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Abstract: In the present work, combining machine learning and optimization theory, a novel 
framework is designed to optimize the process parameters of rare earth hard magnetic materials 
Nd7Fe67.5B21Nb2.5Zr2 with multi-objective performance. Considering the small dataset problem, the 
interpolation and extrapolation technique was introduced for data augmentation. Based on the 
expanded dataset, predictive models for coercivity (Hcj) and maximum magnetic energy product 
((BH)max) concerning heat treatment parameters (annealing temperature and magnetic field strength) 
are established. Based on the enhanced data, the prediction accuracy of the model for Hcj and (BH)max 
reaches 0.980 and 0.997, respectively. After that, the NSGA-II algorithm is utilized for multi-objective 
optimization; the top 12 optimal process parameter combinations are recommended with higher 
coercivity and maximum magnetic energy product. This study provides a new way for the performance 
prediction and process optimization of rare earth hard magnetic materials, which can accelerate the 
design of materials with multi-objective performance. 

Keywords: machine learning, rare-earth hard magnetic materials, coercivity, maximum magnetic 
energy product, multi-objective optimization, data augmentation 

 

1. Introduction 

Neodymium-iron-boron (NdFeB) permanent magnet materials are important rare earth functional 
materials, which can be used in automation, electrical appliances, robotics, medical and industrial 
equipment, as well as electric motors, due to the excellent magnetic field strength and coercivity [1]. 
Compared with the traditional asynchronous motor, rare earth permanent magnet synchronous motor 
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has the advantages of high efficiency, high power factor, high power density, and high reliability and 
has a better energy-saving effect. NdFeB permanent magnets demonstrate great potential for various 
applications owing to their excellent comprehensive properties. As the third-generation magnetic 
material, NdFeB permanent magnets possess several advantages and are widely utilized due to their 
relatively low production costs. To meet the higher requirements of applications, it is necessary to 
design NdFeB permanent magnets with higher coercivity (Hcj) and maximum magnetic energy product 
((BH)max). This will contribute to achieving breakthroughs in the field of applications. To improve the 
overall performance of NdFeB permanent magnets, how to design the parameters to achieve multi-
objective optimization is a challenging issue. 

In addition to the influence of composition on magnet properties [2–4], the process parameters 
also have a significant impact on magnet properties [5–12]. The traditional design of NdFeB magnets 
tends to rely on intuition or the trial-and-error method [13,14]. However, the space of possible process 
parameter compositions is huge, making traditional methods inadequate. Intuitive methods may lead 
to errors in the prediction of significant components and reduce reliability. Meanwhile, the traditional 
trial-and-error method is time-consuming and inefficient. Therefore, the development of an efficient 
method for designing high-performance and low-cost rare earth permanent magnet materials is of great 
importance. With the development of data science, machine learning has opened up a new blueprint 
for discovering and rationally designing high-performance materials. Machine learning models can 
quickly reveal the implicit relationships between composition, process parameters, and properties in 
the existing datasets to accurately predict material properties, thereby accelerating the design and 
development of new materials. The application of machine learning in materials science spans diverse 
material systems, such as amorphous materials [15], steels [16–21], and high entropy alloys [22–27]. 
The successful application of machine learning as a data analysis technology in material development 
provides insight into the optimization of process parameters for magnetic materials. 

Gu et al. [28] studied the effect of magnetic field intensity on the distribution, structure, and hard 
magnetism of a magnets experimentally and found that magnetic heat treatment can not only contribute 
to the formation of uniformly distributed B-rich zone but also benefit the precipitation of α-Fe. An et 
al. [29] observed the interaction domain structure of melt spinning and annealing samples at 673 K 
and confirmed the existence of exchange coupling interaction. The exchange coupling effect is 
enhanced by grain refinement of magnetic annealed samples. The residual magnetism and the 
maximum magnetic energy product increase by 4% and 6%, respectively. Scholars are trying to use 
machine learning to study magnetic materials. Wang et al. [30] applied machine learning models to 
predict magnetic saturation (BS), coercive (magnetic) force (HC), and magnetostriction (λ), and used a 
stochastic optimization framework to optimize the corresponding magnetic properties. Lambardet et 
al. [31] used machine learning and Bayesian optimization to optimize the direct extrusion process of 
NdFeB magnets. At present, the research on coercivity and maximum magnetic energy product of rare 
earth hard magnetic alloys is still limited to a single target performance optimization. The multi-
objective performance optimization of NdFeB magnetic materials with respect to process parameters 
cannot be achieved by the traditional trial-and-error method. How to optimize the multi-objective 
performance of NdFeB magnets is still an unsolved problem. 

