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Abstract: This article mainly uses two methods of solving the conservation laws of two partial
differential equations and a system of equations. The first method is to construct the conservation law
directly and the second method is to apply the Ibragimov method to solve the conservation laws of
the target equation systems, which are constructed based on the symmetric rows of the target equation
system. In this paper, we select two equations and an equation system, and we try to apply these
two methods to the combined KdV-MKdV equation, the Klein-Gordon equation and the generalized
coupled KdV equation, and simply verify them. The combined KdV-MKdV equation describes the
wave propagation of bound particles, sound waves and thermal pulses. The Klein-Gordon equation
describes the nonlinear sine-KG equation that simulates the motion of the Josephson junction, the
rigid pendulum connected to the stretched wire, and the dislocations in the crystal. And the coupled
KdV equation has also attracted a lot of research due to its importance in theoretical physics and many
scientific applications. In the last part of the article, we try to briefly analyze the Hamiltonian structures
and adjoint symmetries of the target equations, and calculate their linear soliton solutions.

Keywords: conservative law; Hamiltonian structure; linear soliton solution; direct construction
method; Ibragimov method
Mathematics Subject Classification: Primary: 05.45.Yv,Secondary: 02.30.Jr, 02.30.Ik

1. Introduction

In the study of differential equations in the past, the conservation law is undoubtedly a very important
part, especially in terms of integrability and linearization. How to solve the conservation law of the
equation has become a first problem to be faced [1–5]. Hence in this paper, we select three different
types of differential equations and apply two different methods to solve the conservation laws of the
partial differential equations.
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The first method of calculating conservation laws does not require the equation to have variational
conditions [6–9]. Its principle is to replace symmetry with the adjoint symmetry of a partial differential
equation. Then the invariance condition on symmetry is replaced by the invariance condition on adjoint
symmetry, and there is a direct explicit formula to calculate the multiplier and obtain the corresponding
conservation law. In the calculation process, the adjoint invariance condition is replaced by an additional
deterministic equation, and the determinant equation of the adjoint equation is expanded by writing an
additional equation, thereby obtaining a linear deterministic equation system. If the adjoint symmetry of the
equation is solved by this system, the multiplier that can be used to solve the conservation law is found.

The second part is to use a method to solve the conservation law of partial differential equations,
which is actually a derivation of Norther’s theorem [10–14]. In theory, Any Lie point, Lie-Bäcklund,
and nonlocal symmetry can derive the corresponding conservation laws. In the last part of this paper,
we briefly analyze the Hamiltonian structures and adjoint symmetries [15–19] of the selected equations,
and calculate their linear soliton solutions by traveling wave transformation [20, 21].

In this paper, we apply these methods to three nonlinear partial differential equations: the combined
KdV-MKdV equation [22–26], the Klein-Gordon equation [27] and the generalized coupled KdV
equations [28, 29].

2. Brief introduction to the method of directly constructing conservation law

First we consider a system of partial differential equations with N independent variables u =
(u1, . . . , uN) and n + 1 independent variables (t, x), the forms are as follows:

Gi =
∂u j

∂t
+ g j(t, x,u, ∂xu, . . . , ∂m

x u) = 0, j = 1, . . . ,N (2.1)

with x derivatives of u up to some order m. And we can use ∂xu, ∂2
xu, etc. to represent all the derivatives

of u j with respect to xi. We denote partial derivatives ∂
∂t and ∂

∂xi with x derivatives of u up to some order
m. We denote partial derivatives ∂

∂t and ∂
∂xi by subscripts t and i respectively. And likewise, Dt and Di

represent the total derivatives with respect to xi and t. We set

(Lg) j
αVα =

∂g j

∂uα
Vα +

∂g j

∂uαi
DiVα + · · · +

∂g j

∂uαi1···im
Di1···imVα (2.2)

and we can let (L∗g) denote the adjoint operator defined by

(L∗g) j
αW j =

∂g j

∂uα
Vα − Di(

∂g j

∂uαi
W j) + · · · + (−1)mDi1···im(

∂g j

∂uαi1···im
W j) (2.3)

acting on arbitrary functions Vα,W j respectively. It is well known that the determining equation of the
system (2.1) with respect to symmetric X = η j ∂

∂u j is

Dtη
j + (Lg) j

αη
α = 0, j = 1, · · · ,N (2.4)

for all solutions u(t, x) of Eqs. (2.1). The above decision equation can also be used to solve the higher
order symmetry of the Eqs. (2.1), such as η j(t, x,u, ∂u, . . . , ∂pu), where ∂ku denotes all kth order
derivatives of u with respect to all independent variables t, x. And the adjoint of Eq. (2.4) is given by

−Dtω j + (L∗g)αjωα = 0, j = 1, · · · ,N (2.5)
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which is the determining equation for the adjoint symmetries ω j(t, x,u, ∂u, . . . , ∂pu) of the Eqs. (2.1).
In general, solutions of the adjoint symmetry Eq. (2.5) are not solutions of the symmetry Eq. (2.4), and
there is no interpretation of adjoint symmetries in terms of an infinitesimal generator leaving anything
invariant. Then Let

Dt = ∂t − ((g j)∂u j + (Dig j)∂u j
i
+ · · · ) (2.6)

which is the total derivative with respect to t on the solution space of Eqs. (2.1) (In particular, Dt = Dt

when acting on all solutions u(t, x).) Then the determining equations explicitly become

0 =Dtη
j + (Lg) j

αη
α

=
∂η j

∂t
− (

∂η j

∂uα
g j +

∂η j

∂uαi
Digα + · · · +

∂η j

∂uαi1···im
Di1 · · ·Dimgα)

+
∂gα

∂uα
ηα + · · · +

∂g j

∂uαi1···im
Di1 · · ·Dimη

α, j = 1, . . . ,N

(2.7)

for η j(t, x,u, ∂xu, . . . , ∂p
xu) and

0 = −Dtω j + (L∗g)αjωα

= −
∂ω j

∂t
+ (

∂ω j

∂uα
g j +

∂ω j

∂uαi
Digα + · · · +

∂η j

∂uαi1···im
Di1 · · ·Dimgα)

+
∂gα

∂uα
ωα + · · · +

∂g j

∂uαi1···im
Di1 · · ·Dimωα, j = 1, . . . ,N

(2.8)

for ω j(t, x,u, ∂xu, . . . , ∂p
xu). The solutions of Eqs. (2.7) and (2.8) yield all symmetries and adjoint

symmetries up to any given order p.
Definition1 A local conservation law of PDE system (2.1) is a divergence expression

Dtϕ
t(t, x,u, ∂xu, . . . , ∂k

xu) + Diϕ
i(t, x,u, ∂xu, . . . , ∂k

xu) = 0

for all solutions u(t, x) of Eqs. (2.1); ϕt and ϕi are called the conserved densities.
Definition2 Multipliers for PDE system (2.1) are a set of expressions

λ1(t, x,u, ∂xu, . . . , ∂q
xu), · · · , λN(t, x,u, ∂xu, . . . , ∂q

xu)

satisfying
(u j

t + g j)λ j = Dtϕ
t + Diϕ

i (2.9)

for some expression ϕt(t, x,u, ∂xu, . . . , ∂k
xu) and ϕi(t, x,u, ∂xu, . . . , ∂k

xu) for all functions u(t, x).
Obviously ϕt = Diθ

i and ϕi = −Dtθ
i + D jψ

i j are trivial conservation laws of the system, for some
erpressions θi(t, x,u, ∂xu, . . . , ∂k−1

x u) and ψi j(t, x,u, ∂xu, . . . , ∂q
xu) with ψi j = −ψ ji, i.e. satisfying

Dtϕ
t + Diϕ

i = Dt(Diθ
i) + (−Dtθ

i + D jψ
i j) = 0. (2.10)

The purpose of the following article is to calculate the corresponding conservation law multipliers based
on differential equations. Next we consider Dtϕ

t + Diϕ
i and it is well konwn that

Dtϕ
t =

∂ϕt

∂t
+
∂ϕt

∂u j u
j
t +

∂ϕt

∂u j
i

u j
ti + · · · +

∂ϕt

∂u j
i1···ik

u j
ti1...ik
= ∂tϕ

t +Lϕtu j
t

Communications in Analysis and Mechanics Volume 15, Issue 2, 24–49.



