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Abstract: An attempt has been made to model strain hardening parameters for sintered iron and 
iron-0.4% carbon steel preforms that are subjected to cold upsetting. The aspect ratios and lubricants 
are also considered as variables apart from the compositions. The 23 factorial design has been 
considered to design the experiment and subsequently Yate’s algorithm is utilized to construct the 
model. The model has further been refined using analysis of variance. The final model adequacy is 
determined through correlation coefficient which is predicted to follow near unity. Thus the 
mathematical model can be utilized to predict strain hardening parameters such as strength 
coefficient, K, and strain hardening exponent, n, subsequently to design the process parameters to 
inculcate the required strain hardening characteristics within the range of process parameters 
specifications that are considered in the present investigation. 
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1. Introduction 

Powder metallurgy (P/M) process has several benefits over conventional processes which puts it 
in the prime position for further research and developments. It was presented elsewhere that the parts 
produced by P/M process provides reduced specific density, improved corrosion and wear resistance, 
reduced thermal expansion and high strength to weight ratio [1,2]. It was reported that the P/M 
process is sustainable as it is able to reduce wastage by near net shape production [3]. Besides the 
energy consumption can be significantly reduced and is environmentally friendly as it does not 
produce harmful gases as in liquid state processing of such materials [4]. The conventional P/M 
process includes powder blending or mixing followed by cold, hot or warm compaction and finally 
the sintering process. The parts produced through this conventional P/M process inherits substantial 
amount of pores limiting its industrial use in high strength applications. To make such parts more 
useful in industry a secondary P/M operation is necessary. In the context of secondary P/M 
operations, metal deformation particularly cold deformation process takes advantage over powder 
extrusion, infiltration, heat treatment, etc. This is because the plastic deformation is the main way to 
improve the density of the P/M materials and ultimately its strength and performance. It was 
described elsewhere that the preforms produced by primary P/M process will undergo severe plastic 
deformation during cold deformation due to the presence of substantial amounts of pores [5]. As 
such, strain hardening is a critical factor in the study of plastic deformation of materials particularly 
for P/M materials. 

Luo et al. described that during plastic deformation of P/M materials, the stress continuously 
increases as the strain increases to produce continuous slip [6]. This is because the material 
undergoes strain or work hardening phenomenon and as the pores close during plastic deformation 
more stress is required for additional plastic deformation. It was presented that the failure of P/M 
materials that is appearance of visible crack on the surface can be commonly represented by ductile 
fracture mode [7]. The ductile failure mode depends on strain, stress, strain rate, friction, strain 
hardening, part geometry, amount of pores, etc. Ebrahimi and Pardis described that the fundamental 
Ludwick equation can be used to analyse the experimental strain stress curve for P/M materials and 
two important parameters of this theory are the strength coefficient (K) and strain hardening 
exponent (n) [8]. It was shown that the value of strength coefficient increases as the strength of the 
material increases due to plastic deformation which in turn closes the pores in the P/M materials 
whereas the value of strain hardening exponent is dependent on the plastic deformability of the 
material [5]. Pore volume decreases during compressive loading causing geometric strain hardening. 
Bouaziz et al. studied the effects of composition on work hardening characteristics of TWIP steels 
and presented a model that designers can use to produce Fe-Mn-C alloy with required composition to 
acquire desired mechanical properties [9]. The weight percentage of carbon in powder metallurgy 
steels were reported to play a vital role and affected the final products densification and deformation 
behaviour, strain hardening parameters as well as mechanical properties. It is noted that the strength 
coefficient, decreased and the strain hardening exponent, increased with increasing carbon particles 
in the powder metallurgy steels [10]. 