In this paper, machine learning and multi-objective optimization algorithm are combined to 
achieve the performance optimization of coercivity and maximum magnetic energy product for NdFeB 
permanent magnets. This study focuses on the optimization of heat treatment parameters of 
Nd7Fe67.5B21Nb2.5Zr2 to improve both coercivity and maximum magnetic energy product. The heat 
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treatment parameters, especially the effects of temperature and magnetic field strength on the 
properties of the materials, are studied. Due to it is time-consuming and costly to obtain a large amount 
of experimental data containing process parameters, the available data for process parameters-to-
performance relationships are limited. To solve the problem of small data sets, the data are enhanced 
by cubic spline interpolation and polynomial extrapolation. The machine learning model is established, 
in which XGBoost has the highest prediction accuracy, and the coercive force and maximum magnetic 
energy product R2 are 0.980 and 0.997, respectively. The multi-objective optimization algorithm 
NSGA-II is employed, and a set of 12 recommended heat treatment parameters is provided. The 
coercive force and maximum magnetic energy product of the optimized magnet can be increased by 
4.7% and 7.4%, respectively. In summary, this study improves the coercive force and maximum 
magnetic energy product systematically using a multi-objective optimization method for NdFeB 
permanent magnets. 

2. Design strategy and methods 

Figure 1 presents a design framework that utilizes heat treatment parameters to achieve 
simultaneous optimization of coercivity (Hcj) and maximum magnetic energy product ((BH)max) for 
rare-earth hard magnetic material Nd7Fe67.5B21Nb2.5Zr2. The framework includes four main modules: 
database establishment, data augmentation, model building, and multi-objective optimization of heat 
treatment parameters. Finally, the process parameters of the material are recommended, which can 
achieve better comprehensive performance. 

 

Figure 1. Frame diagram of the multi-objective optimization design. 

2.1. Data collection 

We collect 16 data points related to heat treatment parameters (annealing temperature and 
magnetic field intensity) and performance from reference [28], which is shown in Table 1. 
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Table 1. Heat treatment parameters and corresponding performance for 16 samples of 
Nd7Fe67.5B21Nb2.5Zr2. 

Temperatures(K) magnetic field(T) Hcj(Oe) (BH)max(MGOe) 
563 0 6175.750 4.579 
553 0.5 6828.000 4.455 
563 0.5 7387.625 4.416 
573 0.5 6214.875 4.430 
583 0.5 8552.750 4.352 
593 0.5 6434.000 4.562 
553 0.8 8324.000 4.778 
563 0.8 7819.375 4.447 
573 0.8 6720.750 5.014 
583 0.8 7605.500 4.823 
593 0.8 7018.625 4.566 
553 1.0 5463.000 5.283 
563 1.0 7290.250 6.268 
573 1.0 6388.625 5.805 
583 1.0 6685.125 5.503 
593 1.0 7860.875 4.517 

2.2. Virtual sample generation 

2.2.1. Virtual sample generation using visible-domain cubic spline interpolation 

Cubic spline interpolation is a piecewise interpolation method, where each segment is computed 
using a cubic polynomial. Given a series of known points with corresponding x  and y  coordinates,

 0 1 2 3, , , ,nx x x x x  the interval  0, nx x  is divided into n  segments. The goal is to calculate a cubic 

polynomial for each segment. The cubic spline interpolation should satisfy the following conditions; 

(1) Within each interval  1,i ix x  ,  iS x  is represented by a cubic equation. 

(2) It must coincide with the known points, meaning    0,1, ,i iS x y i n   . 

(3) The curve is smooth, ensuring continuity for  S x ,  S x , and  ''S x . 

The general form of each cubic polynomial is written as, 2 3 ,i i iy a b x c x dx     where this 

equation represents the cubic spline function  iS x . 

