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ABSTRACT. In this paper, we study a specific big data model via multilinear
rank tensor decompositions. The model approximates to a given tensor by the
sum of multilinear rank (1, Ly, L,) terms. And we characterize the identifia-
bility property of this model from a geometric point of view. Our main results
consists of exact identifiability and generic identifiability. The arguments of
generic identifiability relies on the exact identifiability, which is in particular
closely related to the well-known “trisecant lemma” in the context of algebraic
geometry (see Proposition 2.6 in [1]). This connection discussed in this paper
demonstrates a clear geometric picture of this model.

1. Introduction.

1.1. Content of the paper. The importance and usefulness of tensors that are
characterized by multiway arrays for big data sets, has been increasingly recognized
in the last decades, as testified by a number of surveys [15, 20, 14, 5, 17] and among
others. Identifiability property (see [3, 10, 2, 9]), including both exact and generic
identifiability, is critical for tensor models in various applications, and widely used
in many areas, such as signal processing, statistics, computer science, and so on. For
instance, in signal processing, the tensor encodes data from received signals and one
needs to decompose the tensor to obtain the transmitted signals. If the uniqueness
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does not hold, one may not recover the transmitted signals. Therefore, to establish
the uniqueness property of appropriate tensor decomposition is not only mathe-
matically interest but also necessary in various real applications. Extensive studies
under the framework of algebraic geometry have provided various characteristics
involving tensor rank and dimensions to ensure generic identifiability.

In this paper, we consider the model of low multilinear rank tensor decomposition
(LRD). The initial idea was proposed by De Lathauwer [6, 7, 8], where the rank-1
tensors in CP decomposition is replaced by tensors in multilinear rank (1, L., L,)
terms. Such approach allows us to model more complex phenomena and to an-
alyze big data sets with complex structures, especially for the cases that tensor
components cannot be represented as rank-1 tensors. We extend the theoretical
frameworks by establishing the uniqueness conditions of LRD, which are critical
for the applications of tensor-based approaches in handling big data sets. More
specifically, if a tensor can be written in a unique manner as a sum of tensors of low
multilinear rank, then this decomposition may reveal (meaningful) characteristics
that are more general than the components extracted from CP decomposition. The
uniqueness property of LRD can be theoretically guaranteed with mild conditions
under our framework, and we provide the new uniqueness criterion of multilinear-
rank tensor decomposition that closely relates to the applications of LRD in blind
source separation in signal processing. The theoretical contributions of establishing
the explicit uniqueness criterion of LRD may play significant role in the application
domains of tensor-based methods for big data analysis [4].

1.2. Definitions.

Definition 1.1. (see Chapter IIT in [19]) Let K be a field C or R and let Ay, ..., A,
be K-vector spaces. The tensor product space A; ® - - - ® A, is the quotient module
K(A1,...,A,)/R where K(44,..., A4,) is the free module generated by all n-tuples
(a1,...,an) € A1 X +-- x A, and R is the submodule of K(A44,...,A4,) generated
by elements of the form

(a1,...,qap + Bay,...,an) —alar,...,ak, ... an) — B(a, ..., a4y, ...,an)

for all ag,a) € Ag,a,8 € K, and k € {1,...,n}. We write a; ® --- ® a,, for the
element (aq,...,a,) 4+ R in the quotient space K/R.

An element of A1 ® --- ® A, that can be expressed in the form a; ® -+ ® a,
is called decomposable. The symbol ® is called the tensor product when applied to
vectors from abstract vector spaces.

The elements of A1 ® --- ® A,, are called order-n tensors and I, = dim Ay,
k=1,...,n are the dimensions of the tensors.

IfU =KLV 2K™ W = K", we may identify
Kl QK" @ K" = KleXn
through the interpretation of the tensor product of vectors as a tensor via the Segre

outer product,

l,m,n

[ur,...,u]" @ [v1,..., 007 @[wi,...,w,]" = [wivjwe]; 55, -

Definition 1.2. The Khatria-Rao Product is the “matching columnwise” Segre
outer product. Given matrices A = [ay,...,ax] € KI*K and B = [by,...,bk] €
K7*K  their Khatria-Rao product is denoted by A ® B. The result is a matrix of
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size (IJ) x K defined by
AOB=[a1®b a2®by -+ ax bkl

If @ and b are vectors, then the Khatria-Rao and Segre outer products are identical,
ie,a®b=a®b.

