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Abstract: A-Fractional Mechanics has already been introduced since it combines non-locality with
mathematical analysis. It is well established, that conventional mechanics is not a proper theory for
describing various phenomena in micro or nanomechanics. Further, various experiments in
viscoelasticity, fatigue, fracture, etc, suggest the introduction of non-local mathematical analysis in
their description. Fractional calculus has been used in describing those phenomena. Nevertheless, the
well-known fractional derivatives with their calculus fail to generate differential geometry, since the
established fractional derivatives do not fulfill the prerequisites of differential topology. A A-fractional
analysis can generate geometry conforming to the prerequisites of differential topology. Hence
A-fractional mechanics deals with non-local mechanics, describing the various inhomogeneities in
various materials with more realistic rules.
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1. Introduction

Conventional continuum mechanics is based upon Noll’s postulated axiom of local action,
Truesdell et al [1]. That axiom restricts the dependence of the stresses on the point of interest and
especially upon the local derivative of various functions, like energies, stresses, displacements, etc.
However, that axiom presupposes the existence of derivatives of various functions and also the
existence of geometry. Likewise, Mandelbrot [2] introduced fractal geometries without smooth
derivatives of continuous bodies. The power of that theory is considered quite strong since fractal
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geometry has been introduced in applications in almost every scientific area of physics, mechanics,
biology, economy, etc. [3—6].

Fractional calculus was introduced by Leibnitz in 1695, suggesting derivatives with non-local
influence [7], contrary to the established local derivatives and the differential analysis. That analysis
helped in discussing problems with fractal geometries and not only. Fractional calculus introduced
non-local analysis in various fields of physics, engineering, economics, etc. Eringen [9] introduced
non-local mechanics, discussing micro and nanomechanics. Also, that theory is recalled for fractal and
fracture analysis. In addition, fatigue and composite material problems may be analyzed through that
theory.

Many well-known mathematicians and scientists have worked on fractional calculus, and
foreseen the importance of such a theory. Liouville [8], Riemann, and also Poincare has highly
contributed to the development of that field. Nevertheless, the introduced non-local fractional
derivatives exhibit a major defect. They are not derivatives equipped with the prerequisites of
differential topology. Indeed, fractional derivatives fulfill the linearity property, although the rules of
the derivative of the product of functions and the Leibnitz rule are not valid. Hence the fractional
derivatives do not correspond to differentials and fractional differential geometry is not feasible,
although fractional calculus is used in discussing problems in physics, mechanics, biology,
economics, etc. Details concerning fractional calculus may be found in [10-13].

Lazopoulos [14] introduces the A-fractional derivative with the A-fractional space, where
derivation in that space is conventional (local). The A-fractional analysis introduces derivatives
conforming to the prerequisites of differential topology. Hence A-fractional differential geometry is
feasible and its use in physics, mechanics, and other applied sciences is justified. The A-fractional
analysis has already been introduced in developing the A-fractional geometry of curves [15], of
surfaces [16]. Further, the A-fractional continuum mechanics has been proposed,[17], followed by the
A-fractional linear elasticity theory [18]. Similar beam bending problems have also been
presented [19].

Silling [20,21] has already presented a non-local theory, the peridynamic theory, for dealing with
specific problems in solid mechanics, where singularities like cracks, fatigue, and other non-smooth
phenomena may be discussed in realistic conditions. The term horizon was introduced in that theory,
just to specify the non-local region that participated in the discussed problem. Since A-fractional
analysis and peridynamic theory have similar goals, they may be combined. Lazopoulos [22] has
already suggested applications with the A-fractional analysis and mechanics with the horizon,
concerning the Cantor bar. In the present work, the A-fractional peridynamic mechanics of a bar will
be discussed, evaluating the peridynamic stresses and displacements of a Cantor bar. Further references
closely connected to the present non-local analysis with applications in various fields may be found in
Refs [25-30].

2. Materials and method
2.1. Outline of fractional calculus

Fractional Calculus is considered an important branch of applied mathematics with considerable
applications in physics, biology, economy, etc. Many books, [10-13], describe various aspects of the

theory and its applications considered more realistic. A summary is presented.
The left and right fractional integrals for a fractional dimension 0 <y <1 is defined by Eqgs 1,2:
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where 7(y) Euler’s Gamma function and y is the order of fractional integrals. There exists a
plethora of fractional derivatives. They all have a common characteristic. Although they are called
derivatives, they are only functions, since they fail to satisfy the prerequisites of differential topology
for being derivatives. Nevertheless, fractional derivatives are considered derivatives, in the fractional
calculus society, able to generate fractional geometry and formulate variational procedures. Further,
sometimes formulation of the fractional differential equations is shown up, without the existence and
uniqueness of solutions.