27

where (Lϕt) j = ( ∂ϕ
t

∂u j ) + ( ∂ϕ
t

∂u j
t
)Di + · · · + ( ∂ϕt

∂u j
i1 ···ik

Di1···Dik
) denotes the linearization operator of ϕt. Then we

can obtain

(Lϕt) ju
j
t =(Lϕt) j(u

j
t + g j) − (Lϕt) jg j

=(u j
t + g j)Êu j − (Lϕt) jg j + DiΓ

i

where Γi is given by an expression proportional to u j
t + g j and where

Êu j = ∂u j − Di∂u j
i
+ DiD j∂u j

ik
+ · · · (2.11)

is a restricted Euler operator. So we have

Dtϕ
t = ∂tϕ

t − (Lϕt) jg j + DiΓ + (u j
t + g j)Êu j(ϕt). (2.12)

Then in order to ensure that the Eq. (2.10) holds, ∂tϕ
t − (Lϕt) jg j which involes u j

t + g j must cancel Diϕ
i,

so we have
Diϕ

i = −(∂tϕ
t − (Lϕt) jg j). (2.13)

Then after combining the expressions (2.12) and (2.13) we obtain

Dtϕ
t + Di(ϕi − Γi) = (u j

t + g j)Λ j (2.14)

with
Λ j = Êu j(ϕt), j = 1, · · · ,N.

Next, by solving the determination equation

Eu j((u j
t + g j)λ j) = Eu j(Dtϕ

t + Diϕ
i) = 0 (2.15)

where
Eu j = ∂u j − Di∂u j

i
− Dt∂u j

t
+ DiDk∂u j

ik
+ DtDk∂u j

ik
+ · · · .

Then this yeilds

0 = Eu j((u j
t + g j)λ j) = −DtΛ j + (L∗g)αjΛα + (L∗Λ) jα(uαt + gα), j = 1, . . . ,N, (2.16)

where

(LΛ) jαVα =
∂Λ j

∂uα
Vα +

∂Λ j

∂uαi
DiVα + · · · +

∂Λ j

∂uαi1···ip

Di1 · · ·DipV
α (2.17)

and

(L∗Λ) jαW j =
∂Λ j

∂uα
W j − Di(

∂Λ j

∂uαi
W j) + · · · + (−1)pDi1 · · ·Dip(

∂Λ j

∂uαi1···ip

W j) (2.18)

acting on arbitrary functions Vα,W j. And we know

Dt = Dt + (uαt + gα)∂u j + (uαti + Digα)∂up
i
+ · · ·
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which yeilds DtΛ j = DtΛ j + (LΛ) jαGα. So by expansion (2.16), we can get

0 = −DtΛ j + (L∗g)αjΛα

= −
∂Λ j

∂t
+ (

∂Λ j

∂uα
g j +

∂Λ j

∂uαi
Digα + · · · +

∂Λ j

∂uαi1···im
Di1 · · ·Dipg

α)

+
∂gα

∂uα
Λα + · · · +

∂g j

∂uαi1···im
Di1 · · ·DimΛα, j = 1, . . . ,N.

(2.19)

Then by comparing the coefficients of G j,DiG j, . . . ,Di1 · · ·DipG
j, we can get the corresponding

determining equations:

0 =(−1)p+1 ∂Λ j

∂u j
i1···ip

+
∂Λα

∂u j
i1···ip

, (2.20)

0 =(−1)q+1 ∂Λ j

∂u j
i1···iq

+
∂Λα

∂u j
i1···iq

−Cq
q+1Diq+1

∂Λα

∂u j
i1···iq+1

+ · · ·

+ (−1)p−qCq
pDiq+1 · · ·Dip

∂Λα

∂u j
i1···ip

, q = 1, · · · , p − 1, (2.21)

0 = −
∂Λ j

∂u j +
∂Λα
∂u j − Di

∂Λα

∂u j
i

+ · · · + (−1)pDi1···Dip

∂Λα

∂u j
i1···ip

, (2.22)

j = 1, · · · ,N;α = 1, · · · ,N; q = 1, · · · , p − 1

where Cq
r =

r!
q!(r−q)! . Then the expression of the corresponding multiplier Λ j is obtained by solving the

above decision equations. After obtaining the multiplier, we can solve the corresponding conservation
law. Next, we introduce the theorem:

Theorem 2: For the differential equation system (2.1), the conserved densities of any nontrivial
conservation law in normal form are given in terms of the multipliers by

ϕt =

∫ 1

0
dλ(u j − ũ j)Λ j[uλ] + t

∫ 1

0
dλK(λt, λx), (2.23)

ϕi =xi
∫ 1

0
dλλnK(λt, λx) +

∫ 1

0
dλ(S i[u − ũ,Λ[uλ]; g[uλ]] + S i[u − ũ, g[uλ − λg[u] (2.24)

+ (1 − λ)ũt;Λ[uλ]]])

where
u j
λ = λu + (1 − λ)̃u,K(t, x) = (̃u j

t + g j[̃u])Λ j[̃u],

S i[V,W; g] =
m−1∑
l=0

m−l−1∑
k=0

(−1)k(Di1 · · ·DilV
ρ)D j1 · · ·D jk(W j

∂g j

∂u j
ii1···ik j1··· jl

),

S i[V,W;Λ] =
p−1∑
l=0

p−l−1∑
k=0

(−1)k(Di1 · · ·DilV
ρ)D j1 · · ·D jk(W j

∂Λ j

∂u j
ii1···ik j1··· jl

).
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3. Application of directly constructing conservation laws

3.1. Combined KdV-MKdV equation

Firstly, we choose an equation named the combined KdV-MKdV equation and its form is as follows:

G = ut + αuux + βu2ux + uxxx = 0 (3.1)

where α and β are arbitrary constants. And its symmetries with infinitesimal genertor Xu = η satisfies
the determining equation

Dtη + αuxη + αuDxη + βu2Dxη + 2βuuxη + D3
xη = 0 (3.2)

where Dt = ∂t + ut∂u + utx∂ux + utt∂ut + · · · and Dx = ∂x + ux∂u + uxx∂ux + utx∂ut + · · · are total derivative
operators with respect to t and x. And the adjoint of Eq. (3.1) is given by

−Dtω − αuDxω − βu2Dxω − D3
xω = 0 (3.3)

when G = 0, which is the determining equation for the adjoint symmetries ω of the cKMK(the combined
KdV-MKdV equation) equation. Next, we calculate the conservation law multiplier of the equation,
namely finding Λ, which satisfies

Dtϕ
t + Dxϕ

x = (ut + αuux + βu2ux + uxxx)Λ0 + Dx(ut + αuux + βu2ux + uxxx)Λ1 + · · · (3.4)

with no dependence on ut and its differential consequences. This yields the multiplier

Dtϕ
t + Dx(ϕx − Γ) = (ut + αuux + βu2ux + uxxx)Λ,Λ = Λ0 − DxΛ1 + · · · (3.5)

where Γ = 0 when u is restricted to be a cKMK solution. Next we set Λ to be related to x, t, u, ux, uxx,
the determing equation becomes

Eu(GΛ) = −DtΛ − αuDxΛ − βu2DxΛ − D3
xΛ + ΛuG − Dx(ΛuxG) + D2

x(ΛuxxG) = 0. (3.6)

Then by comparing the coefficients of G and DiG, we can get the equation

0 = −DxΛux + D2
xΛux , (3.7)

0 = Λux − DxΛuxx (3.8)

and we can notice that (3.7) is a differential consequence of (3.8). The highest coefficient in formula
(3.8) is Λuxxuxxuxxx, and we know that Λ is not related to uxx. It yeilds Λuxxuxx = 0, then Λ has the
following form:

Λ = a(t, x, u, ux)uxx + b(t, x, u, ux). (3.9)

Then the remaining terms in formular (3.8), after some cancellations, are of first order

0 = bux − auux − ax. (3.10)

Next we extract the coefficient of uxxxx in (3.6) and these yeild

Dxa = ax + auux + auxuxx = 0 (3.11)

Communications in Analysis and Mechanics Volume 15, Issue 2, 24–49.