Given standard orthnormal bases egk), ceey e(llz) for A, 2 KI* k=1,...,N, any
tensor X in A; ® - ®@ Ay = KX *IN can be expressed as a linear combination
I Iy
X= Y tpele-oel)

i1yeein=1
In older literature, the t;,...;, 's are often called the components of X. X has rank one
or rank-1 if there exist non-zero a® € 4;,i=1,...,N, sothat ¥ = eV ®---@aV)
and aV @ --- ® a™ is the Segre outer product.
The rank of X is defined to be the smallest r such that it may be written as a
sum of r rank-1 tensors, i.e.,

rank(X) min{r : Xza](gl)(@'-'@al(fv)}.
p=1

In,...,INn
iin=1 €

Definition 1.3. The n-th flattening map on any tensor X = [t;, ]
KI1%-xIN i5 the function (see Section 2 of [11])

b, : K% xIn KI,,LX(Il...f,,L...IN)

defined by
0n(X))i5 = (X)s, 0.5

where s,,(7, j) is the j-th element in lexicographic order in the subset of (I7) x - -+ x

(In) consisting of elements that have n-th coordinate equal to i, and by convention

a caret over any entry of a N-tuple means that the respective entry is omitted.
For a tensor X = [t;;;] € KXm*n,

r1 = dim spang{Xiee, - - ., Xies},
ro = dim spang{Xete, - - - , Xeme }
r3 = dim spang{Xee1, - - - ; Xeon }-

Here

Xi.. [tUk];}:L];il c Hg?’nxn7
L :
Xejo = [tiju];poy € K",

l
Kook = [tijk]i:;'nzl S lem.

The multilinear rank of X € K*™*X" is (ry,ry,73), with ry, 72,73 defined above.

Definition 1.4. (see Definition 11 in [4]) A decomposition of a tensor X € KI*JxK
in a sum of rank-(1, L,, L,) terms, 1 <r < R, is a decomposition of X of the form

R
X:Zar®X7.,

r=1

in which the (J x K) matrix X, is rank-L,, 1 < r < R, and no two of X/s are
collinear.
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It is clear that in X = Zf‘:l ar ® X, one can arbitrarily permute the different
rank-(1, L,, L,) terms a, ® X,. Also, one can scale X,., provided that a, is counter
scaled. We call this decomposition to be essentially unique when it is only subject
to these trivial indeterminacies.

Definition 1.5. Let ux be the Lebegue measure on K/*# x K/*EXR Then X =
Zle ar ® X, in Definition 1.4 is generically unique if ux = 0, where pux is defined
by

R
MK{(KIXR X KJXKXR) ‘X = Zar ® X, is not unique for a, € K/, X, € K/*51,

r=1

Note that in Definition 1.4, we could require {a;, 1 <4 < R} to be an orthogonal
frame:

Definition 1.6. A decomposition of a tensor X € K/*/*K in an orthogonal frame
in a sum of rank-(1, L,, L,) terms, 1 < r < R, is a decomposition of X of the form

R
X = ZaT ® X,.
r=1

As in Definition 1.4, X, has rank-L,, 1 <7 < R, but we need {a;, 1 <i < R} to
be an orthogonal frame.

1.3. Main results. The main results of the paper are the following, and their
proofs will be given in the following sections:

Theorem 1.7. Assume I > R, X = Zle ar ® X, in Definition 1.4 is essentially
unique if and only if

spang{Xj,, ..., X;.} NS<r, (KF) c{X;,, ..., X;,}, 1<t <s,
where S<p(K/*K) = {M € K/*F|rank M < L}.

Remark 1. In reasonably small cases, one can use tools from numerical algebraic
geometry such as those described in [18, 12, 13].