One of the first of them is Riemann-Liouville fractional derivative (RL). Further, the left RL
derivative is defined by Eq 3:

RL ryy :i 1y _ 1 ix S (s) 3)
DS () dx(a]x (f(X))) Id-y)dx? (x—s) &

Likewise, the right Riemann-Liouville’s fractional derivative (RL) is defined by Eq 4:

RL 1y :i 1=y - _ 1 ib f(S) )
xDbf('x) dx(xlb (f(x))) 1-*(1_7,) de(S—X)7 ds

X

The relation between fractional integrals and derivatives is expressed by Eq 5,

RDY (I () = () ©)

The right fractional derivative and the right fractional integrals are connected by similar relations.

It is well known that the fractional derivatives fail to satisfy the prerequisites for corresponding
to differentials. Therefore, fractional calculus is not able to generate fractional differential geometry,
demanded in applications in physics and not only. Hence, various mathematical procedures, such as
variational problems, the existence, and uniqueness of solutions of the various fractional equations,
fractional field theorems, etc, do not have the demanded mathematical accuracy.

According to the prerequisites of differential topology, the derivatives should satisfy,
Chillingworth Eqs 6-8 [23],

1. Linearity D(af (x) + bg(x)) = aDf (x) + bDg(x) (6)
2. Leibniz rule D(f(x)-g(x)) = Df(x) - g(x) + f(x) - Dg(x) (7)
3. Chain rule D(g(f))(x) = Dg(f(x) - Df (x) (8)

The A-fractional analysis, Lazopoulos [14], is composed of the A-fractional derivative and the
A-fractional space, where the non-local fractional derivative, in the initial space, becomes local in the
A-fractional space, generating differential geometry, since it corresponds to differentials. Indeed, the
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A-fractional derivatives satisfy both the prerequisites of Differential Topology addition to the
fractional postulates the well-known fractional derivatives.
The A-fractional derivative (A-FD) is defined as Eq 9:

" DLf(x) 9)

A —
aD);c/f(x)_ RsDi,l

According to Riemann Liouville’s fractional derivative definition, Eq 3, the A-FD is given by
Eq 10,

d 1.7 f(x) ,
A 7 _ dx _ da1x177 (x) 10
Dif(x)= d 171 4171 (19)
dx

Further, the A-fractional space is formed by (X, (X)) coordinates, with Eq 11,

X=,1""1, FX)= L7 f(x(X)) (1)

Therefore, the A-FD is transformed into a local derivative, in the A-fractional space (X,F(X)).
Hence, all the mathematical analysis concerning differential calculus is valid in that space. Thus,
fractional differential geometry may be developed, along with variational procedures and field theories,
that are necessary for studying physics problems. Nevertheless, results may be transferred to the initial
space, following the relation Eq 12,

fOO=FD, " F(X(®) =RD, ™ uly T f () (12)
3. Results
3.1. The A-Fractional deformation of a bar
Let us consider a bar of initial length /, fixed at the one end, while an axial force p is applied at
the other. Following the principles of the A-fractional analysis, the material point defined by the x

coordinate in the initial space is transformed into the X, in the A-space, with Eq 13,

_ 1 X x _ x?%Y 13
= tasn o =y B raT (13)

In addition, the axial load p in the initial space corresponds to the load P in the A-space Eq 14,

1 Lop pl*~¥ (14)

“ra-pli-sy*Tre-pn

In addition, the axial length L in the A-space of the bar corresponds to the axial length 1 in the
initial space with Eq 15,

P

12-v
@3-y

Moreover, the constant elastic modulus E and the constant cross-section area in the initial space
are transferred in the A-fractional space, as non-constant functions £ and 4* along the x-axis. Indeed,

L (15)
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e e=r v (17)
The axial stress 2(X) in the A-space is defined by Eq 18:
P p/\'7 (18)
2@ =7=5(5)
since the conventional rules of mechanics are valid in the A-space.
Transferring the axial stress in the initial space Eq 19,
s 1-y x
o) = 1 if 2(3)_ S=pl if ds _ (19)
r'@y) dx0 (x —s)tv r(y)Adx J, (s(x—s)r

Recalling the influence of the right fractional derivatives with the corresponding right
A-fractional space, the diagram of the stress o(x) is shown in Figure 1.

o(x)
2.0

1.8
1.6

14| \ /

02 04 06 08 10 X

Figure 1. axial stress distribution for the orders y = 0.8 and 0.63.