2.2.2. Virtual sample generation using visible-domain polynomial extrapolation 

The limitation of cubic spline interpolation is that it can only interpolate and fit data within the 
range of existing data. The effectiveness of this method is limited to the covered data region. It cannot 
generate data beyond the region of existing data. In order to extend the prediction scope of the machine 
learning model, the polynomial extrapolation technique is introduced to generate the data in the 
invisible-domain, i.e., the domain outside the scope of the training dataset defined by the input feature 
space and output values. In general, machine learning predictions for unknown data sets are limited to 
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the range of existing training data sets. To overcome this limitation, we use techniques such as 
polynomial extrapolation to generate sample points that are beyond the scope of the training data. 
These additional sample points help to evaluate the performance of the model in a larger range, 
improving the ability to generalize and adapt of the model. In the polynomial extrapolation, by using 
the existing data for polynomial fitting, and then extrapolating based on the fitted polynomial function, 
the sample points beyond the range of training data are generated. Such a data enhancement approach 
helps the model to understand the data features more comprehensively, but attention needs to be paid 
to the accuracy and applicability of the extrapolated data. 

2.3. NSGA-II algorithm 

In 2002, Deb et al. proposed the NSGA-II algorithm [32]. The specific working flow chart of the 
NSGA-II algorithm is shown in Figure 2. Iterate to compute the two parameter values for each 
individual, the individual of 0in   is assigned a front 1, and it is stored in the 1  set. Empty the 

middle collection Q after you have finished storing the previous collection. The 1in   operation is 

performed on the S set of each individual in the 1   set, and the individual satisfying 0in    is 

assigned to the front 2, and it is stored in the middle set Q, and the Q set is stored in the whole 2  

set after the storage is completed. The details are shown in Algorithm 1. 

 

Figure 2. Flowchart of NSGA-II algorithm. 
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Algorithm 1. Fast-non-dominated-sort ( P ). 
for each p P   

pS     

np = 0  
for each q P   

if ( p q ) then // If p dominates q  

 p pS S q   // Add q  to the set of solutions dominated by p  

else if ( q p ) the  

1p pn n   // Increment the domination counter of p  

if 0pn   then // p  belongs to the first front 

1rankp    

 1 1= p    

i = 1 // Initialize the front counter 
while 0i    

Q   // Used to store the members of the next front 
for each ip   

for each pq S   

1q qn n    

if 0qn   then // qbelongs to the next front 

1rankq i    

 Q Q q    

1i i    

=Qi   

As shown in Algorithm 2, in each objective function, the non-dominated set l   is sorted 
according to the function value, after which the distance of the boundary points is set to infinity, and 
the crowding distance of the i-th solution is equal to the sum of the normalized function value 
interpolations of the adjacent points in all objective functions. 

Algorithm 2. Crowding-distance-assignment(T). 
l    // number of solutions in   

for each i , set   tan
0

dis ce
i   // initialize distance 

for each objective m   
( , )sort m   // sort using each objective value 

   tan tan
1

dis ce dis ce
l     // so that boundary points are always selected 

for 2 ( 1)i to l   // for all other points 

        max min

tan tan
( 1 1 ) / ( )m mdis ce dis ce

i i i m i m f f            
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3. Results and discussion 

3.1.  Data augmentation 

The small dataset size is a critical bottleneck for using machine learning methods to predict 
material properties. To solve the small dataset problem, data augmentation is performed based on the 
original dataset [33–35]. We introduce a virtual sample generation algorithm using visible-domain 
cubic spline interpolation and invisible-domain polynomial extrapolation to overcome the lack of 
training samples in this study.  

Firstly, cubic spline is used for interpolation in the visible domain, generating 166 virtual samples 
in the visible domain. Next, we apply polynomial fitting to the original data for coercivity (Hcj) and 
maximum magnetic energy product ((BH)max). In addition, polynomial extrapolation is used to 
generate 15 virtual samples in the invisible domain. In total, 181 data points are generated for the heat 
treatment parameters-performance of Nd7Fe67.5B21Nb2.5Zr2. 

During the data augmentation in the invisible domain, the original 16 data points are subjected to 
Min-Max normalization using the following formula: 

 min'

max min

,
i

ij
ij i i

X X
X

X X





 (1) 

where Xij represents the value of the j-th variable of the i-th attribute, Xi 
min and Xi 

max correspond to the 
minimum and maximum values of the j-th attribute, respectively. Xij

'  represents the normalized value 
of the j-th variable of the i-th attribute. 

