. O

Finally, we give the definition of weak solutions.

Definiton 2.3 (Weak solution). A function u = u(x,1t) is called a weak solution of problem (1.1) on
Qx[0,T), ifue L>0,T; H)l(,o (Q)) with u, € L*(0, T; L* (Q)) satisfies u(0, x) = ug (x) € H)l(’0 (Q) and

(e w) + (X1, Xw) = (uV (¥ u, w) = (g () [ul”™" 1, w) (2.7)

foranyw € H)l( 0 (), 0 <1< T, where T is the maximum existence time of the solution.
3. Local existence of the solution

In this section, we will prove the existence and uniqueness of the local solution for the problem
(1.1). First, we consider the linear problem of (1.1)

vt—Axv—uV()c)v=g()c)|u|”_1 u, xeQ, >0,
vix,t) =0, x€o0Q,t>0, (3.1
v(x,0) =uy(x), x e Q.

Foragiven T > 0 and any u € (O, é), define the Banach space
H :={u|ueC([0,T]; Hyy (@), u, € L* (0, T]; L ()}
equipped with the norm

lully, = sup (1~ uCZ) I1Xulp. (32)
t€[0,T]

By the Galerkin method we establish the local existence result of the problem (3.1) as follows.
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Lemma 3.1. Under the assumptions (H), (Hyq), (Hy), (Hg) and (Hp), for every uy € H;Q0 (Q) and
u € ‘H, the problem (3.1) has a unique local solution v € H.

Proof. By Proposition 2.5, we see that {n,};>; are the eigenvalues of the positive operator L, = —Ay —
1V (x) of the Dirichlet eigenvalue problem

{_AX‘Pi -1V ()i = nigi, X €L,

3.3
;i =0, x € 09Q), (3-3)

where ||¢;|| = 1 for all i, and the eigenfunctions {¢;};>; are the orthogonal basis of both H}l(,o () and
L*(Q). Let W,, = Span{g;,--- ,¢,}, m € N*. For each m € N*, we can construct the approximate
solutions of problem (3.1) as follows

V(0= hy (3.4)
i=1
which satisfies the following Cauchy problem in W,

{(vm, = Ay = 1V () v 0) = (8 O |l 1, 01),

00 ) 3.5
Vi (X,0) = o = XLy (o, 1) i —— ug in Hy( (Q).

By taking (3.4) into (3.5), we get the Cauchy problem of the ordinary differential equation with respect
to h;, (¢) as follows

{h;m W) + ik (1) = (g Il ) i = 1,2, m, (3.6)

him (0) = (uo, @1) .

Thanks to the theory of ordinary differential equations, the problem (3.6) has a solution /2, € C' [0, T']
for each i. Multiplying both sides of the equation in (3.5) by hlm (1), summing for i and integrating over
[0, f], one has

!
2 f Vel P + (X, = f 1V () vl dx
0 Q

!
=1 Xuol - f 1Y () liol® dx + 2 f f & () [l uved.
Q 0 Q

Next, according to the Holder inequality, (Hg), the Sobolev embedding H)l(,o (Q) = L*(Q), the
Poincaré inequality (2.3) and the Cauchy inequality with €, we can estimate the last term of (3.7) as

follows
!
2f fg(x)lul"’_1 UVedxdr
0 Ja

!
SZIIgIwa [ull3 Vel
0

(3.7)

t
SZCIIgIIOOf ull?) VonelldT (3.8)
0 X0

C 1 ¢ ' 2p l 2
<—|1+—| liglo | IIXul?’dr +2Cé€llglles | NViel*dT
2e A 0 0

!
<CT +2Cellgl. f el Pdr,
0
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where the positive constant C may be different from line to line. By choosing € > 0 such that
2Ce€l|gll = 1, we see from (1.3), (3.7) and (3.8) that

!
f Weldr + (1= 1C2) 11X, |1
0

f
< ||va||2d7+||va||2—f V (%) [vl* dx
L Q'u 3.9

— [ XupolP — f LV @) lyof dx + CT
Q

<CT.

Let R be the weakly star convergence. By (3.9) we have a subsequence, also denoted by {v,,},
satisfying as m — oo,

v 5 v in L2 ([0,T1; Hyy (), (3.10)
Vo =5 v, in (10, T1: 12 (©). (3.11)

These imply that
ve H'([0,T]:L* ().

Then one has from Evans Theorem ( [11], 5.9.2. Theorem 2, p. 304) that
ve C([0.T]: L2 (). (3.12)

By Proposition 2.3 and Remark 2.1, the injection H }(’0 — L*(Q) is continuous and compact, which
together with (3.12) and Temam lemma ( [31], Section II, Lemma 3.3) shows that

veC([0.T]: Hy, Q). (3.13)
It follows from (3.5) and (3.10) that
Vo s v, in L([0, T Hy! (Q)). (3.14)

For fixed i, letting m — oo, taking the limit in (3.5), by (3.10)-(3.11) we get
(v 1) + (X0, Xepi) = (uV () v, 0) = (O 1l w,01), Vi 1.