Let us point out that the strain of the bar in the A-fractional space is local and defined by Eq 20,

vy P TrQ-y)pl” (20)
dX ~ EAAY T EAx?
2_
Recalling, further, X = F’(Cs—_yy), the A-fractional strain is defined by Eq 21:
&y _re-ypl (21)

dX  EAx*?%
Hence, the A-fractional displacement is defined by Eq 22:
[ re-ppl
Y(&X) = j vp dx (22)
0 EArG — )2
Transferring the displacement field from the A-space to the initial one, the displacement field in
the initial space is defined by Eq 23,

AIMS Materials Science Volume 9, Issue 5, 684-701.
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1 fx ( EAy s7) . 21—2ypl1—y\/E (23)

- — =142y
YOS dx by e EAr(y)F(%W)x

Considering the left and right fractional deformation, the non-dimensional displacement of the

fractional unit bar for the fractional-order y = 0.63 is shown in Figure 2. Further information may be
found in Lazopoulos [22].

y(x)
0.46
0.45
0.44
0.43
0.42

02 04 06 08 10 X

Figure 2. The displacement of the symmetric fractional bar of order y = 0.63.
3.2. The A-Fractional peridynamic deformation of a bar

Peridynamic theory formulates elastic problems, not in the form of differential equations, but in
the form of Integral equations [20,21]. Peridynamic theory does not conform to Noll’s axiom of local
action [1], but the particles interact a finite distance apart. Based on that theory, fracture or damaged
problems may be worked out without the requirement of smoothness of the functions.

Trying to formulate the peridynamic problem of the axial extension of a bar, horizon H is
considered around the discussed point, where the points in the interior of that neighborhood interact
with the point. No interaction exists outside that neighborhood. The various functions, like stresses,
displacements, etc., depend upon the neighborhood H in the A-space. Therefore, for a function y(x) in
the initial space, the function Y(X) corresponds in the A-space. However, for functions with horizon H
in the A-space, it is postulated that Eq 24:

F(X)=Y(X)-Y(X-H) (24)

where H is the horizon in the A-space. Moreover, the constant horizon H is defined in the initial
space by the function A(x) with Eq 25,

1
A dxf = s)l-y = er(y)y )
3.2.1.  The stresses
The stress 2(X) in the A-space is defined by Eqs 26,27,
20 = 1= e s oo S (26)
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1 x  x -
X=ramh o B ray

27)

Let us remind that the A-space is defined by the functions (X,F (X)), see Eq 10.
Considering Eq 25, the left peridynamic stress X(x) yields Eqs 28,29:

p (Hx—1+y)1—y

L 28
AT -y)T Nt 29

J(x) =

For the deformation of the Cantor rod with y = 0.63,

p 0.60 H*37 29
FO) = s )

Figure 3 shows the variation of the stress X in the A-fractional space for various values of the
horizon H.

Figure 3. The stress distribution 2(X) in the A-space for various values of the horizon H, q = p/A.

Further, the real stress in the initial space is defined by Eq 30,

1 * Z(s)
S
ryJo (x—s)t
Figure 4, shows the stress distribution in the initial space for various values of the horizon H.

(30)

o(x) =
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0.2 0.4 0.6 0.8 1.0 x

Figure 4. The stress distribution in the initial space for various values of the horizon H.

In addition, for the symmetric right A-fractional peridynamic problem of the Cantor rod, the
distribution of the real stress in the initial space is defined by Eq 31 and Figure 5,

2366 2366 31)
(12 — x)0.23 + %023

o(x) =05 %(

olq (a) ©ofa olq

(c)

(b)
0.8 0.35
0.6
0.7 H=0.1 0.30
ol 0.5 H=0.05 H=0.01
0.25
05 04
0.20
o 0.3
0.2 04 06 08 10X

0.2 04 0.6 0.8 10 x 0.2 04 0.6 0.8 1.0

Figure 5. (a) and (c) peridynamic stress distribution, (b) The stress distribution of the
Cantor rod in the initial space.