30

and a is not related with uxx, so we can obtain aux = 0, namely a(t, x, u). Similarly, we can easily get

au = ax = 0. (3.12)

According to (3.10), we can deduce that bux = 0. We replace (3.9) into (3.6), then we can find the
coefficient of uxxx, i.e.

−bu − αua − βu2a + bu + αua − βu2a = 0 (3.13)

and the coefficient of uxx is

−3uxbuu − 3bxu + 3(αa + 2βua − buu)ux = 0. (3.14)

It yeilds that buu = αa + 2βua, at = −3bxu. Hence we have

b =
αa(t)

2
u2 +

1
3
βa(t)u3 + c(x, t)u + b2(x, t) (3.15)

from (3.14) and

bxu = c′ = −
1
3

at. (3.16)

We can obtain the form of b(x, t, u):

b =
α

2
au2 +

1
3
βau3 + (b1(t) −

1
3

atx)u + b2(x, t). (3.17)

Then Λ has the form:

Λ = a(t)uxxx + b(t, x, u) = a(t)uxx +
α

2
au2 +

1
3
βau3 + (b1(t) −

1
3

atx)u + b2(x, t). (3.18)

Then after taking (3.18) back into the decision Eq. (3.6), we can get

−b2t − βu2b2x − ub1t − b2xxx +
ux

3
att −

αu2

6
at − αub2x = 0. (3.19)

Then by comparing the coefficients of u and u2, we can obtain

b2t = −b2xxx, b1t −
1
3

xatt = αb2x, βb2x = −
α

6
at, (3.20)

then solve them. We get the general forms of a(t), b1(t) and b2(x, t)

a = −
6βc1

α
t + c3, b1 = −αc1t + c4, b2 = c1x + c2. (3.21)

So the general form of Λ is

Λ = (−
6βc1

α
t+c3)uxx+

α

2
(−

6βc1

α
t+c3)+

1
3
βu3(−

6βc1

α
t+c3)+ (−αc1t+c4+

2βc1

α
x)u+c1x+c2, (3.22)

where ci(i = 1, 2, 3, 4) are arbitrary constants. It yields that

Λ1 = −
6β
α

tuxx − 3βtu2 −
2β2tu3

α
− αtu +

2x2βu
α

,

Λ2 = 1,Λ3 = uxx +
α

2
u2 +

β

3
u3,Λ4 = u.

(3.23)
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Next, we find the conservation law ϕx
i , ϕ

t
i according to Λi.

According to the Theorem.1, we can take ũ = 0 so that K = 0. So we have

ϕt =

∫ 1

0
dλ(u j)Λ j[λu],

ϕi =

∫ 1

0
dλ(S i[u,Λ[λu]; g[λu]] + S i[u, g[λu] − λg[u];Λ[λu]]).

(3.24)

Firstly, for Λ1,

ϕt
1 =

∫ 1

0
dλuΛ(t, x, λx, λ∂xu, λ∂2

xx, . . . )

=

∫ 1

0
−

6β
α

tuuxxλ − 3βtu3λ2 −
2β2tu4

α
λ3 − αtu +

2x2βu2

α
λ dλ

= −
β2u4t
2α
− βu3t +

1
2

(−
6βtuuxx

α
− αtu2 +

2xβu2

α
) + xu

(3.25)

and similarly, the ϕx
1 has the following form:

ϕx
1 =

∫ 1

0
dλ(S x[u,Λ[λu]; g[λu]] + S x[u; g[λu] − λg[u];Λ[λu]])

=

∫ 1

0
uΛ[λu](αλu + βλ2u2) + uD2

xΛ[λu] − uxDxΛ[λu] + uxxΛ[λu] + ux(g[λu] − λg[u])(−
6βt
α

)

− uDx((g[λu] − λg[u])(−
6βt
α

))

= −
β3tu6

3α
− β2tu5 +

xβ2u4

2α
− βtu4α −

5u3β2tu3

3
+ xβu3 − 6u2βtuxx +

uβux

α
−

xβu2
x

α
−

3uβtuxxxx

α

+
3uxβtuxxx

α
−

3β2tu2
xu

2

α
− αutuxx −

3βtu2
xx

α
+
αxu2

2
+
αtu2

x

2
+

2uxβuxx

α
+ xuxx − ux.

(3.26)
We can simply verify that

Dxϕ
x
1 + Dtϕ

t
1 = (−

2β2u3t
α

t − αtu +
2xβu
α
− 3u2βt + x − αtu −

3βtuxx

α
+ αu2)G −

3uβt
α

D2
xG = 0 (3.27)

when u is a solution of G.
And for Λ2 = 1, the we can easily obtain

ϕt
2 =

∫ 1

0
dλuΛ(t, x, λx, λ∂xu, λ∂2

xx, . . . ) =
∫ 1

0
udλ = u,

ϕx
2 =

∫ 1

0
dλ(S x[u,Λ[λu]; g[λu]] + S x[u; g[λu] − λg[u];Λ[λu]])

=

∫ 1

0
λαu2 + βλ2u3 + uxx dλ

=
α

2
u2 +

β

3
u3 + uxx.

(3.28)
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We can also verify that
Dxϕ

x
2 + Dtϕ

t
2 = G = 0 (3.29)

when u is a solution of G. Identically

ϕt
3 =

∫ 1

0
λuuxx +

α

2
u3λ2 +

β

3
u4λ3 dλ

=
1
2

uuxx +
α

6
u3 +

β

12
u4,

ϕx
3 =

∫ 1

0
dλ(S x[u,Λ[λu]; g[λu]] + S x[u; g[λu] − λg[u];Λ[λu]])

=
β2

18
u6 +

αβ

6
u5 +

5β
6

u3uxx +
α2u4

8
+ u2uxxα +

u2u2
xβ

2
+

u2
xx

2
−

uxuxxx

2
+

uuxxxx

2

(3.30)

for Λ3 = uxx +
α
2 u2 +

β

3u3. We can verify it by

Dxϕ
x
3 + Dtϕ

t
3 = (

u
2

)D2
xG + (

β

3
u3 +

uxx

2
+
α

2
u2)G = 0 (3.31)

when u is a solution of G.
The last one is Λ4 = u,

ϕt
4 =

∫ 1

0
λu2dλ =

u2

2
,

ϕx
4 =

∫ 1

0
λu2(αλu + βλ2u2) + u(λuxx) − uxλux + uxxλu dλ

=
α

3
u3 +

β

4
u4 −

u2
x

2
+ uuxx.

(3.32)

Then we can easily obtain
Dxϕ

x
4 + Dtϕ

t
4 = uG = 0

when u is a solution of G.

3.2. Klein-Gordon equation

We choose the Klein-Gordon equation as the second equation to study and it has the following form:

utt − uxx + αu + βu3 = 0. (3.33)

It is obvious that its self-adjoint and the determing equation for its symmetries with infinitesimal
generator Xu = η and the adjoint of it is all

D2
t η − D2

xη + αη + 3βu2η = 0. (3.34)

We set the Λ has the expression Λ(t, x, u, ux, ut). Then the determining equation for the conservation law
multiplier is

0 =Eu((utt − uxx + αu + βu3)Λ)
=D2

tΛ − D2
xΛ + αΛ + 3βu2Λ + Λu(utt − uxx + αu + βu3) − Dx(Λux(utt − uxx + αu

+ βu3)) − Dt(Λut(utt − uxx + αu + βu3)).
(3.35)
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By comparing the coefficient of G, we can sort out two determining equations:

D2
tΛ − D2

xΛ + αΛ + 3βu2Λ = 0, (3.36)
2Λu +DtΛut − DxΛux = 0 (3.37)

whereDt = Λt + utΛu + uxtΛux + (uxx − αu − βu3)Λut . We start from the Eq. (3.37) and it yeilds

2Λu + Λtut + utΛuut + (uxx − αu − βu3)Λutut − Λxux − uxΛuux − uxxΛuxux = 0 (3.38)

and since Λ does not contain uxx, we can seperat it from Eq.(3.38)

Λutut = Λuxux , (3.39)
2Λu + Λtut + utΛuut + (−αu − βu3)Λutut − Λxux − uxΛuux = 0. (3.40)

Then we deal with (3.36). It is easy to verify that the coefficients of uxxx and uxxt are 0. So we consider
the coefficient of the second order uxx and uxt, i.e.