Remark 2. A generic b x b pencil is diagonalizable (as the conditions to have re-
peated eigenvalues or bounded rank are closed conditions) and thus of rank b. Thus
for most (more precisely, a Zariski open subset of) pencils that are not diagonaliz-
able, a perturbation by a general rank one matrix will make it diagonalizable. And
there is a normal form for a general point p of <z (K7*X) (L is smaller than J
and K), which is

p=bi®@c +- + b @,
where {b},...,b7},{c},...,c} } are linear independent.

We now establish a simpler condition related to the uniqueness of X = Eil ar®
X, in Definition 1.4. More precisely, there is a set of tensors X of measure 0
such that for any X outside this set, the conditions are sufficient to guarantee
the uniqueness of X = ch:l ar ® X,. Notice that these conditions are not truly
sufficient, since it fails to provide the conclusion on a set of problems of measure 0.
It, however, illustrates very well the situations in which uniqueness should hold.
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Theorem 1.8. X = a1 ® X1 + a2 ® Xy in Definition 1./ is generically unique if

and only if

201+ Ly 2L+ Ly
2 ’ 2

Iz?,JK;éoneof{ ,Ll,Lg}.

Theorem 1.9. X = Zf”:l ar @ X, in Definition 1.4 is generically unique if

R
J
I>R K>S L, J>2 L}, >R L;+L;>L
SR K>Y max{Li} (maX{Li}) L L

r=1

forall1 <4d,j,k <R.

For low multilinear rank decomposition in orthogonal frame, we have the follow-
ing theorem.

Theorem 1.10. A tensor decomposition of X € KIXJ*K
R
X=> 00X,
r=1
as in Definition 1.6 is essentially unique if and only if for any non-identity special
orthogonal matriz E = [e;;]1<i j<r, there exists k, 1 <k < R such that

rank (ex1 X1 + -+ + exrXr) # L1,..., Lg.

1.4. Outline of the paper. In this paper, we first provide some known and pre-
liminary results related to the tensor decompositions of multilinear rank (1, L,., L,)
terms that we are considering. Then we establish simple geometric necessary and
sufficient conditions which guarantee the uniqueness of tensor decompositions of
multilinear rank (1, L,, L,) terms (see Theorem 1.7). The conditions are then re-
laxed to obtain simpler sufficient conditions Theorem 1.8 and Theorem 1.9. Finally,
we discuss the uniqueness of tensor decompositions of multilinear rank (1, L,, L)
terms in an orthogonal frame that provides better structures.

2. Algebraic criteria of uniqueness.

Definition 2.1. For a vector space V, V* denotes the dual space of linear func-
tionals of V', which is the vector space whose elements are linear maps from V to
K: {a:V — K|« is linear}. If one is working in bases and represents elements of
V' by column vectors, then elements of V* are naturally represented by row vectors
and the map V — (a,v) is just row-column matrix multiplication. Given a basis
v1,...,0y of V, it determines a basis a1,..., oy of V* by (a;,v;) = 65, called the
dual basis. Now we define V4 = {a € V*|{a,v) = 0, Vv € V}.

2.1. Proof of Theorem 1.7.
R

Proof. <= Assume the contrary that X = > " a; ® X/ is different from X =
Zle a, ® X,. Since aq,...,ar are independent, we claim that

al. € spang{ay,...,ag}.
Since if not, we have

a,’ € spang{ay,...,ag}.

This implies
<X’ a;'*> =0= X;v
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r

o . R
which is a contradiction. Therefore, we have a; = 3., o]

zero. From

aj, where o} are not all

R R [ R
X:Zai@X;:Z ZagaTQ@X; ,
r=1

r=1 \j=1

we know that X, = Zf;l o} X}. Taking the inverse of the nonsingular R x R matrix
[a], we have X = Zf‘:l a; X;. Consequently, there exist r, j1,j2 € {1,..., R} such
that ji # j2 and aj, - af, # 0. Therefore, we obtain

X] € spang{Xj,,...,X;,} NS<y, (K'*F).