3.2.2.  The displacements

Proceeding to the definition of the A-fractional strain in the A-space Eq 32,

e e s G2
Therefore, considering Eqs 26-27, Eq 32 yields,
ay(x) _ p(Hx~ 1)ty (33)
dx EAT2 —y) I'(y)1r
Further, the displacement Y(X) in the A-space is defined by the integration,
Yy=fy X = [y S dx G4
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Recalling Eq 12,

x p(Hx—1+y)1—y xl—y

Y“)ZLEMMZ—wrwrﬂ'MZ—mdx (33)

Figure 6 shows the displacement in the A-fractional space expressed in the x variable of the initial
space, with the parameter b having the value of the classical strain €.

Y(x)/b

035}
030}
025 |

0.20 |
015 |
010 |
0.05F

02 04 06 08 10 x

Figure 6. The displacement of the rod in the A-space as a function of the x variable for various horizons.

Equation 35 defines the displacement in the A-fractional space expressed with the x variable of
the initial space. Finally, the displacement y/(x) in the initial space is defined through the transformation
Eq 36,

1 d (* Y(s)

y'(x) =ma ; —(x—s)l—de

(36)

Combining the left and the right fractional peridynamic displacements in the initial space Eq 37,

1 1
y() =700 +y @) =700 + ¥ M) -y A - ) 37

The final A-fractional peridynamic displacement of the Cantor rod in the initial plane is shown in
Figure 7. The parameter ¢ is the classical strain of the bar. It is pointed out that strain may not be
discussed in the initial space, since derivatives do not exist in the initial space.

Figure 7. The final A-fractional peridynamic displacement of the Cantor rod in the initial plane.

AIMS Materials Science Volume 9, Issue 5, 684-701.
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3.3. Composites with variable distribution of particulates

Composite materials are two or more materials macroscopically combined forming a useful
material shows in Figure 8. Different materials may be microscopically combined so that they form a
macroscopically homogeneous material with extremely different qualities from the ones of their
constituents.

The composite materials are classified as fibrous, laminated, and particulate composites. The
present analysis concerns the particulate composites consisting of one or more materials, suspended in
a matrix of another material.

Figure 8. The composite materials.

Considering the material of the particulates distributed in spherical surfaces, a composite
homogeneous material may be formulated (Figure 9).

3
T H

Figure 9. The homogeneous composite material.
The following assumptions are imposed:

1. The fillers and the matrix are homogeneous, elastic, and isotropic.
2. Fillers are spherical.

AIMS Materials Science Volume 9, Issue 5, 684-701.
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3. Fillers are uniformly distributed and large in number. Hence the composite may be regarded as
homogeneous and isotropic material.

4. The interaction between the fillers is neglected.

5. Small deformations are adopted because linear stress-strain relations are considered.

Proceeding to the formulation of the composite particulate materials show in Figure 10, a
spherical particulate, and a spherical composite material are considered.

Figure 10. The particle and the homogeneous composite.

Following Spathis et al [24] the homogenized Young’s modulus Ec and Poisson’s ratio v. depend
upon the various characteristics of the materials. In fact, as Eqs 38,39:

Ec~=Ec( Et, v, Em, Vim, A, V£, V) (33)
Ve = Ve ( Et vt, Em, v, V1, Vm) (39)

where, Et vi, Em, vm, are the moduli of the fillers and the matrix, A = Po/P1 and vr and v, are the
volume percentages of the fillers and the matrix. Details concerning the present theory of composite
materials and experimental results may be found in the Appendix.

Let us consider purely radial displacements U in the A-fractional space. The strain components
in that space are expressed by Eq 40,

oR’
The stress components are defined by Eq 41,

ou U
Epp === Eoop = Epp = E: Eop = Egr = Egpp =0 (40)

ou U ou U
Zrp = A+ 20 55+ 225, Zoo = Zop = Aop +200+ W5

OR (41)
Zg(p = ZR(p = JXor = 0.
The equilibrium equation, under general radial body force B is defined by Eq 42,
a (oU U
— (= el = 42
(A+2u)aR(aR+2/1R)+pB 0 (42)
with the A, p the Lame parameters, depending upon the E. and v. moduli.
In the case of zero body force B, the radial displacement vector U is defined through,
U=AR+A,R? (43)

AIMS Materials Science Volume 9, Issue 5, 684-701.
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3.3.1.  The left fractional problem

As it has already been pointed out, the stresses 24 and the displacements U may be transferred
from the A-space to the initial one, since they are functions. Nevertheless, the strains Ers cannot be
transferred, since they are derivatives not acceptable in the fractional initial space.