It was reported elsewhere that the friction plays a critical role during cold upsetting as metal 
flow, densification, strain hardening and workability depends on it [11]. Lubricants are important 
as it reduces friction during cold upsetting and problems like high pressure requirement during part 
ejection, tool wear and poor surface quality can be avoided if correct lubricant is utilized. It was 
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demonstrated that the lubricants such as zinc stearate, molybdenum disulfide, grease, graphite 
mixed in acetone are some common lubricants used to reduce between preform and die surfaces [12]. 
The effect of utilizing different lubricants were studied and reported that grease lubricant showed 
higher densification and strength coefficient over molybdenum disulfide and graphite lubricants [13]. 
Further, they reported that the initial preform geometry played a significant role in the influence of 
densification and strain hardening parameters. Li et al. evaluated the effect of reinforcements and 
lubricants on the die wear during the cold upsetting process [14]. Apart from many other factors 
such as compaction load, particle shape and size, lubricant showed significant contribution towards 
die wear during cold upsetting. Preform geometry also plays a significant role in the establishment 
of strain hardening characteristics as the amount of pores and its orientation is dependent of 
preform geometry. The amount of pores and its orientation is critical during cold compaction of 
P/M parts. The workability, strain and stress behaviour of AISI 9840 and AISI 9845 powder 
metallurgy steels during cold upsetting were investigated and it was noted that the lower aspect 
ratio preforms showed better densification and workability characteristics when compared to 
higher aspect ratio preforms [15]. 

It was observed from the literature that there is not much effort has been made to model the 
process parameters for the deformation characteristics of P/M material. In the present investigation, 
this research gap was taken into account and the attempt has been made to model the process 
parameters of the strain hardening characteristics of P/M steel preforms under the influence of preform 
geometry, friction conditions and compositions. The mathematical modelling is expected to determine 
the strain hardening parameters as close to the experimental prediction, which in turn avoid doing 
excessive experimental work within the prescribed tolerance of the process parameters considered. 

2. Research methodology 

The flow chart for the methodology followed in the present investigation is shown in Figure 1. 
It is evident that the research work initiated from the literature review to study the deformation 
behaviour of powder metallurgy P/M material and its main influencing process parameters. The main 
effects and its levels are identified accordingly the design matrix were set up to conduct the 
experiment. This is followed by delineating the strain hardening characteristics and the prediction of 
strength coefficient and strain hardening parameter. Finally the model is formulated using Yate’s 
algorithm and ANOVA process ended with residual analysis, before that the model adequacy were 
checked to find the best fit. 

3. Identifying the main effects and its levels 

The present research work main effects are considered as the compositions, aspect ratios and 
friction conditions under which the cold upsetting is carried out. Each main parameter consists of 
two levels respectively termed as low and high, which is depicted in Table 1. 
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Figure 1. Research methodology. 

Table 1. Main effect and their levels. 

S. No. Main effects Notation 

Levels 

Actual Code 

Low High Low High 

1 Composition C Fe Fe-0.4%C −1 1 

2 Aspect Ratio A 0.3 0.6 −1 1 

3 Lubricant L Dry Graphite −1 1 

Conventionally, any change of levels within the specification range needs fresh experiment to 
predict deformation characteristics as a consequence the experimentation includes extra cost, waste 
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of resource and time consuming. Thus, an attempt has been made to formulate the mathematical 
model to overcome these challenges in the present work. 

4. Design matrix 

Table 1 shows three different process parameters and its two actual levels, for both the levels of 
each variable or main effect the notations as well as the coding value are assigned. Usually for low 
level −1 and for high level +1 are used. In between the two actual levels, the required coding values 
shall be determined by the following expression as explained elsewhere [16]. 

௜ܥ ൌ
஼ೣିሾሺ஼೘ೌೣା஼೘೔೙ሻ ଶ⁄ ሿ

ሾሺ஼೘ೌೣି஼೘೔೙ሻ ଶ⁄ ሿ
        (1) 

where Ci is the required coded value of main effect of any value Cx between Cmin and Cmax; Cmin is 
the lower level of the main effect and Cmax is the higher level of the main effect. 

The coding values are used for the convenience of making the statistical analysis, in addition if 
the main effect is happened to be the qualitative aspect such as in the present work, compositions, 
shall be termed quantitatively as a coded value. The 23 factorial design has been utilized to design the 
matrix for the present work in order to include all the possible combinations of levels. The term “3” 
represents the number of the main effects. Table 2 shows the design matrix, which explains the order 
of experiment from 1 through 8 with combination of variables for each experiment order. 

Table 2. Experimental design matrix with the predicted K and n values. 