But X/ does not belong to {Xj,,...,X;,}, which is a contradiction.
= If there exists X € spanx{X;,,..., X;,} N X<, (KX*/) such that X/ ¢

{Xj,,...,X;.}, Without loss of generality, we assume that X, = Xi+x2Xo+- -+
XRXR~ Now
X1+ -+ar®@Xpg
=a1 ®Xj, — X201 ® Xo — -+~ Xra1 @ Xp+ a2 @ Xo + -+ ap ® Xp
=a1 ® X}, + (ag — x2a1) ® Xo + -+ + (ar — xra1) ® Xr
=a1® X}, +ay® Xo+ -+ ap @ Xp.
So X = Ef”:l a, ® X, is not unique. O

Example 1. A tensor decomposition of X € KI*/*K,

R
X=> 00X,
r=1
as in Definition 1.4 is essentially unique if the singular vectors of Xi,..., Xr are

linear independent.

Proof. Assume the contrary that X = Ele a.®X] is different from X' = Zil a,®
X, then we have

X, =x1X1+ -+ xrXg.
Let

i
|
and u;, 1<r<R, 1<5<J,v, 1<r <R, 1<k<K, are linear independent,
and let
X, = ofu} @0} + -+ o} uf, @],
then we can see the rank of x1 X7 + --- + xgXg should be bigger or equal to

L;,1 < i < R and equality holds only if X/ is one of {Xi,...,Xgr}. And the
uniqueness follows from Theorem 1.7. O
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2.2. Proof of Theorem 1.8.

Proof. Tt is sufficient to prove the case min{L;, Lo} < J = K < L1+ Ly. Let B and
C denote vector spaces of dimensions J, K respectively. Split B = By & By @ B>
and C = C1 & Cy @ Cy, where By, By, By, C1, Cp, and Cs are of dimensions L1 — [,
lba L2 - lb; Ll - lca lca L2 - lc~
Consider
Xi=b1®ci+-+bir,—1,®c1,n,—1, + 0,1 ®c1,n,—1,41 + - +bo, ®co,.
€ (B1® By) ® (C, ® Cp) 2K @ K1,
Xo=by1®ca1+--+byr,—1, ®ca1,-1, + o1 @C2n,—1,41 + -+ bo1, @coy
€ (B2 ® By) ® (C2 ® Cp) 2 K2 @ K2,

where

c

{b0,17 ey bO,lb}7
{bra, - sb1n, -1,
{b2,17 R b2,L2—lb}7

{00,1, ) CO,IC}7
{01,1, ceey Cl,Llsz},
{02,17 ceey C2,L27ZC},

are bases for By, By, B, Cy, C1 and Cs, respectively, J + [, = Ly + Lo, and
K+1l.=L;+ L.
Suppose x1, X2 are both nonzero, the matrix pencil x1 X7 + x2Xo

X1
X1
X1+ X2
X1+ X2
X2
X2

has rank J when x; # —xo, and L1 + Lo — 2l when x; = —x2. By simple
computation, we know

rank (X1X1 + X2X2) 7é L1 or L2
if and only if

201+ Lo 2Ly + L
J,K;«éoneof{ 1;— 2, 2;_ 1,L1,L2}.

Then Theorem 1.8 follows from Theorem 1.7. O

Example 2. For X € K2X3*3_ considering the decomposition in a sum of multilin-
ear rank (1,2,2), we have

X:a1®(b1®cl+b2®02)+a2®(b2®02+b3®03)
=a1® (b1 ®c1 —b3®c3) + (a1 +a2) @ (by @ ca + b3 @ c3),
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where {b1,ba, b3}, {c1, 2, c3}, {a1,az} are bases for K3, K3, K2. So this is not unique.

Example 3. For X € K2*4*2 considering the decomposition in a sum of multilin-
ear rank (1,2,2), we have

X=01®@bi®c1+b®c2)+a2® (b3®@c1 +bs @)
=a1 ® ((b1 +b3)@c1+ (ba+bs) ®ca) + (a2 —a1) ® (b3 ®@c1 + by @ ca),
where {by, by, b3, bs}, {c1, 2}, {a1, as} are basis for K* K2, K2. So this is not unique.