Transferring the various functions into the left initial space, the radius r in the initial space should
be transferred into the radius R in the A-space as a function of the initial coordinate r, through the
transformation,

R 1 / "os i 7
= S:
I'=)/, @-s)’ I3
Nevertheless, when the sphere is not compact in the A-space but is defined through the region,
A < R < B corresponding to the initial radii @ and b, through Eq 44, the displacement vector U is
expressed through Eq 43, where, A1, A2 depends upon the external and internal pressures, P;, Py, and

the radii, R; and Ry, corresponding to b and a radii respectively. Further, P; and P> correspond to
Eq 45,

(44)

1.
P=pi=—5——= t=01 (45)

Further, the displacement vector u(7) into the initial space, may be transferred into the
A-fractional space through the function U(R), where U is the displacement and R the radius in the
A-fractional space. In that case, A1 and A> depend upon the external and internal pressures P; and Py
and the corresponding radii, Ry and Ro. Hence, expressing the displacement vector U in the A-space
in terms of the corresponding radius r in the initial space, see Eq 44 it appears the displacement in the
A-fractional space as a function of the radius 7 in the initial space and the fractional order y:

2 r3-y)
Ur) = A, ) 4 4, CE (40)

Further, the parameters A and A» are evaluated by the pressures P; and Py applied at the surfaces
with R = R; and R = Ry. Eq 47 yields the pressure P = —(2rg) at any R by Eqs 47-50,

PoR3 (R} — R®) + PR} (R} — R®)

Jrr(R) = (47)
R*(R{ — R})
With,
3 3
A = Py Ri — Py Ry (48)
(32 + 2i) (R — RY)
And,
_ 3 p3
AZ _ (Pl ZO) R13R0 (49)
Hence,
. PR} —PyR}  (r¥M) (P, — Py R}R} (F(B - )O)Z (50)
T =
Bl+2m)(R3—RH TB-y) 4m(R} —R3) \ r2v
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Then the displacement in the initial space u(r) is expressed by Eq 51,

1 d (T U@)

u(r) = To)ar =)

ds (51)

Recalling the expression R and substituting its value into the stress equation, the expression of
the stress 2z is revealed, for variables connected with the initial space. Indeed Eq 52,

2—y 2—y
PoR3 (R}~(rz=9)° J+P1R} (R§-(Gz=9)®
Zre(ry= P(r) = 0( - r(3r2y_)y >3 - - (3 0 G- ) (52)
Gy  (Ri-R;)

Recalling the same rule for evaluating the stresses in the initial space we get Eq 53:

_ 1 d r Jgr(s) 53
Orr (T') - I'(y)dr frz (r—s)l_V ds ( )

The same procedure may be followed for defining the other stresses, Gop, Goo.
3.3.2.  The right fractional problem

For the analysis of the right fractional influence, the right A-fractional space may be considered.

As it has already been pointed out, the stresses 24 and the displacements U in the right
A-fractional space may be transferred from the right A-space to the initial one, since they are functions.
Nevertheless, the strains Ers cannot be transferred, since they are derivatives not acceptable in the
fractional initial space.

Transferring the various functions into the left initial space, the radius r in the initial space should
be transferred into the radius R in the right A-space as function of the initial coordinate r, through the
transformation,

S

1 b 1 b g
_ 54
r(l—y)fa G_ay® r(l—y)fr G ™ %)

R(r) =

Nevertheless, when the sphere is not compact in the A-space but is defined through the region,
A < R < B corresponding to the initial radii @ and b, through Eq 54, the displacement vector U is
expressed through Eq 43, where, A1, A2 depends upon the external and internal pressures, P;, Py, and
the radii, R; and Ry, corresponding to b and a radii respectively. Further, P; and P> correspond to
Eq 55,

_ 1 " po
P, G )

and P; = p;.