Standard order 
Coded factors K in MPa n 

C A L Trial 1 Trial 2 Trial 1 Trial 2 

1 or [1] −1 −1 −1 125 120 0.4 0.41 

2 or C 1 −1 −1 120 112 0.41 0.43 

3 or A −1 1 −1 99 90 0.44 0.47 

4 or CA 1 1 −1 96 90 0.43 0.44 

5 or L −1 −1 1 91 110 0.46 0.41 

6 or CL 1 −1 1 100 99 0.44 0.43 

7 or AL −1 1 1 76 90 0.46 0.45 

8 or CAL 1 1 1 87 79 0.46 0.48 

Although the design matrix is considered as base to conduct experiment, the experiments were 
not conducted as per the design matrix instead it was done in random order to avoid the systematic 
error infiltration. The two different trails of experiments were performed to determine the out 
variables such as strength coefficient, K and strain hardening exponent, n. In Table 2, the variable C, 
A and L are main effects and CA, CL, AL and CAL are interaction effects. The standard order “[1]” 
represents that the experiment carried out using low levels on each variable. 
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5. Experimental work 

Iron and graphite powders of −150 µm and −3 µm respectively are used to prepare Fe and  
Fe-0.4%C alloy preforms. Cylindrical preforms with the aspect ratios of 0.3 and 0.6 on each 
composition were prepared. The purity of iron powder was analysed to be 99.7%. The apparent 
density (AD), flow rate (FR) measured with hall flow meter and compressibility (ρ) at 420 ± 10 MPa 
of Fe powder and Fe-0.4%C blend are shown in Table 3. 

Table 3. Properties of Fe powder and Fe-0.4%C blend. 

Si. No. Property Fe Fe-0.4%C 

1. AD (g/cc) 3.38 3.35 

2. FR (s/50g) 26.3 28.1 

3. ρ (g/cc) 6.46 6.26 

4. Sieve size analysis of iron powder 

Sieve size (µm) 150 +126 +106 +90 +75 +63 +53 +45 +37 −37 

Wt% retained 9.16 22.62 10.36 1.1 19.14 13.06 10.17 4.77 0.51 7.8 

The amount of powders required to prepare Fe-0.4%C blend were taken and homogenously 
mixed using a ball mill machine. A hydraulic press with a capacity of 100 tons was used to compress 
this powder blend and a load of 420 ± 10 MPa was required to achieve an initial relative density  
of 0.86 ± 0.01. The compressed preforms were ceramic coated to prevent contamination and surface 
reaction with the air due to high temperatures during sintering. Then the preforms were sintered in a 
furnace at 1120 ± 10 ºC for 90 minutes followed by furnace cooling of the preforms. The cooled 
sintered preforms were machined to acquire the required height to diameter ratios and were subjected 
to upsetting operations using a flat die set. The load was varied in the increments of 0.04 MN and 
each time the following measurements were taken until surface cracks were visible, deformed height, 
bulged diameter, top surface contact diameter, bottom surface contact diameter and preform density. 
The open die upsetting experiments were conducted at two different friction settings; one is dry or nil 
lubricant and the other one is graphite employed lubricant condition. Experimental measurements 
were used to compute the true stress and true strain to delineate and predict the strain hardening 
characteristics of the preforms. 

6. Strain hardening characteristics and prediction of its parameters 

The plot (Figure 2) shows strain hardening behaviour of Fe and Fe-0.4%C with the influence of 
aspect ratios and lubricants under cold upsetting operation. 
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Figure 2. Stress-strain behaviour. 

It can be observed in general that inducing the strain proportionally increasing the stress for all 
the combination of variables; however, raise in stress shows two different stages. The initial stage is 
relatively shorter span as compared to the second stage that possess maximum span and it is found to 
be rising gradually. The second stage observed to prevail from 0.25 height strain onwards, where 
retardation in the stress raise can also be observed as compared to the initial stage. This is due to the 
dislocation of internal particles along with pores in both axial and radial directions. It is reported that 
in the second stage, dislocation is more in radial than in the axial direction as the particle movement 
in axial direction contributes to the matrix hardening and subsequently stress raise [7]. It is noted that 
P/M material under plastic deformation exposed not only to matrix hardening as well as to geometric 
hardening this is due to the closure of porosities. Further, it is noticed that smaller the aspect ratio 
and higher the friction condition, enhances the resistance to deformation substantially. The Fe of 0.3 
and 0.6 aspect ratio deformed under nil lubricant shows higher stress values for any given height 
strain as compared to the same preforms deformed under graphite lubricant. Since, higher friction 
condition hinders the dislocation of particles in radial direction that lead to higher resistance to 
deformation. With regards to the influence of aspect ratios, it was observed that Fe of 0.3 aspect 
ratios deformed irrespective of friction conditions show higher stress values as compared to 0.6 
aspect ratio preforms. As the smaller aspect ratio preforms undergo more uniform load distribution 
that enhances the resistance to deformation at much faster rate. Almost similar characteristics 
observations were found for Fe-0.4%C preforms as far as the influence of aspect ratios and lubricants 
concerned. On the side of the influence of compositions for two different aspect ratios it can be 
observed that the Fe-0.4%C steel preforms show bit higher stress values than Fe preforms on the 
later stage of deformation as compared to the initial stage of deformation. Another careful 
observation reveals that dispersion of curves between the compositions is much evident in nil 
lubricant rather than in the graphite lubricant condition. 