−2uxΛuux − 2Λxux + 2Λtut + 2utΛuut − 2αuΛutut − 2βu3Λutut = 0 (3.41)

and from (3.36) we can get
−4Λu = 0 (3.42)

and the coefficient of uxt is

−2Λxut + 2Λtut + 2(−α − βu3)Λutux = 0. (3.43)

Then by solving the four equations (3.39), (3.40), (3.42) and (3.43) simultaneously, we can obtain the
general form of the multiplier

Λ = (−ut + ux) f1(t − x) + (ut + ux) f2(t + x) + c1ut + d(x, t) (3.44)

where f1(t − x) is any function related to t − x, f2(t + x) is any function related to t + x, c1 is an arbitrary
constant and d(x, t) is any function related to x, t. Next, we substitute the multiplier into (3.38), and
compare the coefficients of uxx, uxt. We can get

2 f
′

1αu + 2 f
′

1βu3 + 3u2dβ − dxx + αd − 2u3 f
′

2β − 2u f
′

2α + dtt = 0. (3.45)

We can obtain

f
′

1 = f
′

2, d = 0.

We can take their simplest form for f1 and f2,

f1 = c2(t − x) + c3, f2 = c2(t + x) + c4 (3.46)

where ci(i = 1, 2, 3, 4) are arbitary constants. Therefore, the general form of multiplier is

Λ = (−ut + ux)(c2(t − x) + c3) + (ut + ux)(c2(t + x) + c4) + c1ut. (3.47)
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It yeilds that
Λ1 = ut,Λ2 = 2tux + 2xut,

Λ3 = −ut + ux,Λ4 = ut + ux.
(3.48)

Next we solve the conservation law with the formula

ϕt =

∫ 1

0
dλ(u j − u0)Λ j[uλ],

ϕi =

∫ 1

0
dλ(S i[u − u0,Λ[uλ]; g[uλ]] + S i[u, g[uλ] − λg[u];Λ[uλ]])

(3.49)

and we choose ũ = u0 which is a constant and K = 0. Then we can obtain that

ϕt
1 =

∫ 1

0
utΛ[λu + (1 − λ)u0] + (u0 − u)DtΛ[λu + (1 − λu0)]dλ

=

∫ 1

0
utλut + (u0 − u)Dtλut dλ

=
1
2

u2
t −

1
2

(u − u0)(uxx − αu − βu3),

ϕx
1 =

u − u0

2
uxt −

uxut

2

(3.50)

for multiplier Λ1.

ϕt
2 =

∫ 1

0
ut(2tλux + 2xλut) − (u − u0)Dt(2λtux + 2xλut) dλ

=tuxut + xu2
t − (u − u0)(tuxt + ux + xuxx − αxu − βxu3),

ϕx
2 =u0u3βt + tuαu0 − αtu2

0 −
t
2
βu4

0 −
tβ
2

u4 + tuxx(u − u0) + xuxt(u − u0) − uxxut + uut − u0ut − tu2
x

(3.51)
for multiplier Λ2.

ϕt
3 =

∫ 1

0
ut(−λut + λux) − (u − u0)Dt(−λut + λux) dλ

= −
1
2

u2
t +

1
2

uxut − (u − u0)(−
1
2

uxx +
1
2
αxu +

β

2
xu3 +

1
2

uxt),

ϕx
3 =

u3

2
βu0 +

u
2
αu0 +

uxx

2
(u − u0) −

uxt

2
(u − u0) −

u2
x

2
+

uxut

2
−
β

6
(u4 + u4

0) −
αu2

0

2

(3.52)

for multiplier Λ3.

ϕt
4 =

∫ 1

0
ut(λut + λux) − (u − u0)Dt(λut + λux) dλ

=
1
2

u2
t +

1
2

uxut − (u − u0)(
1
2

uxx −
1
2
αxu −

β

2
xu3 +

1
2

uxt),

ϕx
4 =

u3

2
βu0 +

u
2
αu0 +

uxx

2
(u − u0) +

uxt

2
(u − u0) −

u2
x

2
−

uxut

2
−
β

6
(u4 + u4

0) −
αu2

0

2

(3.53)

for multiplier Λ4.
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3.3. The generalized coupled KdV equation

In the third example we try to apply to a multi-potential differential equation system and we choose
the generalized coupled KdV equation. It has the form as follows:

ut −
1
4

uxxx − 3uux + 6vvx − 3ωx = 0,

vt + 3uvx +
1
2

vxxx = 0,

ωt + 3uωx +
1
2
ωxxx = 0.

(3.54)

The famous KdV equation is considered to be one of the most important equations in the theory of
integrable systems. It gives multiple soliton solutions with infinite number of conservation laws, double
Hamiltonian structures, Lax pairs and many other physical properties. The coupled KdV equation has
attracted a lot of research due to its importance in theoretical physics and many scientific applications.
According to the formula (2.2) and (2.3), we can obtain by calculation

(L)1
1v1 = −3uxv1 − 3uDxv1 −

1
4

D3
xv

1, (L)1
2v2 = 6vvxv2 + 6vxv2,

(L)1
3v3 = −3Dxv3, (L)2

1v1 = 3vxv1,

(L)2
2v2 = 3uDxv2 +

1
2

D3
xv

2,

(L)2
3v3 = 0, (L)3

1v1 = 3ωxv1,

(L)3
2v2 = 0, (L)3

3v3 = 3uDxv3 +
1
2

D3
xv

3

(3.55)

and we can also obtain the adjoint form of them

(L∗)1
1ω

1 =
1
4

D3
xω

1 + 3uDxω
1, (L∗)1

2ω
1 = −6vDxω

1,

(L∗)1
3ω

1 = 3Dxω
1, (L∗)2

1ω
2 = 3vxω

2,

(L∗)2
2ω

2 = −
1
2

D3
xω

2 − 3uDxω
2 − 3uxω

2, (L∗)3
1ω

3 = 3ωxω
3,

(L∗)3
2ω

1 = 0, (L∗)3
3ω

3 = −
1
2

D3
xω

3 − 3uDxω
3 − 3uxω

3.

(3.56)

We setDt = ∂t−(g1∂u+g2∂v+g3∂ω)+· · · ,where g1 = −1
4uxxx−3uux+6vvx−3ωx, g2 = 3uvx+

1
2vxxx, g3 =

3uωx+
1
2ωxxx. Then we will try to calculate the formΛ(t, x,u,ux,uxx), and u means u, v, ω. The determing

equations according to (2.16) become

0 =Eu(utΛ1 + g1Λ1 + vtΛ2 + g2Λ2 + ωtΛ3 + g3Λ3)
= − DtΛ1 + (L∗g)ρ1Λρ + (L∗Λ)1ρ(u

ρ
t + gρ).

(3.57)

The specific forms are

− DtΛ1 +
1
4

D3
xΛ1 + 3uDxΛ1 + 3vxΛ2 + 3ωxΛ3 + (

∂Λ1

∂u
G1 − Dx(

∂Λ1

∂ux
G1) + D2

x(
∂Λ1

∂uxx
G1)) (3.58)
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+ (
∂Λ2

∂u
G2 − Dx(

∂Λ2

∂uxx
G2) + D2

x(
∂Λ2

∂uxx
G2)) + (

∂Λ3

∂u
G3 − Dx(

∂Λ3

∂uxx
G3) + D2

x(
∂Λ3

∂uxx
G3)) = 0,

− DtΛ2 − 6vDxΛ1 −
1
2

D3
xΛ2 − 3uxDxΛ2 − 3uxΛ2 + (

∂Λ1

∂v
G1 − Dx(

∂Λ1

∂vx
G1) + D2

x(
∂Λ1

∂vxx
G1)) (3.59)

+ (
∂Λ2

∂v
G2 − Dx(

∂Λ2

∂vxx
G2) + D2

x(
∂Λ2

∂vxx
G2)) + (

∂Λ3

∂v
G3 − Dx(

∂Λ3

∂vxx
G3) + D2

x(
∂Λ3

∂vxx
G3)) = 0,

− DtΛ3 + 3DxΛ1 −
1
2

D3
xΛ3 − 3uxDxΛ3 − 3uxΛ3 + (

∂Λ1

∂ω
G1 − Dx(

∂Λ1

∂ωx
G1) + D2

x(
∂Λ1

∂ωxx
G1)) (3.60)

+ (
∂Λ2

∂ω
G2 − Dx(

∂Λ2

∂ωxx
G2) + D2

x(
∂Λ2

∂ωxx
G2)) + (

∂Λ3

∂ω
G3 − Dx(

∂Λ3

∂ωxx
G3) + D2

x(
∂Λ3

∂ωxx
G3)) = 0.