Since {¢;};>1 is a base of H)l(,o (Q)), we deduce that v € H satisfies the equation in (3.1).
Finally, we prove the uniqueness of solutions. Otherwise, assume that w; and w, are two solutions
of problem (3.1). Let w = w; — w,, there holds

W= Axw—uVx)w=0, xeQ,t>0,
w(x, 1) =0, xedQ,t>0,
w(x,0)=0, x € Q.
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Multiplying both sides of W, — Axw — uV (x) w = 0 by w,, and integrating it over Q X (0, 1), we have
t
2 f 1WelPdT + [|XW]* - f,uV (x) Wl*dx
0 Q

=X (x, 0) || — f,uV(X) W (x,0) Pdx = 0.
Q

It follows from (Hy) that
f
02 [ IlPdr + (1 - uC) I
0

< IXW (x,0) |* = fg,uV(X) W (x,0) Pdx = 0,
and thus w = 0 a.e. in Q, i.e., w; = w,. The conclusion follows. O
Theorem 3.1 (Local existence). Under the assumptions (H), (Hypq), (Hy), (Hg) and (Hp), if up €
H)l(,o (Q), there exists T > 0 such that the problem (1.1) has a unique weak solution
ue C([0,T1; Hy, (Q), u € L*([0,T1: L* (). (3.15)
Proof. For any T > 0, we define the set
Mz = {u € H | u(0) = up, |lully < p}, (3.16)

where
p* =2 (IXull” = NV (yuoll)
By Lemma 3.1 we can define the mapping ¥ on My, such that ¥ (1) is the unique solution of the
problem (3.1), i.e., ¥ (1) = v. We will prove that ¥ : M; — My is a contractive mapping for small
enough 7.
First, for sufficiently small 7 we show that ¥ is a mapping from My to itself. For any u € My,
similar to (3.7) and (3.8) the unique solution v = ¥ (u) satisfies

1
2f ||vT||2dT+IIXVIIZ—f,uV(X)IVIde
0 Q

!
=||Xuo||2—f#V(X)|M0|2dX+2f fg(X)lul”_1 uv-dx
Q 0 Q

1 1 P t t (317)
S—P2+C2(1+—) IIgllfof ||Xu||2pd7'+f lIvellPdr
2 A1 0 0
1, 2 1Y 2 Pzp ft 2
<=—p"+C |1+ — — T+ ||°dT.
7P ( /11) IIglloo(l_luC%)p | lv-|I"dt
It follows from (1.3) that
(1 = C2) Xl
!
< IIVTIIZdT+|IXVI|2—qu(X) V[* dx
j(: Q (3.18)
1 1 p pZ(p—l)
<’ |=+C?*|1+— e —
g (2 ( al) Iells = ucay )
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Then by (3.2) we obtain

i, <22+ 214 1) =2 _7).
2 /11 (1 _lucz)p

Therefore, for T small enough ||u||§{ < p*ie., Y(Mr) € My.

Now, we will show that ¥ is a contraction mapping. Let u;,u, € My and vi = ¥ (uy), v, = ¥ ().
By taking ¥ := v; — v,, we see that ¥ satisfies the following problem

U= A =V @7 = g ) (il = ol ), xeQur>0,
v(x, 1) =0, x€0Q,t>0, (3.19)
V(x,()):(), x € Q.

Multiplying the equation above by ¥, and integrating it over X (0, ), we deduce
!
2 f 17l PdT + 1X ¥ — f,uV () [71 dx
0 Q

t
=Xl - f KV (@) 7ol dax +2 f f g ) (7w = lal? ™" 1) Vel (3.20)
Q 0 Q

!
:Zf fg (x) (|M1|p_1 Uy — |Mz|p_1 uz) v.dx.
0 Ja

Note from Lemma 4 of [32] that |u;|”™ u; — [ul”" us < p (uy| + |ua2))”~" |uy — uo|. Together with the
Minkowski inequality, similar to (3.8) we have

t
2 f f g () (jur "™ g = |l ) el
0 JQ

t
1 ~
S2pl|g||oof Il + JuaaD)” 1] 2 Mty = wllap 9 lldT
0 &

t

-1 -

<2pligll f (allop + laallap) ey = wallapll-llde
0

!
p-1 -
<20Clgll [ (g, *+ el )~ s = sl 5l
(g . .

<C 1+/11
“2e\ Ay (1 - uC3)

!
+ 2Cellgll f 15, |Pdr
0

<C2(i)p gl fT 20)* "V luy — wall3,dr + ftllfz IPdr
(1 -puC?) = Jo H 0o

p ‘ (3.21)
) IIglloof (sl + Neaallg)* P~ Ny — woll, dv
0

!
2(p-1 2 ~ 112
<CTP*" Vg — w3, + f 17|,
0

Combining with (1.3), (3.20) and (3.21) we can deduce that

!
(1 - uC?) 17 < f I7lPdr + X1 - f uV () o dx
0 Q

<CTp* " Vlluy = wsl3,.
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It follows from (3.2) that
1915, = ¥ (u1) =¥ (u2) I3, <CT PP lluy — uallyy := Srlluy — wallyy.

By choosing T > 0 such that 67 = CTp*?~V < 1, we obtain that ' is a contraction mapping from My
to itself. Thanks to the Banach fixed point theorem, we get the local existence result. The proof has
been completed. O

4. Some auxiliary results of the potential wells
Under the assumptions (H), (Hsq), (Hy), (Hg) and (Hp), for further discussions we construct a

family of potential wells in this section, and prove some auxiliary results for it.
First, we define the potential energy functional J and Nehari functional 7 on H)l(,o (Q) given by