The true stress against true strain is plotted on log-log graph in order to predict strain hardening 
parameters which is shown in Figure 3. 
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Figure 3. Stress-strain in log-log plot. 

Figure 3 is shown for iron preforms that are deformed under nil lubricant but with two different 
aspect ratios. It reveals that increase of height strain is proportionately improves the stress, however, 
0.3 aspect ratio preform resists deformation at higher pace than 0.6 aspect ratio preform. The similar 
observation has been made in Figure 2 as well. A power law relationship can be drawn from Figure 3, 
for stress-strain that follows the Ludwik’s strain hardening equation as: 

ߪ ൌ  ௡          (2)ߝܭ

where ߪ is true stress and ߝ is true strain, the K is strength coefficient and n is the strain hardening 
parameter. The K and n are determined by finding the intercept and slope in Figure 3, respectively. 
Similarly plots were made for all other combinations of variables in order to predict their respective 
K and n values. The predicted values are shown in Table 2. 

7. Formulation of mathematical models and estimation of factor effects 

7.1. General regression model 

The general regression model shall be formulated in the following form for K and n: 

ܭ ൌ ଴ߙ ൅ ܥଵߙ ൅ ܣଶߙ ൅ ܣܥଷߙ ൅ ܮସߙ ൅ ܮܥହߙ ൅ ܮܣ଺ߙ ൅  (3)            ܮܣܥ଻ߙ

݊ ൌ ଴ߚ ൅ ܥଵߚ ൅ ܣଶߚ ൅ ܣܥଷߚ ൅ ܮସߚ ൅ ܮܥହߚ ൅ ܮܣ଺ߚ ൅  (4)                   ܮܣܥ଻ߚ

where, ߙ଴ through ߙ଻ and ߚ଴ through ߚ଻ are coefficients of main factor effects and interaction factor 
effects for K and n respectively. 

7.2. Yate’s algorithm 

The ܭ	ݎ݋	݊ ൌ ݂ሺܥ, ,ܣ  ሻ; The models (3) and (4) include all the main factors and its first orderܮ
interactions. The estimation of main factor and its interaction effects are calculated using Yate’s 
algorithm. The results are shown in Table 4. 
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Table 4. Estimation of main and interaction factor effects for K. 

Factor 

order 

Response K in MPa Total 

Response 

Yates Column Factor 

estimate

Sum of 

Squares (SS) 

Co-eff. of regression 

model (CF) Trial 1 Trial 2 (1) (2) (3) 

[1] 125 120 245 198.00 156816.00 99 

C 120 112 232 375 732 −18 −2.25 20.25 −1.125 

A 99 90 189 400 −16 −170 −21.25 1806.25 −10.625 

CA 96 90 186 332 −2 12 1.50 9.00 0.75 

L 91 110 201 −13 −102 −120 −15.00 900.00 −7.5 

CL 100 99 199 −3 −68 14 1.75 12.25 0.875 

AL 76 90 166 −2 10 34 4.25 72.25 2.125 

CAL 87 79 166 0 2 −8 −1.00 4.00 −0.5 

In addition to the estimation of “factor effects”, the sum of squares and the coefficients for the 
mathematical model are also calculated and portrayed in Table 4. 

ܵܵ ൌ ௒௔௧௘௦	௖௢௟௨௠௡	ሺଷሻమ

ଶ௡∗
         (5) 

ܨܥ ൌ ௌௌ

௒௔௧௘௦	௖௢௟௨௠௡	ሺଷሻ
          (6) 

where, ݊∗ is total number of experimental orders, the Yate’s algorithm and its corresponding column 
(1), (2) and (3) predictions are explained elsewhere [17]. It can further be noted that the CF shall be 
determined from the factor estimate as well. 