Then by comparing the coefficients of the derivative of G, we can separate the following determining
equations:

−DtΛ1 +
1
4

D3
xΛ1 + 3uDxΛ1 + 3vxΛ2 + 3ωxΛ3 = 0, (3.61)

−DtΛ2 − 6vDxΛ1 −
1
2

D3
xΛ2 − 3uDxΛ2 − 3uxΛ2 = 0, (3.62)

−DtΛ3 + 3vxDxΛ1 −
1
2

D3
xΛ3 − 3uDxΛ3 − 3uxΛ3 = 0, (3.63)

−
∂Λ1

∂vxx
+
∂Λ2

∂uxx
= 0,−

∂Λ1

∂ωxx
+
∂Λ3

∂uxx
= 0,−

∂Λ3

∂vxx
+
∂Λ2

∂ωxx
= 0, (3.64)

2
∂Λ1

∂ux
− 2Dx

∂Λ1

∂uxx
= 0, 2

∂Λ2

∂vx
− 2Dx

∂Λ2

∂vxx
= 0, 2

∂Λ3

∂ωx
− 2Dx

∂Λ3

∂ωxx
= 0, (3.65)

∂Λ1

∂vx
+
∂Λ2

∂ux
− 2Dx

∂Λ2

∂uxx
,
∂Λ1

∂ωx
+
∂Λ3

∂ux
− 2Dx

∂Λ3

∂uxx
= 0,

∂Λ2

∂ωx
+
∂Λ3

∂vx
− 2Dx

∂Λ3

∂vxx
= 0, (3.66)

∂Λ2

∂ux
+
∂Λ1

∂vx
− 2Dx

∂Λ1

∂vxx
= 0,

∂Λ3

∂ux
+
∂Λ1

∂ωx
− 2Dx

∂Λ1

∂ωxx
= 0,

∂Λ3

∂vx
+
∂Λ2

∂ωx
− 2Dx

∂Λ2

∂ωxx
= 0, (3.67)

− Dx
∂Λ1

∂ux
+ D2

x
∂Λ1

∂uxx
= 0,−Dx

∂Λ2

∂vx
+ D2

x
∂Λ2

∂vxx
= 0,−Dx

∂Λ3

∂ωx
+ D2

x
∂Λ3

∂ωxx
= 0, (3.68)

−
∂Λ1

∂v
+
Λ2

∂u
− Dx

Λ2

∂ux
+ D2

x
∂Λ2

∂uxx
= 0,−

∂Λ1

∂ω
+
Λ3

∂u
− Dx

Λ3

∂ux
+ D2

x
∂Λ3

∂uxx
= 0, (3.69)

−
∂Λ2

∂u
+
Λ1

∂v
− Dx

Λ1

∂vx
+ D2

x
∂Λ1

∂vxx
= 0,−

∂Λ3

∂u
+
Λ1

∂ω
− Dx

Λ1

∂ωx
+ D2

x
∂Λ1

∂ωxx
= 0, (3.70)

−
∂Λ2

∂ω
+
Λ3

∂v
− Dx

Λ3

∂vx
+ D2

x
∂Λ3

∂vxx
= 0,−

∂Λ3

∂v
+
Λ2

∂ω
− Dx

Λ2

∂ωx
+ D2

x
∂Λ2

∂ωxx
= 0. (3.71)

By the formula (3.65) we can know that the hignest coefficient of it is Λ1uxxuxxuxxx, and Λ1 is not related
with uxxx, so we obtain Λ1uxxuxx = 0,

Λ1 = k1(t, x,u,ux, vxx, ωxx)uxx + b1(t, x,u,ux, vxx, ωxx). (3.72)

Similarly, we can get

Λ2 = k2(t, x,u,ux, uxx, ωxx)vxx + b2(t, x,u,ux, uxx, ωxx),
Λ3 = k3(t, x,u,ux, uxx, vxx)ωxx + b3(t, x,u,ux, uxx, vxx)

(3.73)
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and accoring to the formula (3.66), we can obtain

Λ2uxxuxx = 0,Λ3uxxuxx = 0,Λ1vxxvxx = 0,Λ1ωxxωxx = 0, · · ·

and since the formula (3.64), we have ∂Λ1
∂vxx
= ∂Λ2

∂uxx
.

Then the genreal forms of the multiplicators become

Λ1 = a1(x, t,u,ux)uxx + a2(x, t,u,ux)vxx + a3(x, t,u,ux)ωxx + b1(x, t,u,ux),
Λ2 = a2(x, t,u,ux)uxx + a4(x, t,u,ux)vxx + a5(x, t,u,ux)ωxx + b2(x, t,u,ux),
Λ3 = a3(x, t,u,ux)uxx + a5(x, t,u,ux)vxx + a6(x, t,u,ux)ωxx + b3(x, t,u,ux).

(3.74)

Then we start from formula (3.65), and according to the remaining items we can get

a1uxuxx + a2uxvxx + a3uxωxx + b1ux − (a1x + a1uux + a1uxuxx) = 0. (3.75)

According to its uxxxx coefficient of the formula (3.61), we have

1
4

(3uxa1u + 3a1x + bux + 4uxxa1ux − Λ1ux) = 0, (3.76)

then it yeilds 3Dxa1 − a2uxvxx − a3uxωxx = 0, so we get a2ux = a3ux = a1ux = a1u = a1x = 0. Similiarly
according to the forlumas (3.62) and (3.63), finally we obtain the expressions ai(t), i = 1, · · · , 6. Then
we calculate from formula (3.75), we have b1ux = 0, similarly, b2vx = b3ωx = 0. Accoring to the formula
(3.66), we get

b1vx + b2ux = 0, b2ωx + b3vx = 0,
b1ωx + b3ux = 0, b3vx + b2ωx = 0,
b2ux + b1vx = 0, b3ux + b1ωx = 0.

(3.77)

We can take the simplest forms, i.e. b1, b2, b3 are not related with ux. Then let us start with the formula
(3.58). The coefficient of uxxx is 3ua1 − 3ua1 +

1
4bu −

1
4bu = 0, and the coefficient of uxx is

1
4

(3buω + 3uxbuu + 3vxbuv + 3bxu) + 3vxa2 + 3ωxa3 − a
′

(t) − 9a1ux + 3a2vx + 3a3ωx = 0. (3.78)

Since a1, a2, a3 don’t contain ux, vx, ωx, we obtain

3
4

buω + 6a3 = 0,
3
4

buv + 6a2 = 0,

3
4

buu − 9a1 = 0,
3
4

bxu = a
′

(t).
(3.79)

So we have

b1 = 6a1u2 + cu + d(x, t, v, ω)

and since b1uv = −8a2, we get cv = −8ax. It yeilds c = −8a2v + d
′

, since ∂d
∂ω
= −8a3.