1 1 1 1 1
J(u) = EllXull2 ~3 L,UV(X) Jul? dx — mllg )7l

4.1)
1
1(w) = |IXull® - fﬂV(X)Iul2 dx —||g (x)7+ ullﬁi}'
Q
It follows that .
P 2 2
J W) = —— (I Xull” - Vv dx)+ I(u). 4.2
(u) 2(erl)(ll ul| Lﬂ (x) |ul X) P (u) (4.2)
Define the mountain pass level
d = inf {sup](/lu) |ue H}(’O (Q), || Xul| # O}, 4.3)
120

also called potential well depth. We now discuss the properties of the functionals J and /.
Lemma 4.1. For arbitrary u € Hy  (Q) and ||Xul| # 0, we have
(1) lim J (Au) = 0, and lim J (Au) = —oo;
1=0 A—+00

(2) J (Au) with respect to A is strictly decreasing on [y, +00), strictly increasing on [0, Ax], and thus
attains the maximum at Ay, where

L
p—1

C{XulP = 1V (0 luf dx )’

X

’

lg (07 ull”)

(3)

I(AM)>O, /IE(O’/IX)a
I(/ll/l):o, /1:/1)(9

I(Au) <0, A€ (Ay,+0);

p+l _2(p+D)

4) d = 2L (1 — /,LCf)” Cy "', where Cy is the best Sobolev constant defined in (2.4).

2(p+1)

p+1
—1
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Proof. 1t follows from (4.1) that

1 1 /U)_l 1
J(Au) = 4 (zllXull 2fQ,LtV(X)Iul dx erlIIg()C) 'ull,,H),

and
I () = 2||Xul® = 22 f Y ()l dx — A7 lg (x)7 ull’)
Q

Then, we have Lemma 4.1 (1) and

d 1
—J () = A Xull” - ﬂqu(x)lulz dx = |lg ()7 ull”t) = <1 (w) .
di o rel T

1
u 2 X u2 b=
Hence we have a unique Ay [W) such that d J () |1=2,= 0 and
g0 7T w7
P e Plan
J (Axu) = %IIXMII2 - 7’( fQ#V(X) lul* dx — e llg ()7l
5 5 %i 1 1 2ptl)
:(nXun - fg mael dx) (E—p—)llg(x)w 1
p- 2\ BT T
> ——— (1 -uC c, ",
20+ 1)( uC2)™ Cx
where we used (1.3) and (2.4) in the inequality above. Together with (4.3) we immediately get
remaining conclusions. O

Defining the Nehari manifold
N :={u e Hyo(Q) |1 (u) =0, |IXul| # 0},

by Lemma 4.1 we getd > 0, and
d = inf J (u). (4.4)

ueN

For any 6 > 0, we introduce the functionals

1
I (u) = S\ Xul® - 5f,uV(X) Jul® dx = llg (x)7 ull”]
Q
with the associated Nehari manifolds
Ns = {u € Hyo (@) | 15 (u) = 0, [IXul| # 0},

and the depth of such potential wells

4.5)

| (1-uC)o)"
d) := ulenA%J(u), r(d) = T )

X

where C, is defined in (1.3). With these in mind we can prove
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Lemma 4.2. Assume u € H)l(,o (), we obtain

(1) if O < || Xu|| < r(9), there holds Is (u) > 0O;

(2) if I5 (u) < O, there holds || Xul| > r (),

(3) if I5 (u) = 0, either || Xu|| = 0 or || Xul| = r(5) holds;
4) if Is (u) = 0 and || Xul| # O, there hold

J () <0, 66("7“,+oo),

Jw=0, §=4=21

Jw>0, 5¢e(0.2).

Proof. (1) As 0 < ||Xull < r(9), by (1.3) and (2.4) there holds

5qu(X) ju? dx + llg ()77 ull?%} <SuC2Xul® + C* |1 Xull™!
Q

<(0uCZ + €7 (@) IXul?
= SlIXulP.

By the definitions of /5 (#) we have Lemma 4.2 (1).
(2) For I5 (1) < 0, we obtain that || Xu|| # 0 and

1
SlXull* <6 f KV P dx -+ llg (07 ully’y
Q
< (6C? + C 1wl ) Xl

The conclusion (2) follows.
(3) When I (1) = 0, there holds

1
lxull* =5 fg KV ) luf dx + llg ()7 ll)
< (€7 + CF Xl ") Xl

Thus the conclusion (3) holds.
(4) The last conclusion follows immediately from (3) and

_ 2 2 16 Is (u)
J(u)—(IIXull L,uV(x)lul dx)(2 p+1)+p+l'

Next, we estimate the depth d (6) and its expression as follows.
Lemma 4.3. For the function d (6), there hold
(1) for 5 € (0,2%), d (6) 2 b (6) 1 (6), where b (6) := (1 - uC?) (3 - -%5);

p+1
p+l _ — (1 _ 5 )2t o5 .
(2) fors € (0,2 ),d(é)—ulenAZJ(u)—(z ) 22D,

(4.6)
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(3) imd (6) = 0, d (%57) = 0, and d (8) < 0 for § € (57, +eo);

(4) d (0) is strictly increasing on 0 < 6 < 1, decreasing on 1 < ¢ < ’%l and attains the maximum d at
o=1.