Next, we perform polynomial fitting separately on the normalized data for coercivity (Hcj) and 
maximum magnetic energy product ((BH)max). For different ML models, the decision coefficient (R2) 
and root mean square error (RMSE) are selected as evaluation indexes. The larger R2 and the smaller 
RMSE mean the higher prediction accuracy of the model. 
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where n is the sample size, ˆiy  is the predicted value, y  is the real value, and y  is the mean value. 

The results are shown in Table 2, where the polynomial fitting for Hcj shows an R2 of 0.916 for 
the fourth-degree polynomial. The polynomial fitting for (BH)max shows an R2 of 0.937 for the third-
degree polynomial and 0.949 for the fourth-degree polynomial. Considering the impact of model 
complexity, we ultimately select fourth-degree polynomial regression for coercivity (Hcj) and a third-
degree polynomial model for (BH)max. The specific expressions are as follows: 

 

2 2
1 1 2 1 1 2 2

3 2 2 3 4
1 1 2 1 2 2 1

3 2 2 3 4
1 2 1 2 1 2 2

0.885 7.098 1.533 18.352 9.027 3.31

,

4

37.981 5.936 1.768 0.323 27.032

20.981 16.163 12.945 4.277

y x x x x x x

x x x x x x x

x x x x x x x

            

           

          

 (4) 
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2

2 1 2 1 1 2

2 3 2 2 3
2 1 1 2 1 2 2

1.137 4.770 2.080 2.837 11.334

1.73 ,1 0.244 4.101 5.671 3.395

y x x x x x

x x x x x x x

         

           
 (5) 

where x1 is the annealing temperature, x2 is the magnetic field strength, y1 is the coercive force, and y2 
is the maximum magnetic energy product. 

Table 2. The results of quadratic, cubic, and quartic polynomial fittings for coercivity (Hcj) 
and maximum magnetic energy product ((BH)max) are presented. 

Polynomial 
Hcj(Oe) (BH)max(MGOe) 
R2 RMSE R2 RMSE 

Quadratic Polynomial 0.219 0.234 0.780 0.133 
Cubic Polynomial 0.466 0.193 0.937 0.075 
Quartic Polynomial 0.916 0.077 0.949 0.067 

Using the established polynomial models, we conduct polynomial extrapolation for Hcj and 
(BH)max, generating 15 virtual samples in the invisible domain. The fitting results of the polynomial 
models for Hcj and (BH)max are shown in Figure 3. 

3.2. Data validation 

Before training the model using the generated data, it is necessary to validate whether the virtual 
samples generated are reasonable. This study mainly explains the validation process based on model 
performance and visualization. Firstly, the generated data is mixed with the original data, and an ML 
model is trained using ten-fold cross-validation. Next, scatter plots and violin plots are used to visualize 
the original dataset and the virtual sample dataset. Finally, the R2 value of the model is compared before 
and after data augmentation to further prove the validity and usability of the generated virtual samples. 

To validate the reasonableness of the generated data, Figure 4(a),(b) depict the coercivity (Hcj) 
and maximum magnetic energy product ((BH)max) for both virtual and real samples, respectively. These 
plots show that the distribution of generated virtual samples is similar to that of the original samples. 
Figure 5(a) and Figure 5(b) display the scatter plots of the spatial distribution of Hcj and (BH)max, 
respectively. Figure 5(c) presents the scatter plot depicting the distribution of generated virtual samples 
alongside real samples, where the inclusion of virtual samples leads to a more uniform distribution and 
reduced differences between data values. Through ten-fold cross-validation on the generated virtual 
samples, the results presented in Figure 6 indicate that the enhanced dataset, which incorporates cubic 
spline interpolation and polynomial extrapolation, performs better in training models compared to the 
original 16 data points, where we refer to ML models XGBoost, RF, and LightGBM after data 
augmentation as DA_XGBoost, DA_RF, and DA_LightGBM, respectively. Among these models, 
DA_XGBoost stands out as the most effective, yielding R2 values of 0.922 for coercivity (Hcj) and 
0.983 for maximum magnetic energy product ((BH)max). These R2 values are significantly higher than 
those obtained from the original dataset, demonstrating a substantial enhancement in predicting 
coercivity (Hcj) and maximum magnetic energy product ((BH)max). This observation underscores the 
efficacy of the methodology proposed in this study for data enhancement. 
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Figure 3. The results of polynomial regression for coercivity (Hcj) and maximum magnetic 
energy product ((BH)max) in relation to the heat treatment parameters of 16 samples of 
Nd7Fe67.5B21Nb2.5Zr2. (a) Fourth-degree polynomial regression for coercivity (Hcj). (b) 
Third-degree polynomial regression for maximum magnetic energy product ((BH)max). (c) 
Surface plot of fourth-degree polynomial fitting for coercivity (Hcj). (d) Surface plot of 
third-degree polynomial fitting for maximum magnetic energy product ((BH)max). 