We can denote it by

b1 = 6a1u2 − 8a2uv − 8a3uω +
4
3

a1tx + p1(t)u + p2(x, t, v, ω). (3.80)
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And according to the formula (3.62), the coefficient of vxx is

−
1
2

(3b2xv + 3vxb2vv + 3ωxb2vω + 3uxb2uv) − 3uxa4 − a
′

4(t) + 18vxa2 + 6uxa4. (3.81)

It yeilds that

−
3
2

b2vv + 18a2 = 0, b2vω = 0,

−
3
2

b2uv + 3a4 = 0,−
3
2

b2xv = a
′

4(t).
(3.82)

We can calculate the expression

b2 = −6a2v2 + 2a4uv −
2
3

a
′

4xv + q1(t) + q2(x, t, u, ω). (3.83)

Similarly, in the formula (3.63), the coffecient of ωxx is

−
1
2

(3b3xω + 3vxb3ωω + 3uxb3uω) − 3uxa6. (3.84)

It yeilds that

b3vω = 0,−
3
2

b3uω + 3a6 = 0,

b3ωω = 0,−
3
2

bxω = a
′

6(t).
(3.85)

Then we can calculate the expression

b3 = 2a6uω −
2
3

a
′

6xω + r1(t)ω + r2(x, t, u, v). (3.86)

Then the general forms become

Λ1 = a1(t)uxx + a2(t)vxx + a3(t)ωxx + 6a1u2 − 8a2uv − 8a3uω + (
4
3

a1tx + p1(t))u + p2(x, t, v, ω),

Λ2 = a2(t)uxx + a4(t)vxx + a5(t)ωxx − 6a2v2 + 2a4uv −
2
3

a
′

4xv + q1(t)v + q2(x, t, u, ω),

Λ3 = a3(t)uxx + a5(t)vxx + a6(t)ωxx + 2a6uω −
2
3

a
′

6xω + r1(t)ω + r2(x, t, u, v).
(3.87)

And according to the formula (3.61), the coefficient of vxxxxx is ( 1
4 −

1
2)a2 = 0, so we obtain a2 = 0.

Similarly, we also get a3 = 0. Then we separated the coefficient of uxx of the formula (3.61):

1
4

(3bxu + 3uxbuu + 3vxbuv + 3ωxbuω) − a
′

1(t) − 9a1ux = 0, (3.88)

and it yeilds that

buv = 0, buω = 0,
3
4

bxu = a
′

1(t),
3
4

buu = 9a1(t).
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According to the coefficients of ωxxx: 3
4 p2ω = 3a1(t) = 0, vxxx:34p2v = −6a1(t)v = 0, vxvxx:3a4 + 12a1 =

0, vxωxx:3a5 = 0, ωxvxx:3a5 = 0, ωxωxx:3a6 = 0. We obtain that p2 = 4a1(t)ω, p2 = −4a1(t)v2, a5 =

a6 = 0, a4 = −4a1(t). And the coefficient of vvx is

16a
′

1x + 12ua1 + 3q1 + 6p1 = 0. (3.89)

It yeilds that a1(t) = 0. The remaining coefficients of the formula (3.61) can be separated into three
equations for the coefficients of vx and ωx:

− p1t + 3p2x = 0,
3q2 + 12ua1v + 3q1v + 6p1v = 0,

3r2 − 3p1 − 2a
′

6xω − 12a1u + 3r1ω = 0.

(3.90)

They yeild that

c = −p2t +
p2xxx

4
,

q2 = −4a1uv − q1v − 2p1v,

r2 = p1 +
2
3

a
′

6xω + 4a1u − r1ω.

(3.91)

Let us bring back them into the formulas (3.61), (3.62), (3.63), the remaining items of them can be
separated into four equations 

3p2x − p1t = 0,

− p2t +
p2xxx

4
= 0,

2p1t = 6p2x,

− p1t + 3p2x = 0.

(3.92)

By solving the equations, we can get

p1(t) = 3c1t + c3, p2(x, t) = c1x + c2. (3.93)

Then we get the genreal form of Λi, i = 1, 2, 3.

Λ1 = a1uxx + 6a1u2 + (3c1t + c3)u + 4a1ω − 4a1v2 + c1x + c2,

Λ2 = −4a1vxx − 8a1uv − 2(3c1t + c3)v,
Λ3 = 3c1t + c3 + 4a1u.

(3.94)

They yeild that
Λ11 = uxx + 6u2 + 4ω − 4v2,Λ12 = −4vxx − 8uv,Λ13 = 4u.

Λ21 = 3ut + x,Λ22 = −6tv,Λ23 = 3t.

Λ31 = 1,Λ32 = 0,Λ33 = 0.
Λ41 = u,Λ42 = −2v,Λ43 = 1.

(3.95)
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Then we can solve the conservation laws ϕt, ϕx by multipliers according to (2.23), (2.24)

ϕt
1 =

∫ 1

0
uΛ11[λu] + vΛ12[λu] + ωΛ13[λu] dλ

=

∫ 1

0
u(λuxx + 6u2λ12 + 4ωλ − 4v2λ2) + v(−4λvxx − 8λ2uv) + ω(4λu) dλ

= −
1
2

u2
x + 2u3 + 2ωu −

4
3

v2u − 2v2
x −

8
3

uv2 + 2ωu,

ϕx
1 =

∫ 1

0
dλ(S x[u,Λ[λu]; g[λu]] + S x[u; g[λu] − λg[u];Λ[λu]])

=u(Λ11(−3λu)) +
u
4

D2
xΛ1 + v(6λvΛ11 + 3λuΛ22) +

vΛ12

2
+ ω(−3Λ11 + 3λuΛ13) +

ωΛ13

2

+
1
4

uxDxΛ11 −
1
2

vxDxΛ12 −
1
2
ωxDxΛ13 −

1
4

uxxΛ11 +
1
2

vxxDxΛ12 +
1
2
ωxxΛ13 − uDx(g1[λu]

− λg1[u]) + 4vDx(g2[λu] − λg2[u]) + ux(g1[λu] − λg1[u]) − 4vxg2[λu] − λg2[u]

= − 6ω2 − 6v4 − 7vxxuv + ωxux + ωu + vxvxxx −
7uxvvx

3
+

3uxxuux

8
−

3uxxvvx

4
+

3uωx

2
− v2

xx

+
uuxxxx

8
− vvxx −

3ωuxx

2
+

uxuxxx

8
+

uxxuxxx

32
+

3uxxωx

8
−

3uxω

2
+ 6u2v2 −

u2uxx

2
− 6u2ω

+ 2uu2
x + 2v2uxx + 12v2ω −

4v2u
3
+

11v2
xu

3
−

9
2

u4

(3.96)
for Λ11,Λ12,Λ13.

ϕ2
t =

3
2

u2t + ux − 3tv2 + 3ωt,

ϕ2
x = −

9u3t
2
−

3u2x
2
+ 3xv2 −

9ωtu
2
+

uxxuxxx
32

+
3uxxuux

8
−

3uxxvvx

4
+

3uxxωx

8
+

3utuxx

4
− 3tv2

− 3xω +
3ωt
2
+

3tu2
x

4
+

ux

4
− 3tvvxx +

3ωxxt
2

(3.97)

for Λ21,Λ22,Λ23.

ϕ3
t = u, ϕ3

x = −
3u2

2
+ 3v2 +

uxxuxxx

32
+

3uxxuux

8
−

3uxxvvx

4
+

3uxxωx

8
− 3ω (3.98)

for Λ31,Λ32,Λ33.

ϕ4
t =

u2

2
− v2 + ω,

ϕ3
x = −

3u3

2
−

3ωu
2
+

uxxuxxx

32
+

3uxxuux

8
+

3uxxωx

8
+

uuxx

4
− v2 +

ω

2
+

u2
x

4
+ v2

x − vvxx +
ωxx

2

−
3uxxvvx

4

(3.99)

for Λ41,Λ42,Λ43.

Communications in Analysis and Mechanics Volume 15, Issue 2, 24–49.



41

4. Solving conservation law by Ibragimov method

In this part we try to solve the equation by Ibragimov method to obtain the conservation laws. Firstly,
we introduce a theorem:

Theorem 2. Any Lie point, Lie-Bäcklund, and nonlocal symmetry

X = ξi(x, u, u(1), . . .)
∂

∂xi + η
α(x, u, u(1), . . .)

∂

∂uα

leads to the conservation law Di(Ci) = 0, i.e.