Proof. (1) For u € Ns, we have I5 (1) = 0 and || Xu|| # 0. It follows from Lemma 4.2 (3) that

IXull = r(6) .
Together with (1.3) and (4.6) we see that
1 0 Is (u)
J @) = (IXul* - | uv 2dx||= -
W (n il = [ v ol x)(2 p+1)+p+1
1 0
> |- - 1_ 2 X 2
_(2 p+1)( uC?) Xl

> b(5)r* (6).
By combining with (4.5) we have d (6) > b (6) > (6).
(2) Taking u, € N as the minimizer of d = inAf/ J (u), i.e.,d = J (u,), we introduce 1 = 4(9) by
ue

2 2 _ L p+l
Ol1X (Au,) || —5f,uV(X)I/1u*I dx = |lg )71 Ausll ..
Q

Then there holds

SNXu,|? = 6 [, 1V () .| dx

1
p-1
/l:/l(d):( ] =671, ¥ 6> 0,

L 1
lg (07 w2

and thus Au. € Ns. Together with I (u.) = 0, (4.1) and (4.5), we deduce

p+l1 | |
— +
lg ()7 w12

d(6) < J(u.) = (uXu*nz— f uV(x>|u*|2dx)az— 1
Q

1
2 p+1

ptl L +1
551 lg (07 w7

1 2
== * 2 - * 2 Ci é;P*I -
> (llXM I fgﬂv () [ x) Py

1 5 2
= 1 Xu.| - 1% Jdx|= - 5T,
(II u| fgﬂ (x) |t x)(2 p+1)

1 1
d=Ju)= (llXu*ll2 - fg,uV(x)lu*P dx) (E 3 1)’

2(p+ 1) (1 0 2
| - — p-1 47
p-1 (2 p+1)(S ¢ @D

Note that

thus

d () <
for any ¢ € (0, p—“).

2
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Now, by taking u* € N as the minimizer of d () = irg J(u), ie., Jw*) = d(6), we determine
UENs

A= 1A(5) by
HX(Au)HZ—-J;;d/(tHﬂuIzdx::Hg(x)w'ﬁulﬁi?

Therefore, we obtain

1
IXu*|? = [, 1V () lu** dx
A1=10) = o

1
] 1 =675, ¥ 6> 0,
lg (7T |

and thus Au* € N. Combining with (4.1), (4.4) and I; (u*) = 0, we have

p+l

1 . A
d<JQu") == ||Xu*||2—f,uV(x) ' > dx| A% -
2 Q p+1
/12 /lp+l
| _ 6 X *112 _ *2d
(2 p+1)0|un \LMVONMI ﬂ

— —% X*Z_f \% *Zd l_ 1
0 (ll 'l WM () " dx)| 5 i)

1 0
M@szv=QWfW—£fvumm%uﬂ§_p+1y

1 s \'(1 1 )
d<|=- - - 0 »1d(0),
2 p+1 2 p+1

1 0 \2(p+1) - p+1
> — — p—1 .
a’(é)_(2 p+1) P 1) d,6€(0, > )

Together with

we deduce

which shows

By (4.7) and (4.8) we have Lemma 4.3 (2).
The conclusions of (3) and (4) follow immediately from (2) and

2(p+ 1)
(p—17

d’ (0) =

3-p 1
(1-6)62d, 5 € (o,p;r )

Lemma 4.4. Assume that u € H} (Q), J (u) < d (6) with § € (0, %),
(1) For I; (1) > 0, there holds || Xull> < d (8) /b (5).

(2) For I; (1) = 0, there holds || Xul|> < d (6) /b (6).
(3) For || Xull?> > d(6) /b (5), there holds I (u) < O.

L *
llg (x) 7T u”|]

p+1
p+1

4.8)
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Proof. As ¢ € (O, ”T”), we can see from (4.6), (1.3) and J (1) < d (6) that

d(5) 2(1 _ L)(||XM||2— f W(x)|u|2dx)+ ;‘5 @)
Q

2 p+1 +1
1 5 Is (u)
(2 - % (1 = uC®) Ixul? + 2 4.9
_(2 p+1)( pC?) 1 Xul T (4.9)
I
— b @) [IXul? + 2
p+1

Then, the corresponding conclusions in Lemma 4.4 follow from the assumption of (1)-(3), respectively.
O

Lemma 4.5. Suppose that 0 < J (u) < d for any given u € H}l(,o (Q). Denote by 6, 6, the two roots of
d(0) = J (u) with 6, < 1 < 8. Then the sign of 15 (u) is unchangeable on 6 € (61, 0).

Proof. Otherwise, we assume that /5 («) = O for some 6 € (61, 6,). Note from the assumption J (1) > 0
that || Xu|| # 0. It follows from (4.5) that d(6) < J (), which contradicts J (u) = d(6,) = d(5,) <
d(d). o

Now, we introduce the potential well
W ={ue Hyy(Q) | J ) <d.Iu)>0}uU{0},
and the outer of the potential well

V={ueHy (@I J@w<dIus<0}.

For each ¢ € (0, %), by the ideas of [23] we can extend W and V respectively to the more general
family of potential wells

Ws = {u € Hyo(Q) | J () < d(6).1;(u) > 0} U {0},

and its outsider
Vs = {ue Hyy(Q) | J () <d(©).I; ) < 0}

From Lemma 4.3 we get the following result.
Lemma 4.6. There hold that

(1) W5, € W forany 0 < 6, < 6" < 1;
(2) Vs C Vs, forany 1 <6, <6 < ’%1

Moreover, by introducing

By = {u € Hyo (@) | IXull < r (8},
B = {1 € Hyo () | IXull < r (6},
By = {u € Hy, (Q) | 1Xull 2 7 (6)},

we can prove the following result.
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p+1

Lemma 4.7. For0 < § < = we have

Brl(é) C W(g C Brz((;), V(; C Bi(&)’

where ry (6) = min{r (6), V2d (6)} and r, (6) = Vd (6) /b (9).