  

Figure 4. (a) Violin plots comparing the generated virtual data and real data for coercivity 
(Hcj). (b) Violin plots comparing the generated virtual data and real data for maximum 
magnetic energy product ((BH)max). 
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Figure 5. (a) Scatter plot distribution in parameter space for coercivity (Hcj) comparing 
generated virtual data and real data. (b) Scatter plot distribution in parameter space for 
maximum magnetic energy product ((BH)max) comparing generated virtual data and real 
data. (c) Two-dimensional scatter plot comparing the generated virtual data and real data 
for coercivity (Hcj) and maximum magnetic energy product ((BH)max). 
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Figure 6. (a)The R2 of ML models for the prediction of Hcj before and after data 
augmentation. (b)The R2 of models for the prediction of (BH)max before and after data 
augmentation, where DA_XGBoost, DA_RF, and DA_LightGBM are the models trained 
after data augmentation. 

3.3. Model construction 

The purpose of machine learning modeling is to establish the relationship between the magnetic 
properties of materials and heat treatment process parameters. Considering the benefits of ensemble 
learning, which combines multiple learners to improve performance and generalization, this study 
establishes Random Forest, XGBoost, and LightGBM models to predict coercivity (Hcj) and maximum 
magnetic energy product ((BH)max) of rare earth hard magnetic materials, respectively. 

The models are trained using the generated virtual samples and tested on the real sample dataset. 
The results are shown in Table 3. Figure 7 is a comparison of the models for R2. Both DA_XGBoost 
and DA_RF models achieved an R2 of above 0.95 for coercivity (Hcj) and maximum magnetic energy 
product ((BH)max). The slightly lower performance of the DA_LightGBM model may be due to the 
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relatively small size of the dataset, as this study generated a total of 181 virtual samples. 
DA_LightGBM typically excels in large-scale datasets but may exhibit average performance on small-
scale datasets. Among them, DA_XGBoost performed the best, and the performance of the model on 
the training dataset and real dataset is shown in Figure 8. Therefore, for subsequent research, the 
selected model will be DA_XGBoost.  

 

Figure 7. The R2 of DA_XGBoost, DA_RF, and DA_LightGBM models on tested real 
datasets for Hcj and (BH)max. 

 

Figure 8. The predictive performance of DA_XGBoost on the training dataset and real 
dataset of 16 samples is shown. (a) Coercivity prediction (Hcj) of DA_XGBoost model 
after data enhancement. (b) Prediction of maximum magnetic energy product ((BH)max) by 
data-enhanced DA_XGBoost model. 
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Table 3. The performance of different prediction models for Hcj and (BH)max is evaluated 
by training on the generated dataset and testing on the real dataset. 

Model Hcj(Oe) (BH)max(MGOe) 
R2 RMSE R2 RMSE 

DA_XGBoost 0.980 116.996 0.997 0.031 
DA_RF 0.959 165.496 0.990 0.057 
DA_LightGBM 0.858 290.355 0.908 0.188 

3.4. NSGA-II multi-Objective optimization and heat treatment parameter recommendations 

For the multi-objective optimization of alloys, Xie et al. enhanced the combination of ultimate 
tensile strength and electric conductivity using machine learning [23]. Wei et al. designed the lead-free 
solder alloys with high strength and high ductility [37]. Faheem et al. optimized the parametric of a 
shape memory alloy using NSGA-II [38]. Based on the obtained model, we attempt to use available 
machine learning models and the non-dominated sorting genetic algorithm-II (NSGA-II) to find heat 
treatment parameters for the magnetic material Nd7Fe67.5B21Nb2.5Zr2 that simultaneously possess 
higher coercivity (Hcj) and maximum magnetic energy product ((BH)max). 