Further, the displacement vector u(7) into the initial space, may be transferred into the
A-fractional space through the function U(R), where U is the displacement and R the radius in the
A-fractional space. In that case, A1 and A> depend upon the external and internal pressures P; and Py
and the corresponding radii, Ry and Ro. Hence, expressing the displacement vector U in the A-space
in terms of the corresponding radius r in the initial space, see Eq 54 it appears the displacement in the
A-fractional space as a function of the radius 7 in the initial space and the fractional order y:

U(r) = AR(r) + Aol ) (56)

AIMS Materials Science Volume 9, Issue 5, 684-701.
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where, R(7) is defined by Eq 54.
Further, the parameters A and A» are evaluated by the pressures P; and Py applied at the surfaces
with R = R; and R = Ry. Eq 41 yields the pressure P = —(2rg) at any R by Eqs 57-60:

PyR3 (R3 —R3®) + PR} (R3 — R®
Zre(R) = — o (Ry )3 131( 0 ) (57)
With,
3 _ 3
4= P, R} PgRO : (58)
B4+ 2w)(R{ — Ry)
And,
_ (Py — Py R{R§ 59
= R 2
Hence,
PR} - PR} (PL =Py RIRG /1 \? 60
v = (3l +2m)(R} — RY) Ry + 4m(R3 — R) (R(r)) (60)

Then the displacement in the initial space u(r) is expressed by Eq 61,

_ u(s) (61)
M= drf G- ¢

Recalling the expression R and substituting its value into the stress equation, the expression of
the stress 2z is revealed, for variables connected with the initial space. Indeed Eq 62,

PR3 (RI=(R(r))*)+PiR] (R3~Gre)?) (62)

Zrr(r)y= P(r) = (R())3(RI-R})

Recalling the same rule for evaluating the stresses in the initial space we get Eq 63:

1 i b 2rr(S) ds (63)
ry)ar), (s—nr)tv

The same procedure may be followed for defining the other stresses, Gop, Goo.

Oy (T) = -

3.4. The A-fractional peridynamics of composite materials
3.4.1. The left peridynamic problem

For the left peridynamic problem of the composite materials, horizon H is considered in the
A-fractional space. Hence, the radial stress Xrr is defined by Eq 64,

PoR3 (RI—R%)+PiR] (R-F) _ RoR3 (RI—(R—H)*)+P,R] (R3-(R—H)°) (64)
R (R -R3) R (RT—3)

2rr(Ry=—P(R) =

Transferring the various functions into the initial space, the radius R should be transferred into a
function of the initial coordinate r, through the transformation Eq 54. Yet,

PR3 (R3-(R())?)+P1R3 (R3-(R(r))?) +POR3 (R3—(R(r)+H)3)+P1 R} (RE—(R()+H)?) (65)
(R()3(R3-R}) (R(r)+H)3(RT-R3)

ZRR(I‘)Z—P(r) = -
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Recalling the same rule for evaluating the stresses into the initial space we get for the left A-
fractional peridynamic composite materials Eq 66:

1 d T ZRR (S)
=-——— | ==L g 66
Orr (T') F()/) dr ry (7,. _ S)l—y S ( )
Further, the A-fractional peridynamic displacement field is defined in the A-fractional space by
Eq 67,
U(R) = (AiR+ A;R™%) — (A1(R— H) + A;(R— H)™%) (67)
Substituting R from Eq 64, the displacement U in the A-space is defined as a function of the
radius r in the initial space Eq 68,

U(r) =

Py R —Py R} ((rz‘” )) 4 &iPo RIRS (rG-y)

y— PR =Po R ((rz-”)_ )_(&—PO)R%RS, TGy (68)
Bl+2m)(R3-R3) “r-y) 4mR3I-R}) © @) Bl+2m)(R3-R)

ré-y) 4m(R3-R3) “(r2-V)—HT (3-y)

Finally, the displacement in the initial space for the left A-fractional peridynamic problem is
expressed by Eq 69,

1 i r  U(s) 69
u(r) = r(y)dr fro (r—s)1-r ds (69)

3.4.2. The right peridynamic problem
For the left peridynamic problem of the composite materials, horizon H is considered in the A-

fractional space. Hence, the radial stress Xrr is defined by Eq 70,

_ PoR3 (RI=R()*)+P1RT (R—R())  PoRG (RE=(R(+H)*)+PiRE (RI-(ROI+H)®) (7))