Proof. For arbitrary u € B, ), we have || Xu|| < r(6). Together with 4.2 (1) we deduce that either
Is(u) > 0 or |[Xu|| = O holds. In addition, by (4.1) there holds J (1) < %llXullz. By combining with
IXull> < 2d (6) we have J (u) < d(5). Then u € Wy, and thus B,y € Ws. By Lemmas 4.2 and 4.4 the
other conclusion follows. O

By Definition 2.3 we see that the weak solution u satisfies the energy equality

f el PdT + J () = J (uo), Y t €[0,7T). (4.10)
0

Next, we consider the invariance of Wy, Vs as follows.

Proposition 4.1. Assume that u € H)I(,O (Q), 0 < u < d. Denote by 81, 6, the two solutions of d (6) = u
for 61 < 1 < 6,. For any weak solution u of problem (1.1) satisfying J (ug) € (0, ul, there hold that for
arbitrary t € [0,T), 6 € (61, 02),

(1) if I (ug) > O, then u € W;
(2) if I (up) <0, then u € V.

Proof. (1) First, we claim uy € W; for 6 € (81,0). In fact, if J (uy) < p and I (up) > 0, we see from
Lemma 4.5 that J (ug) < d (6) and I5 (ug) > 0, and the claim follows.

Now, for arbitrary 6 € (61,0,), t € (0,T) we claim u(x,t) € W;s. Otherwise, there exist a first
time 7y € (0,7) and 0y € (0, 09,) such that u(x, ) € 0W;,. This implies that either I, (u (ty)) = O,
[[Xu (t9) || # 0 or J (u (ty)) = d (6¢) holds. By (4.10) we obtain

f NulPdr + T () = J (u) < d (), Yt [0,T), § €(5,,6,), (4.11)
0

which implies J (u (1)) # d (69). Thus I, (u (%)) = 0 and ||Xu (t) || # O, by (4.5) we get J (u (%)) >
d (6p), which contradicts (4.11).

(2) First, we claim uy € Vj for 6 € (01,02). By J(up) < u, I(up) < 0 and Lemma 4.5 we get
J (ug) < d(6) and I5 (1) < 0, and thus the claim follows.

Next, for arbitrary 6 € (01,0,) and ¢ € (0,7T) we claim u (x,t) € V;. Otherwise, there exist a first
time 7y € (0,7) and 9y € (61, 02) such that I, (u (1)) < O for ¢ € [0, 1), and u (x, ty) € dVs,. This implies
that

L5, (u(t0)) = 0 or J(u()) = d (o).

It follows from (4.11) that J (u(ty)) # d(6o), and thus Is, (u(t)) = 0. Together with Lemma 4.2
there holds ||[Xu () || = r(dp) for O < ¢ < ;. Hence, we see from (4.5) that J (u (ty)) > d (), which
contradicts (4.11). O

Now, by Proposition 4.1 and Lemma 4.3 we have the corollary as follows.
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Corollary 4.1. Assume that u, € H)l(,o (Q), 0 < J(ug) < u < d. Denote by 6,, 0, the two solutions of
d (6) = u for §; < 1 < 6,. Then, both Ws and Vs are invariant for arbitrary 6 € (61, 05), and thus

Wsis, = U Ws, Vs, = U Vs

01<0<07 01<0<62
are invariant under the flow of problem (1.1).

Furthermore, we discuss the invariant manifolds of the solutions with non-positive level energy by
the following results.

Proposition 4.2. For any nontrivial solutions u of problem (1.1) satisfying J (up) = 0, we have u € By,
where

+1 I
B, = {u € Hy, (Q) | || Xul| = ro}, ry = [5@’” (1 —,qu)J :
X

Proof. 1t follows from (4.10) that J (u) < 0for 0 <¢ < T. Then

1
p+1

L +1
lg (7wl

1 1
1 Xull? s—qu(x)|u|2dx+
2 2 Ja

1
< (gcf + mCi}“llXunf"l) IXull*, V t €0, T),

which implies that either ||[Xu|| = O or ||Xu|| > ry holds. We claim || Xu|| = O for any ¢ € [0,T) if
[[Xuo|| = 0. If it is false, there holds 0 < || Xu (ty)|| < ro for some #y, € (0, T), a contradiction appears.
Similarly, for the case || Xuy|| > ro we can prove ||Xu|| > ry for ¢ € [0, T). The conclusion follows. O

Proposition 4.3. Let uy € H)l(’o (Q). If either J (ug) < 0 or J (uy) = 0, ||Xuo|| # 0 occurs, then u € V;

forany 6 € (0, pTH), where u is a weak solution of problem (1.1).

Proof. It follows from (4.10) and (4.9) that

I 1
T = Ty = b @) [Xulf + 2% v e (0, Pr ) (4.12)
p+1 2
If J (uy) < 0O, there holds
p+1
Jw)<0<d©), Is(u) <0, Yoel0, > (4.13)
This shows that
p+1
ueVs, ¥oe O’T ,t€[0,T). (4.14)

On the other hand, if J (up) = 0 and || Xuo|| # O occur, by Proposition 4.2 we have || Xu|| > ry for

t € [0,T). By combining with (4.12), we obtain (4.13), and thus (4.14). The conclusion follows. O
Corollary 4.2. Let uy € H)l(,o (Q). If either J (ug) < 0 or J (uy) =0, || Xuol| # 0 occurs, then u € B

where u is a weak solution of problem (1.1).

()
2
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Proof. For any ¢ € (0, ”T”), by Proposition 4.3 and Lemma 4.2 we see that

[ Xul| > r(6), t€[0,T).