Using the previously trained DA_XGBoost model, we conduct NSGA-II multi-objective 
optimization, and the results are shown in Figure 9. The model recommended 12 sets of heat treatment 
parameters, including annealing temperature and magnetic field strength, as well as their 
corresponding coercivity (Hcj) and maximum magnetic energy product ((BH)max). The specific values 
of coercivity (Hcj) and maximum magnetic energy product ((BH)max) calculated using the previously 
trained polynomial regression (Poly) are provided in Table 4. From Table 6, we can observe that the 
values of coercivity (Hcj) and maximum magnetic energy product ((BH)max) obtained through NSGA-
II multi-objective optimization are very close to those calculated using the polynomial models. This 
further demonstrates the reliability of the heat treatment parameters recommended in this study. 

 

Figure 9. The optimal combined distribution of coercivity (Hcj) and maximum magnetic 
energy product of Nd7Fe67.5B21Nb2.5Zr2 is represented by green dots. 
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Table 4. Presents the top 12 heat treatment parameter combinations of Nd7Fe67.5B21Nb2.5Zr2, 
ranked by high coercivity (Hcj) and maximum magnetic energy product ((BH)max), along with 
corresponding predictions of coercivity (Hcj) and maximum magnetic energy product 
((BH)max) using both DA_XGBoost and polynomial regression (Poly). 

Material Temperatures 
（K） 

magnetic field 
（T） 

DA_XGBoost 
Hcj 

DA_XGBoost 
(BH)max 

Poly 
Hcj 

Poly 
(BH)max

1 557.00 0.80 8955.11 4.67 8957.90 4.67 
2 563.67 0.93 7483.63 5.57 7769.78 5.51 
3 560.99 0.90 8373.09 5.24 8383.57 5.25 
4 563.67 1.00 7277.33 6.19 7252.93 6.01 
5 566.33 1.00 7052.58 6.22 6842.33 6.02 
6 559.02 0.80 8860.06 4.72 8861.67 4.73 
7 557.99 0.90 8585.94 5.17 8585.98 5.17 
8 559.00 0.90 8572.83 5.20 8571.06 5.20 
9 558.00 0.80 8940.31 4.69 8940.35 4.70 
10 560.00 0.90 8499.49 5.23 8499.18 5.23 
11 566.33 1.00 7052.58 6.22 6842.33 6.02 
12 560.00 0.80 8739.10 4.74 8738.72 4.75 

4. Conclusions 

In conclusion, we proposed a new framework for multi-objective optimization of processing 
parameters using machine learning models to predict coercivity (Hcj) and maximum magnetic energy 
product ((BH)max) for rare-earth hard magnetic materials. Moving on to predicting the properties of 
Nd7Fe67.5B21Nb2.5Zr2 based on heat treatment parameters, it encountered the challenge of limited 
experimental data, with only 16 relevant samples available. To address this, we introduced virtual 
sample generation methods based on visible-domain cubic spline interpolation and invisible-domain 
polynomial extrapolation, expanding the dataset to 197 samples. Ensemble learning is used to train the 
dataset after data enhancement. Among them, DA_XGBoost model has the highest prediction accuracy 
for Hcj and (BH)max on the real data set, with R2 0.980 and 0.997, respectively. Through the multi-
objective optimization of NSGA-II in the virtual heat treatment parameter space, 12 sets of processing 
parameters for magnetic materials with high coercivity and maximum magnetic energy product are 
recommended, and their heat treatment parameters are better than those of existing rare earth hard 
magnetic materials. Among them, the coercive force and maximum magnetic energy product of the 
optimized magnet can be increased by 4.7% and 7.4%, respectively. 

In summary, the present work provides efficient and accurate ML models for predicting Hcj and 
(BH)max of rare-earth hard magnetic materials based on their processing parameters. This provides new 
insights and methods for the design of rare earth hard magnetic materials, with the potential to drive 
performance improvements in practical applications to meet various performance requirements. 
Additionally, we offer a design framework for simultaneously enhancing Hcj and (BH)max in rare-earth 
hard magnetic materials, contributing to time and cost savings in the exploration of high-performance 
magnetic materials and accelerating the development and design of rare-earth magnetic materials. This 
study also provides a new framework for the design of other materials with multi-objective performances. 
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