2rr(R)y== P(R) = R3(R3-R3) (R(r)+H)3(R}-R3)

Transferring the various functions into the initial space, the radius R should be transferred into a
function of the initial coordinate 7, through the transformation defined by Eq 54.
Yet,

_ PoRy (RI—(R()*)+P1R} (R3-(R()?) +POR3 (R3—(R(r)+H)3)+P1R} (RE—(R(r)+H)3) (71)
(R@)3(R}-R3) (R()+H)3 (R —RG)
Recalling the same rule for evaluating the stresses into the initial space we get for the left A-
fractional peridynamic composite materials:

2rr(r)=—P(r) =

_ 1 d b Jgg(s) 72
Opr (T') - ro)dr fr (s—r) 17 ds ( )

Further, the A-fractional peridynamic displacement field is defined in the A-fractional space by Eq 73,
UR) =—(A;R+A4A,R72)+ (A4,(R+H) +A,(R+ H)™?) (73)

Substituting R from Eq 54, the displacement U in the A-space is defined as a function of the
radius r in the initial space,

— __PRi-mRE _ PPy RIRG 1 o PRE-RORE P Py RIRY 1 o 74
uer = (3l+2m)(R-R3) (R(™) 4m (R3-R3) (R(r) )+ @Bl+2m)(R}-R3) (R(r) + H) + 4m(R3-R3) “R(r)+H ) 79
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Finally, the displacement in the initial space for the left A-fractional peridynamic problem is
expressed by Eq 69.

The medium value of the left and right stresses, Eqs 66,72 in the initial place yields the final stress
of the A- fractional peridynamic problem. The same is valid for the displacements u(r) in the initial

space.
The peridynamic problem of the composite materials has now been completed.

4. Applications

Applying the peridynamic composite materials theory, just mentioned, non-dimensionalized
figures have been drawn for the radially symmetric stresses and displacements in the initial space, with
the help of the Mathematika pack. Indeed, the stresses and the displacements in the initial space have
been computed for the values of po = 0.50, p1 = 1.50, 1, = 0.05, r1 = 1.0, y = 0.6, and for the horizon
value H = 0.03. The distribution of the stress o in the initial space is presented in Figure 11.

Urr
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' : 700
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-0.251

Figure 11. The radial A-fractional peridynamic stress in the initial space.

The corresponding A-fractional peridynamic displacement u(r) in the initial space is shown in
Figure 12.
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Figure 12. The non-dimensional radial A-peridynamic displacement.
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5. Conclusion

The A-fractional peridynamic mechanics is introduced. The A-fractional analysis is considered
as an ideal mathematical tool for peridynamic problems, especially with non-homogeneous materials
and also in micro and nanomechanics. Fractional calculus is a non-local mathematical procedure. With
the additional consideration of the horizon H, the theory of the A-fractional peridynamic composite
materials is established. The peridynamic description of a tensioned Cantor rod has been described.
Further, the peridynamic description of the composite materials has been presented. The homogeneous
distribution of the fillers in the A-fractional space is destroyed in the initial space, through the
transferring from the A-fractional space to the initial space. Theory and experimental evidence
concerning the proposed methodology, for discussing composite materials, are presented in the
appendix.

Conflict of interest
The authors declare no conflict of interest.
References

1. Truesdell C, Noll W (1965) The Non-Linear Field Theories of Mechanics, Encyclopedia of
Physics / Handbuch der Physik, Berlin: Springer.

2. Mandelbrot Benoit B (1983) The Fractal Geometry of Nature, New York: W.H. Freeman.

3. Aharony A (1986) Fractals in  Physics.  Europhysics  News 17: 41-43.
https://doi.org/10.1051/epn/1986170404 1

4. Havlin S, Buldyrev SV, Goldberger AL, et al. (1995) Fractals in biology and medicine. Chaos

Soliton Fract 6: 171-201. https://doi.org/10.1016/0960-0779(95)80025-C

Barnsley MF (1998) Fractals Everywhere, New York: Academic Press.

Feder J (1988) Fractals, New York: Plenum Press.

Leibnitz GW (1849) Leibnizens Mathematische Schriften, Berlin: Asher.

Liouville J (1832) Sur le calcul des differentielles ¢ indices quelconques (in French). J Eco

Polytech 13: 71-162.

. Eringen, AC (2002) Nonlocal Continuum Field Theories, Berlin: Springer.