Letting 6 — ”7“, we obtain || Xu|| > r (%) The conclusion follows. O

Finally, for J (1) < d we discuss the vacuum isolating of solutions.

Proposition 4.4. Let uy € H )1(’0 (Q), u € (0,d). Denote by 8, 6, the two solutions of d (6) = u for
01 < 1 < 63, we have a vacuum region

Uy =Now, = | No={we Ho @ 1Xwll £0, Is(w) = 0, 6 <6 < 6}
01<6<07

for given u > J (uy), such that any weak solution u of problem (1.1) is outside of U,. Moreover, U,
becomes larger and larger if u is decreasing, and U, approximates Uy as y — 0, where

+1
Up = {WEH}(,O(Q) | 1Xwll # 0, I (w) = 0, 5e(o,p2 )}

Proof. For any weak solution u of problem (1.1) with J (1) < p, it is sufficient to prove that if || Xu|| #
0, for any ¢ € (01, 9,) there holds u (r) ¢ N5, equivalently, Is (u (¢)) # 0 fort € [0, T).

We claim /s (ug) # 0. If it is false, then I (1y) = 0. Together with Lemma 4.3 and (4.5) we have
d(01) =d(6) = u <d () < J(up), which contradicts J (ug) < u.

Now, assume that there exists #; > 0 such that u (¢;) € U,. This shows that u (t;) € Nj, for some
0o € (01,0,). Then we see from (4.11) and (4.5) that J (uy) < d(6g) < J (u(t;)) < J(up), which is a
contradiction. Proposition 4.4 has been proved. O

5. Global existence and blow-up in finite time of solutions

In this section, we establish the global existence, the asymptotic behavior and the finite time blow-
up of solutions for problem (1.1) with subcritical or critical initial energy.

5.1. Global existence of solutions
By the potential well method and the Galerkin method, we will show the following theorem.
Theorem 5.1 (Global existence). Under the assumptions (H), (Hyq), (Hy), (H,) and (H,), for any

Up € H}(’O (Q) satisfying J (up) < d and I (ug) > 0, there exists a global weak solution u for the problem
(1.1) such that u (x,t) € L™ (O, +00; H)l(,o (Q)) with u, € L? (0, +o00; L? (Q)). Moreover,

o if J (up) < d, there holds
IXu G, 0) || < [ Xuglle2 47, £ € [0, +00), (5.1)

where
p-1

2+ 1) (1 —,UC*Z)_] J(uo)) > 0;

:1_ 2 p+1
é‘: luC* CX ( p_l
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o if J(ug) = d and I (uy) > 0, for any € € (0,d) small enough, there exists t, > 0 such that
X0 (-, 0) || < 1Xu (1) lle2 ™4, 1 € [t,, +00), (5.2)

where
p—1
2

2+l (1-pC?) " @- s)) > 0.

=1-puC? -t
For later use, we recall the following estimation.

Lemma 5.1 (cf. [18] Theorem 8.1). Denote by ¢ (t) : R* — R* a non-increasing function. If

f Oo¢,0(t)dt§ Co(s), s€0,+c0)

for some constant C > 0, then ¢ (t) < ¢ (0) €'/ for all t.

Proof of Theorem 5.1. We divide our proof into the four steps as follows.

Step 1: Global existence for J (1) < d.

Let {¢; (x)};>1 be a base of H}(’O (€2) in Proposition 2.5. Then we can construct the approximate
solutions of problem (1.1) as follows

t (5,0) = )" i (D (X), m=1,2,+

k=1

such that
(s> 85) + (Xots X)) = (1Y () s 6) = (8 OO "™ 10 85) = 1, m, (5.3)
and as m — oo,
Uy, (x,0) = kzml A (0) ¢ (x) = up (x) in H}(’O Q). 5.4)

Now, multiply (5.3) by @’,,, (), sum for j, integrate with respect to 7, we get

f e Pt + (1)) = J (O, £ € [0,T). 5.5)
0

Together with (5.4) we obtain J (u,, (0)) — J (up) as m — oo, and thus

f lltmelPdT + T (1t (1)) = J (0, (0)) < d, £ € [0, T) (5.6)
0

for m large enough.
Similar to the proof of Proposition 4.1 (1), for m large enough and ¢t € [0,T), by (5.6) we have
u, (x,t) € W. Together with (1.3), (4.2) and (5.6) we conclude that
p—1

A
NttelPdr + ———— (1 — uC?) | Xu,|* < d, t € [0,7T),
fo 2(p+1>( uC?)
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which shows that T = +oo,

!
f e P < d,
0

2(p+1)
Xu, | <
1 X 14, 5

f V (20) lul* dx < CHIXu | <
Q

(1-uC?) . (5.7)
2pp+1) , .
——C(1-pc2) d.

pt+l
f|g 7T [l 1| * dx = g (1) ullp
< Y 1Xu 17! (5.8)

_ 2
< C§+l (M (1 —qu) ! d) ,
P

where we used (2.4) for the penultimate inequality.

Let R be the weakly star convergence. By (5.7) and (5.8) we have a subsequence, also denoted by
{u,,}, satisfying as m — oo,

tns 5> 1y in 12 (0,003 L2 (@),
5w in L (0,005 HY o (),
g P ™t > ¢ (OFT i 17 (0,003 L7 (@),
Then, fix j and let m — oo in (5.3), we deduce
(ut,cbj) + (Xu,szﬁj) - (,uV(x) u, ¢j) = (g ) lul” ™" u, ¢,~), i=12,....