Ci =ξiL +Wα[
∂L

∂uαi
− D j(

∂L

∂uαi j
) + D jD j(

∂L

∂uαi jk

) − · · · ]

+ D j(Wα)[
∂L

∂uαi j
− Dk(

∂L

∂uαi jk

) + · · · ] + D jDk(Wα)[
∂L

∂uαi jk

− · · · ] + · · ·
(4.1)

where

L =

m∑
i=1

viFi(x, u, u(1), . . . , u(s)),Wα = ηα − ξ juαj , α = 1, ...,m.

By using maple, we can obtain some symmetries of the target equations. Firstly, for the combined
KdV-MKdV equation (3.1), it has

X1 =
∂

∂t
, X2 =

∂

∂x
, X3 = (

x
3
−
α2t
6β

)
∂

∂x
+ t

∂

∂t
+ (
−2βu − α

6β
)
∂

∂u
. (4.2)

We choose X = ( x
3 −

α2t
6β ) ∂

∂x + t ∂
∂t + (−2βu−α

6β ) ∂
∂u as the symmetry used to calculate the conservation laws.

According to the formula (4.1), we have

W =
−2βu − α

6β
− (

x
3
−
α2t
6β

)ux − tut.

And we note L = v(ut + αuux + βu2ux + uxxx). Then the conservation laws calculated directly become

Cx =(
x
3
−
α2

6β
t)L +W(αuv + βu2v + vxx) + DxW(−vx) + D2

xW(v)

= −
α2vtut

6β
−

uvxx

3
+

2vxux

3
− vuxx −

αu2v
2
−
βu3v

3
−
αvxx

6β
−

uxxvxx

3
− tutvxx +

vxuxxx
3

+ vxtuxt − vtuxxt +
vxut

3
−
α2uv
6β
+
α2uxtvxx

6β
− αtutuv − βtutu2v −

α2vxxuxxt
6β

,

Ct =tL +Wv

=αtuxuv + βuxtu2v + vtuxxx −
uv
3
−
αv
6β
−

vxux

3
+
α2vuxt

6β
.

(4.3)

We can simply verify it:

DxCx + DtCt = (−
α

6β
−

u
3

)(ut + αuux + βu2ux + uxxx) = 0 (4.4)
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when u is a solution of Eq. (3.1) and v = −u.
Similarly, for the Klein-Gordon equation (3.33), it has symmetries which are as follows:

X1 =
∂

∂t
, X2 =

∂

∂x
, X3 = t

∂

∂x
+ x

∂

∂t
(4.5)

and we choose X = t ∂
∂x + x ∂

∂t as the symmetry to compute conservation law.

Cx =tL +W(−vx) + DxWv

=vtutt − 2uxxvt + αtuv + βvtu3 + tuxvx + xutvx − vut − vxuxt,

Ct =xL +W(−vt) + vDxW

=βxvu3 + αxuv − xvuxx − vutxt + tvtux + xutvt − vux

(4.6)

where L = v(utt − uxx + αu + βu3),W = −tux − xut.
At last, we consider the generalized coupled KdV equation (3.54), it has the symmetries which are

as follows:
X1 =

∂

∂t
, X2 =

∂

∂x
,

X3 =
∂

∂ω
, X4 = v

∂

∂ω
+

1
2
∂

∂v
,

X5 =
x
3
∂

∂x
+ t

∂

∂t
−

4ω
3

∂

∂ω
−

2u
3
∂

∂u
−

2v
3
∂

∂v

(4.7)

and we choose X = x
3
∂
∂x + t ∂

∂t −
4ω
3

∂
∂ω
− 2u

3
∂
∂u −

2v
3

∂
∂v as the symmetry to compute conservation law. We

can calculate that

L = v1(ut −
1
4

uxxx − 3uux + 6vvx − 3ωx) + v2(vt + 3uvx +
1
2

vxxx) + v3(ωt + 3uωx +
1
2
ωxxx),

W1 = −
2u
3
−

xux

3
− tut,W2 = −

2v
3
−

xvx

3
− tvt,W3 = −

4ω
3
−

xωx

3
− tωt.

(4.8)

Then the conservation law is

Cx =
x
3
L +W1(−3uv1 −

1
4

v1xx) +W2(6vv1 + 3uv2 +
1
2

v2xx) +W3(−3v1 + 3uv3 +
1
2

v3xx) +
1
4

DxW1v1x

−
1
2

DxW2v2x −
1
2

DxW3v3x −
1
4

D2
xW1v1 +

1
2

D2
xW2v2 +

1
2

D2
xW3v3

=
ωtv3x

3
−

v3xxxωx

6
−

v3xxtωt

2
−

v1xxuxx

12
−

v1xtuxt

4
+

v1tuxxt

4
−

v3tωxxt

2
v1xxxux

12
+

v1xxtut

4
− 2uv2v

−
v2xxxvx

6
−

v2xxtvt

2
+ 3tv1ωt − 4uv3ω +

v2xxvxx

6
+

v2xtvxt

2
−

2v2vxx

3
+ 3v1utut − 6vv1tvt

− 3uv2tvt − 3uv3tωt +
utv1x

3
+

v3xxωxx

6
+

v3xtωxt

2
−

v2tvxxt

2
+

vtv2x
3
− v3ωxx + 2u2v1 +

v1xxu
6

− 4v2v1 −
v2xxv

3
+ 4v1ω −

2v3xxω

3
−

v1xxux

4
+

v2xvx

2
+

5v3xωx

6
+

v1uxx

3
,

Ct =tL +W1v1 +W2v2 +W3v3

= −
tv1uxxx

4
− 3tv1uux + 6tv1vvx − 3tv1ωx + 2tv2uvx +

tv2vxxx

2
+ 3tv3uωx +

tv3ωxxx

2
−

2uv1

3

−
v1xux

3
−

2v2xvx

3
−

4v3ω

3
−

v3xωx

3
.

(4.9)
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5. Hamiltonian Structure and Line Soliton Solution

5.1. Hamiltonian structure

For the combined KdV and MKdV equation, We notice that it has a Hamiltonian formulation
ut = −D( δH

δu ), where H =
∫

αu3

6 +
β

12u4 −
1
2u2

xdx is the Hamiltonian functional, and D = Dx is a
Hamiltonian operator. Then since Dx is a Hamiltonian operator, it can map adjoint-symmetries into
symmetries, so D−1

x can map symmetries into adjoint-symmetries. And we can use the above symmetry
to get the adjoint symmetry of some objective equations. Applying this latter operator to the scaling
symmetries, we obtain the adjoint-symmetries:

Q1 =D−1
x (ut) = vt,Q2 = D−1

x ux = u,

Q3 =D−1
x (
−2βu − α

6β
− (

x
3
−
α2t
6β

))ux − tut

= −
α

6β
x +

α2

6β
tu −

xu
3
+ αt

u2

2
+ βt

u3

3
+ tuxx

(5.1)

where u = vx. In fact, the multiplier Λ calculated earlier in this paper is the adjoint symmetry of the
variation of the objective equation.

Then for the Klein-Gordon equation, to obtain the Hamiltonian formulation, we transform the Eq.
(3.33) into an equation system:

ut = v, vt = uxx − αu − βu3. (5.2)

The associated Hamiltonian formulation for this system is then given by(
u
v

)
t

= J
(

δH
δu
δH
δω

)
, J =

(
0 1
−1 0

)
(5.3)

where H =
∫

v2

2 +
u2

x
2 +

α
2 u2 +

β

4u4dx. We note that the determining equation of the objective equation
and its self-adjoint determining equation is consistent:

D2
t η − D2

xη + αu + βu3 = 0. (5.4)

Hence, the symmetry of the equation is consistent with the adjoint symmetry.