10. Samko SG, Kilbas AA, Marichev OI (1993) Fractional Integrals and Derivatives: theory and
applications, Switzerland: Gordon and Breach Science.

11. Podlubny Igor (1999) Fractional Differential Equations: An Introduction to Fractional
Derivatives Fractional Differential Equations to Methods of Their Solution and Some of Their
Applications, San Diego: Academic Press.

12. Oldham K, Spanier J (1974) The Fractional Calculus Theory and Applications of Differentiation
and Integration to Arbitrary Order, Netherlands: Elsevier.

13. Millerand K, Ross B (1993) An introduction to the fractional calculus and fractional differential
equations, New York: John Wiley & Sons.

14. Lazopoulos KA, Lazopoulos AK (2019) On the mathematical formulation of fractional
derivatives. Prog Fract Differ Appl 5: 261-267.

15. Lazopoulos KA, Lazopoulos AK (2021) On fractional geometry of curves. Fractal and Fractional
5: 161. https://doi.org/10.3390/fractalfract5040161

o N

AIMS Materials Science Volume 9, Issue 5, 684-701.



701

16. Lazopoulos KA, Lazopoulos AK, Pirentis A (2022) On A-Fractional differential geometry of
surfaces. Prog Fract Diff & Appl 8: 357-376. https://doi.org/10.18576/ptda/080302

17. Lazopoulos KA, Lazopoulos AK (2022) On A-fractional elastic solid mechanics. Meccanica 57:
775-791. https://doi.org/10.1007/s11012-021-01370-y

18. Lazopoulos KA, Lazopoulos AK (2020) On plane A-fractional linear elasticity theory. Theor App!
Mech Lett 10: 270-275. https://doi.org/10.1016/j.tam1.2020.01.035

19. Lazopoulos KA, Lazopoulos AK (2020) On fractional bending of beams with A-fractional
derivative. Arch App Mech 90: 573—-584. https://doi.org/10.1007/s00419-019-01626-w

20. Silling SA, Zimmermann M, Abeyaratne R (2003) Deformation of a peridynamic bar. J Elast 73:
173-190. https://doi.org/10.1023/B:ELAS.0000029931.03844.4f

21. Silling SA, Lehoucq RB (2010) Peridynamic theory of solid mechanics. 4dv App Mech 44: 73—
168. https://doi.org/10.1016/S0065-2156(10)44002-8

22. Lazopoulos, K (2022) On A-Fractional analysis and mechanics. Axioms 11: 85.
https://doi.org/10.3390/axioms11030085

23. Chillingworth David (1976) Differential Topology with a View to Applications, London: Pitman
Pub.

24. Spathis G, Bourkas G, Kytopoulos V, et al. (2000) Elastic modulus of particulate composites
using a  multiphase model. J  Reinf  Plast Compos 19: 883-910.
https://doi.org/10.1177/073168440001901104

25. Lazopoulos AK (2016) On Fractional Peridynamic deformations. Arch Appl Mech 86: 1987—1994.
https://doi.org/10.1007/s00419-016-1163-3

26. Drapaca C, Sivaloganathan S (2019) Mathematical Modelling and Biomechanics of the Brain,
New York: Springer.

27. Wang H, Du N (2014) Fast solution methods for space-fractional diffusion equations. J Comput
Appl Math 255: 376-383. https://doi.org/10.1016/j.cam.2013.06.002

28. Rahimi Z, Sumelka W, Yang XJ (2017) A new fractional nonlocal model and its application in
free vibration of Timoshenko and Euler-Bernoulli beams. European Physical Journal Plus 132:
1-10. https://doi.org/10.1140/epjp/i2017-11751-x

29. Ding W, Patnaik S, Sidhardh S, et al. (2021) Applications of distributed-order fractional operators:
A review. Entropy 23: 110. https://doi.org/10.3390/e23010110

30. Sumelka W (2017) On fractional non-local bodies with variable length scale. Mech Res Commun
86: 5—10. https://doi.org/10.1016/j.mechrescom.2017.10.004

© 2022 the Author(s), licensee AIMS Press. This is an open access

AIMS AJMS Press article distributed under the terms of the Creative Commons
: Attribution License (http://creativecommons.org/licenses/by/4.0)

AIMS Materials Science Volume 9, Issue 5, 684-701.