As {¢y (X)}r>1 1s a base of H 0 (Q), and thus for any w € )1(,0 () there holds
(s, w) + (Xu, Xw) = (uV (x) u, w) = (g ) JulP~! u,W), t>0.

Moreover, it follows from (5.4) that u (x,0) = uy(x) in H;I(,o (Q). Therefore, we have a global weak
solution u (x, 1) € L (0, +o0; Hy, (Q)) satisfying u, (x, 1) € L? (0, +00; L* ().
Step 2: Asymptotic behavior for J (1) < d.

Now, we only need to discuss the case that 0 < J (1p) < d and I (1y) > 0. We see from Proposition
4.1 that u € W for ¢t > 0, which gives I (1) > 0 for ¢ > 0. It follows from (1.3), (4.2) and (4.10) that

J(uo)2](u):(IIXu||2—ny(x)|u|2dx)(% 11) I(M)
1 p+l (5.9)
> 56y (1= HCE) Il
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Then by (2.4) there holds
llg (077 %} < CF|Xu 7!

2(p+ 1)
p—1

-l
2

<! ( (1- ,qu)_l J(uo)) 1 Xull?.

Inserting (5.10) into (4.1), by (1.3) we conclude that

1
1 () =1 Xull* - fg/«tV(x)lulzdx— llg (x)7+1 ullﬁ:

=

p-1
2(p+1) -1 2
1-—ucf—<1?‘(7§§¢;—(1—ucf) J(m») ]nqu

= &lIXull®,

where
p-1

2

2(p+ 1)
g::l—ﬂcf—cgg“(—
p-1

Note from J (uy) < d and Lemma 4.1 (4) that £ > 0.
Furthermore, by taking w = u in (2.7), we deduce that

O—uCQ”wa)

1d
5Enunz +1(w) =0, t€[0,+00).

This gives that

T
I1@@»#=§W@W—ﬂﬂﬂﬁs%meJemfy

Then, by (5.11), (5.12) and the Poincaré inequality (2.3) we get

1

2
20, IXu @I, t €[0,7).

T
f IXu (-, ) Pdr <
t

Let T — +o00, by Lemma 5.1 we obtain (5.1).
Step 3: Global existence for J (1)) = d.

(5.10)

(5.11)

(5.12)

Let ug,, = 0,,up form>1land @, =1 - % We discuss the problem (1.1) with the initial condition

u (-xa O) = Uom (x) .
From Lemma 4.1 (3) and 7 (1p) > 0 we have

Ax = Ax (up) > 1,
I(”Om) = I(QmMO) > 0,
J (uom) = J (Ouo) < J (up) = d.

The remaining proof follows from the similar proof of step 1.

(5.13)
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Step 4: Asymptotic behavior for J (1y) = d and I (u,) > 0.

It follows from the discussions above that I (1) > O for t > 0. Therefore, we only need to discuss
the following two cases.

() I (u) = —(us,u) > 0 for t > 0. It follows that ||u{| > 0, and thus fot |lu-||>d is increasing for t on
[0, +00). Then, for any given € € (0, d) small enough, by (4.10) there holds

d—&=Tt) = J () - f luslPdr
0

for some 7, > 0. Letting the initial time ¢ = ¢,, by similar proof of step 2 we obtain (5.2).
(2) For some t; > O there hold I (u(#;)) = 0 and I (u) > O for # € [0, #;). It follows that ||| > 0, and
thus fot |lu||*dr is strictly increasing for 0 < ¢ < t,. By (4.10) we conclude that

11
J(u(n)=d- f llul*dr < d.
0

Together with (4.4) we deduce that || Xu (#;)|| = 0. Then by I (u(#;)) = 0 we get J(u(t;)) = 0. By
combining with

f lluclPdT + T () = J (u (1)), 1€ [1y, +00),

we obtain J (u (1)) < 0 for ¢ > t;. Together with (1.3), (2.4) and (4.1) we conclude

g (0P ull

o 1
Sl <5 [ v o dx+
p+
1 Ui
s(ch + mc? (1 Xuel|P 1)||Xu||2, t € [11,+00).

1

—1

This shows that either || Xu|| > ( ”T,L (1 —,uCZ)) or || Xu|| = O for # > t; holds. The former doesn’t

occur as || Xu (t;) || = 0, thus || Xu|| _X 0 for ¢ > t,. The decay estimate (5.2) follows.
Theorem 5.1 has been proved. O

Remark 5.1. If one replace the assumption “ J (ug) < d, I (ug) > 0" in Theorem 5.1 by “ 0 < J (up) <
d, Is, (up) > 07 for 61, 6, being the two solutions of d (0) = J (up) with 6; < 1 < 8, by Proposition 4.1
one can deduce that the problem (1.1) has a global weak solution u € L (O, +00; H)l(’0 (Q)) satisfying

u, € L2 (0, +00; L2 (Q)) and u € Wy for § € (61,65), t € [0, +00).

Remark 5.2. If one replace the assumption “ Is, (uy) > 0 in Remark 5.1 by “ ||Xuy|| < r(52)”, by
Lemmas 4.2, 4.4 and Proposition 4.1 one can deduce that the problem (1.1) has a global weak solution
uelL” (O, +00; H;(’O (Q)) satisfying u, € L? (0, +00; L2 (Q)) and

,_d©) .
[| Xu||” < b(6) 0 € (01,07), t€]0,+00).

Furthermore, there holds | Xu||> < Zg‘;, t € [0, +00).
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5.2. Blow-up in finite time of solutions
In this subsection, we mainly prove the following result.