5.2. Line soliton solutions

A line soliton is a solitary travelling wave u = U(x − µt) in one dimension where the parameter µ
means the speed of the wave. Then we study the conservation laws of the combined KdV and MKdV
equation and the Klein-Gordon equation ϕt, ϕx which doesn’t contain the variables t, x. Then the
conservation law is obtained by reduction

Dt|u=U(ξ) = −µ
d
dξ
,Dx|u=U(ξ) =

d
dξ
, ξ = x − µt (5.5)

yielding
d
dξ

((ϕx − µϕt)) = 0. (5.6)
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So (ϕx−µϕt) = C. Then we begin with the combined KdV and MKdV equation. Using the transformation
u(x, t) = U(ξ), we can obtain the nonlinear ordinary differential equation:

−µU
′

+ αUU
′

+ βU2U
′

+ U
′′′

= 0 (5.7)

for U(ξ). Conservation laws (3.28), (3,30), (3.32) do not contain the variables t, x. When the first
integral formula (ϕx − µϕt) = C, is applied to these three conservation laws, we obtain

C1 =
αU2

2
+
βU3

3
+ U

′′

− µU = 0, (5.8)

C2 =
β2U6

18
+
αβU5

6
+

5βU3U
′′

6
+
α2U4

8
+ αU2U

′′

+
U2(U

′

)2β

2
+

(U
′′

)2

2
(5.9)

−
U
′

U
′′′

2
+

UU
′′′′

2
− µ(

UU
′′

2
+
αU2

6
+
βU4

12
),

C3 =
αU2

3
+
βU4

4
−

(U
′

)2

2
+ UU

′′

−
µU2

2
= 0. (5.10)

We impose the asymptotic conditions U,U
′

,U
′′

,U
′′′

→ 0 as |ξ| → ∞. Then we combine the formulas
(5.8), (5.9) and (5.10), then we can calculate its general line soliton solutions:

U1 =
144µeξ

√
µ

ek1
√
µ(144α2 + 24αeξ

√
µ

ek1
√
µ + 864βµ + (eξ

√
µ)2

(ek1
√
µ)2 )

, (5.11)

U2 =
144µek1

√
µ

eξ
√
µ(144α2 + 24αek1

√
µ

eξ
√
µ + 864βµ + (ek1

√
µ)2

(eξ
√
µ)2 )

(5.12)

where k1 is an arbitrary constant.
Figure 1 and Figure 2 display the kinds of 3D plots of U1(ξ) and U2(ξ) determined by (5.11) and

(5.12), and Figure 3 and Figure 4 display the kinds of density plots of them.

Figure 1. 3D plot of the U1 given by
Eq. (5.11) for parameters µ = k1 =

α = β = 1.

Figure 2. 3D plot of the U2 given by
Eq. (5.12) for parameters µ = k1 =

α = β = 1.

Then for the Klein Gordon equation, we make the transformation u(x, t) = U(ξ), we obtain an ODE:

µ2U
′′

− U
′′

+ αU + βU3 = 0. (5.13)
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Figure 3. Density plot of the U1

given by Eq. (5.11) for parameters
µ = k1 = α = β = 1.

Figure 4. Density plot of the U2

given by Eq. (5.12) for parameters
µ = k1 = α = β = 1.

And we study the related conservation laws (3.50)-(3.53), only the formula (3.50) does not contain
variables x, t. We can obtain

−
(U − u0)µU

′′

2
+

(U
′

)2µ

2
− µ(

(U
′

)2µ2

2
−

(U − u0)(U
′′

− αU − βU3)
2

) = 0. (5.14)

By calculating (5.14), we can get its soliton solution

U1 = u0,U2 =

√
−βα

β
(5.15)

and the roots of ξ − (
∫ U3
±

(µ−1)(µ+1)√
−(µ−1)(µ+1)a(a−u0)(a2β+α)

da) − k2 = 0, where k2 is arbitrary constant.

6. Conclusion

It is well known that the study of conservation laws is very important for studying the integrability of
optimal systems. In this paper, two methods are used to solve three different types of partial differential
equations and systems, namely the conservation laws of the combined KdV-MKdV equation, the
Klein-Gordon equation and the generalized coupled KdV equation. And these two methods are widely
applicable. It can be applied not only to the case of multiple independent variables, but also to the case
of multiple dependent variables and differential equation systems. In fact, the multipliers obtained in
this part of the direct construction of conservation laws are actually some adjoint symmetries of the
equation with variational properties. And the linear soliton solutions of the equations can be analyzed
by the obtained conservation law.

In fact, the two methods used in this paper to calculate the conservation law of equations have
different advantages. The adjoint equation method proposed by Ibragimov can use the symmetry of the
equation to calculate the conservation law through the explicit formula. It is convenient to calculate
and does not require complex analysis. It has a wide range of applications, but the results are directly
affected by the symmetry of the equation. The advantage of constructing conservation laws directly is
that it is not necessary to use the variational symmetry of the equation. For a partial differential equation
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without variational symmetry, the adjoint symmetry of the equation is used to replace the symmetry.
At this time, the adjoint symmetry satisfies the linear adjoint symmetry determining equations. The
symmetry invariant condition is replaced by the adjoint symmetry invariant condition, and a formula
using adjoint symmetry is given. However, this method is computationally complex and does not
apply to any type of equation and equation system. Both methods can be naturally applied to higher
dimensional differential equations and differential equation systems. This paper mainly integrates the
two methods and applies them to different types of equations and equation systems. The examples in
Anco’s paper [6, 7] basically apply the direct construction method to the (1+1) dimensional differential
equations, and this paper attempts to apply the method to the equation system.
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their applications, J. Phys. A: Math. Theor., 45 (2012), 155209. https://doi.org/10.1088/1751-
8113/45/15/155209

39. S.Y. Lou, X.B. Hu, Infinitely many Lax pairs and symmetry constraints of the KP equation, J.Math.
Phys., 38 (1997), 6401–6427. https://doi.org/10.1063/1.532219

Communications in Analysis and Mechanics Volume 15, Issue 2, 24–49.

http://dx.doi.org/https://doi.org/10.26637/MJM0604/0020
http://dx.doi.org/https://doi.org/10.1007/s40995-017-0238-5
http://dx.doi.org/https://doi.org/10.1016/j.matcom.2021.04.015
http://dx.doi.org/https://doi.org/10.1143/JPSJ.51.3390
http://dx.doi.org/https://doi.org/10.1016/j.cjph.2020.10.010
http://dx.doi.org/https://doi.org/10.1016/j.amc.2012.11.086
http://dx.doi.org/https://doi.org/10.1017/CBO9780511623998
http://dx.doi.org/https://doi.org/10.1063/1.4752721
http://dx.doi.org/https://doi.org/10.1016/0167-2789(81)90120-2
http://dx.doi.org/https://doi.org/10.1063/5.0073909
http://dx.doi.org/https://doi.org/10.1007/s10773-020-04519-9
http://dx.doi.org/https://doi.org/10.1007/JHEP05(2013)029
http://dx.doi.org/https://doi.org/10.1103/PhysRevE.85.056607
http://dx.doi.org/https://doi.org/10.1088/1751-8113/45/15/155209
http://dx.doi.org/https://doi.org/10.1088/1751-8113/45/15/155209
http://dx.doi.org/https://doi.org/10.1063/1.532219


49

40. R.K. Gazizov, N.H. Ibragimov, S.Y. Lukashchuk, Nonlinear self-adjointness, conservation laws
and exact solutions of time-fractional Kompaneets equations, Commun. Nonlinear Sci. Numer.
Simul., 23 (2015), 153–163. https://doi.org/10.1016/j.cnsns.2014.11.010

41. C. Chen, J. Zhou, S.Y. Zhao, B.L. Feng, Integrable Coupling of Expanded Isospectral
and Non-Isospectral Dirac Hierarchy and Its Reduction, Symmetry, 14 (2022), 2489.
https://doi.org/10.3390/sym14122489

© 2023 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

Communications in Analysis and Mechanics Volume 15, Issue 2, 24–49.

http://dx.doi.org/https://doi.org/10.1016/j.cnsns.2014.11.010
http://dx.doi.org/https://doi.org/10.3390/sym14122489
http://creativecommons.org/licenses/by/4.0

	Introduction
	Brief introduction to the method of directly constructing conservation law
	Application of directly constructing conservation laws
	Combined KdV-MKdV equation
	Klein-Gordon equation
	The generalized coupled KdV equation

	Solving conservation law by Ibragimov method
	Hamiltonian Structure and Line Soliton Solution
	Hamiltonian structure
	Line soliton solutions

	Conclusion