Example 4. There are explicit Weierstrass canonical forms (see Chapter 10 in [16])
of tensors in K2*£*L Each of those can be decomposed in a sum of rank-(1, L, L)
terms as follows:

a1 ®@ b1 ®ci+--+br®@cp) +as® (Mb1 ®cy 4+ Apbr ® ),

but it is obviously not unique.

2.3. Proof of Theorem 1.9.

Proof. Tt is sufficient to prove the case I = R, K = Zle L,.. Let B and C
denote vector spaces of dimensions J, K respectively. Choose the splitting of C' as
C=@,,<rC:, and fix a basis {b1,...,b;} for B.

Without loss of generality, for 1 < p < R, we can assume

Ej, =bj,1®cj,1+bj,2@cj,2+ - +bj, 1, ®cj 1, €B; ®C;,

ip

where {bjml,...,bjp,Ljp} C {b1,...,bs} (since J > Qmax{Li},(maX‘iLi}) > R),

{¢jp1y-ons ij,Ljp} are bases for B; , Cj , respectively. Further, let
E;t =t ®c +"'+b/Ln ®C/th

be a general point of ¥<r, (K/*) and set

EEZZ:M@f:Z:M@m@%m+%2@%ﬂ“wwm%®%hﬂ'
1<p<s 1<p<s

If there exist x,, X., which are both nonzero, the pencil

Ly

Tyt Ty

T+,
Ty

Ly

has rank at least Lj;, + Lj,, which is bigger than L;,. This implies that Ej’-t is not
a matrix in Y<z (K7*X), Therefore, we prove that E, € {Ej,...,E;,}. The
uniqueness follows from Theorem 1.7. O

The following Remark can be easily obtained using elementary combinatorics.
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Remark 3. When
R
I>R, J KEZLT, Li+L;>L, VY1<ijk<R,
r=1
a low multilinear rank tensor decomposition of X as in Definition 1.4 has a unique
expression

T L.

u=1

R
X:Zar® Z brr @ ¢y
r=1

Pl L
3. Proof of Theorem 1.10.

Proof. = Assume the contrary that X = Zle a. ® X/ is different from X =
Zle a,®X,. Let us assume the transformation matrix between the frames {e/., 1 <
r < R} and {e,, 1 <r < R} is @, which is a R X R special orthogonal matrix [e;,].
Then we have

el e} el
[Xp - Xplo || =X - XRlo | =X - XRlOQ

eR e eR
Since {e,, 1 <r < R} is orthogonal, taking inner product of X with e,, we have

X;=€T1X1+"'+ETRXR, 1<r<R.

However
rank X, = rank (6,1 X1 + -+ +e.rXRg) # L1,..., Lg,

which is a contradiction. Therefore X = 27]«{:1 a, ® X, as in Definition 1.6 is

essentially unique.
< Assume for a special orthogonal matrix @ = [e;r]rx R, €1 X1 + -+ + irXR
has rank L; for any 1 < ¢ < R. Let

X£=Ei1X1+"'+€iRXR, 1<i<R,
we then have X = Zle ar ® X,. So it is not unique. O

Remark 4. Since the rotation matrix in the plane is

cos # —sin 6

sin & +cos 0)’
a tensor decomposition of X € KI*7*K in orthogonal frame, X = a1 ® X1 +a2® X»
as in Definition 1.6 is essentially unique if and only if for any 6, 0 < 0 < 7,

rank (cos X1 +sinf Xo) # Ly or Lo,

and same for rank (—sinf X; + cos6 Xs).

4. Conclusion. Different from most current approach in the analysis of big data
sets, in this paper, some uniqueness characteristics of low multilinear rank tensor
decomposition LRD are given under the framework of algebraic geometry. The
proposed framework leads to a new approach for the study of identifiability proper-
ties in terms of block tensor decomposition that can be used to handle the big data
sets. Several explicit uniqueness criteria for tensor decomposition of low multilinear
rank terms are given.
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