Theorem 5.2 (Blow-up). Under the assumptions (H), (Hsq), (Hy), (Hg) and (Hp), foruy € H }(’0 Q)
satisfying J (ug) < d and I (uy) < 0, the weak solution u (x, t) of problem (1.1) is finite time blow-up,
i.e., for some T > 0 there holds

!
limfllu(-,r)||2d7'=+oo. (5.14)
t—T- 0

Proof. According to Theorem 3.1 we see that the problem (1.1) has a local weak solution
uecC ([0, T];H }(’0 (Q)). We will complete the proof of Theorem 5.2 by two steps as follows.

Step 1: Blow-up for J (uy) < d.

By introducing

F (1) ::fllu(r)llzdr, te[0,7T],
0

we obtain
F@)=u®|?
"() e (2) || (5.15)
F@) =2w,u) =-21).
Combining with (1.3), the Poincaré inequality (2.3), (4.2) and (4.10) we obtain
Fn=(p-1) (IIXMII2 - f,uV(X) Iulde) -2(p+ 1D Jw
° ) (5.16)
> (p—1(1-uCHMF @O -2(p+1)J () +2(p + 1>f lu-|dr.
0
We deduce from
g 1 d S
( fo (i, 11) dr) =2 ( fo Euuuzdr) = 7 (F2 @ = 2l F (@) + ol
that
‘ 2
F2 (1) = 2luol*F (1) — lluoll* + 4([ (ttr, u) dT) -
0
Together with (5.15), (5.16) and the Holder inequality we see that
. 1.
F &) E @) - %FZ )
!
> ((p — (1 =pCME @) =2(p+ 1) J (o) +2(p + 1) f ||uf||2dr) F (1)
0
=2 gl E (1)~ ol + 4 ft< ar)
I o , mwar (5.17)

t t t 2
+1
=2(p+ 1)[f IIMIIZde llulPdT - (f (ur, u)dT) )+ p2 lluoll*
0 0 0

+(p=D(1=uCYMF @ F @0 = (p+ DlluolPF (1) = 2(p + 1) J (o) F (1)
>(p—D(1=pC) M F @O F @)= (p+ DluolPF (1) = 2(p + 1) J (o) F (0).
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Next, we will prove

.. 1.
F@O)F @) - %FZ 0)> 0 (5.18)
in the following two cases, respectively.
(1) J (up) < 0. It follows from (5.17) that
.. p+1 ., ) . 9
FOF@) - "—=F 02 @p-D(1-uC)uFOF @) -+ DIwlPF@.  (5.19)

We claim I (u (¢)) < O for t > 0. Otherwise, for some #, > O there hold 7 (u (¢y)) = 0O and I (u(¥)) < O
for t € [0,#,). Then we see from Lemma 4.2 that ||Xu (¢)|| > r(1) for 0 < t < #,. Together with (4.4)
there holds J (u (fy)) > d, which contradicts (4.10).

Next, by (5.15) we have F () > 0 for ¢ > 0, which shows that

F () > F(0)+tF (0) = tF (0), t > 0.
Then, for ¢ large enough we get
(p=1)(1 = pC) L F &) > (p+ 1) lluoll,

which together with (5.19) implies that (5.18).

(2) 0 < J(up) < d. It follows from Proposition 4.1 that u (x,¢) € Vs, and thus I5(u) < O forz > 0
and 0 € [1,0,). By combining with its continuity and Lemma 4.2 we see that || Xu (¢)|| > r(d;) and
Is, (u(?)) < 0fort > 0, where 6, is taken to be the bigger solution of d (6) = J (up). Then, by (5.15) we
deduce that for ¢ > 0 there hold

F@)=2@,-1) (IlXu||2 —u f V(%) |u® a’x) — 215, (u)
Q
>2(5 ~ (1 -uC2)r @),
F() 226, - 1)(1-pC2)r @)1+ F(0) 225, - 1)(1 - uC2)r G,
F()2 (6 - 1)(1=uC2) (62 + F(0) = (6= 1) (1 = uC2) * () .

Then for ¢ large enough we obtain

1

5 (= D(1=uC)UF @) > (p + DlluolP.

1 .

5@ =D(1=pC)ME @O >2(p+ 1) (o).

Together with (5.17) we get (5.18) again.
Finally, for any g > 0 a directly calculation shows that

(F* ) =-BFP" ) F ().
(FP@) =-BF P20 (FOF©® - B+ 1) F1).
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Taking 8 = ”T_l, by (5.18) we obtain (F - (t))" < 0 for ¢ large enough, which implies that

p—1F 1)

F (t) <F (11)(1 - Tm

(l—ll)), Yt>1
for some #; > 0 large enough. Therefore, for some 7' € (0, +0) there holds
lim F~ (1) = 0, i.e., lim F (f) = +oo.
t—T~ t—T-

This is exactly (5.14).

Step 2: Blow-up for J (1) = d.

By the continuities of J (1) and I (1) with respect to ¢, there exists a ty € (0, T) small enough such
that J (u (ty)) > O and I (v) < O for t € [0, #y]. Then we have (u,, u) = —I (1) > 0, and thus ||u; () || > O,
1.e., fot \lu.||>dr is strictly positive for ¢ € [0, fy]. By (4.10) we further obtain

0 < J(u(t) = J(uo) - fo lur|PdT < d.
0

Let 1, be the initial time. By following the similar proof of step 1, we conclude that u is finite time
blow-up.
Theorem 5.2 has been proved. O
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