7.3. ANOVA study 

The main and interaction factors estimated from Yate’s algorithm should be validated to 
understand which factors are most influential and less or no influential, accordingly the model shall 
be refined. Thus ANOVA study is implemented to carry out; for which a R-software is used [18,19], 
whose results for strength coefficient, K are tabulated in Table 5. 

Table 5. ANOVA for K. 

Source of 

variation 

Sum of 

Squares 

Degrees of 

freedom Mean square Fcalculated Fcritical % contribution 

C 20.25 1 20.25 0.3913 0.54904 0.63 

A 1806.25 1 1806.25 34.9034 0.00036 55.78 

CA 9 1 9 0.1739 0.68762 0.28 

L 900 1 900 17.3913 0.00312 27.79 

CL 12.25 1 12.25 0.2367 0.63964 0.38 

AL 72.25 1 72.25 1.3961 0.2713 2.23 

CAL 4 1 4 0.0773 0.78805 0.12 

Residuals 414 8 51.75 12.79 

Total 3238 15 
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Faraway described in detail with explanations the terms and the expressions for sum of squares, 
degrees of freedom and mean squares [20]. The % contribution by each factors were also included in 
Table 5. The expression used to calculate for percentage contribution is: 

݊݋݅ݐݑܾ݅ݎݐ݊݋ܥ	% ൌ ௌ௨௠	௢௙	௦௤௨௔௥௘௦

்௢௧௔௟	௦௨௠	௢௙	௦௤௨௔௥௘௦
ൈ 100     (7) 

It can be observed from the table that maximum contribution is made by aspect ratios, then 
lubricants followed by the interaction of aspect ratios and lubricants. It is important to note that the 
main factor composition and the interaction of compositions, aspect ratios and lubricants together as 
well as interaction of lubricants and aspect ratios individually with composition makes negligible 
contribution. The same phenomenon can also be proved by observing the values of F calculated, Fcal, 
and F critical values, Fcrit, in Table 5. The Fcrit value can either be obtained from F distribution table 
for 95% confidence level or these values shall be predicted by the R-software itself. The Fcal shall be 
determined using mean square value divided by mean square residual. Now comparing the value of 
Fcal and Fcrit, the necessary conclusion shall be drawn. For instance, if, Fcal > Fcrit, indicates the 
corresponding factor making significant effect; else, Fcal ≤ Fcrit indicates the factor makes no 
significant effect on strain hardening characteristics. 

8. Regression model 

The generic model for K was given in Eq 3. The coefficients are found in Table 4 that can be 
substituted in Eq 3 as follows: 

ܭ ൌ 99 െ ܥ1.125 െ ܣ10.625 ൅ ܣܥ0.75 െ ܮ7.5 ൅ ܮܥ0.875 ൅ ܮܣ2.125 െ  (8) ܮܣܥ0.5

The significant factors that contributes for the influence of strength coefficient is studied using 
ANOVA in Table 5, thus Eq 8 can be refined into the following form: 

ܭ ൌ 99 െ ܥ1.125 െ ܣ10.625 െ ܮ7.5 ൅  (9)    ܮܣ2.125

Similarly the final expression for, n has been formulated as follows: 

݊ ൌ 0.4388 ൅ ܣ0.015 ൅ ܮ0.01 ൅  (10)    ܮܣܥ0.00625

It can be noted from Eq 10 that for “n”, aspect ratios, A, and lubricants, L, making significant 
effect, further interaction factor, CAL also making significant effect; unlike it was observed in Eq 8, 
where CAL makes no effect in “K”. 

9. Residual analysis and model adequacy 

The residuals or error for the model, Eq 9 is found using the following expression: 

݈ܽݑ݀݅ݏܴ݁ ൌ ௢ܭ െ  ௣         (11)ܭ

where, Ko is strength coefficient observed or found from experiments and Kp is strength coefficient 
predicted using model, Eq 9. 
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To express the residual analysis, the plot for residual against Kp, normal score and normal 
probability is drawn and it is shown in Figures 4, 5 and 6 respectively. Similar plots for “n” are 
shown in Figures 7, 8 and 9, respectively. 

 

Figure 4. Residual against Kp. 

 

Figure 5. Residuals vs normal score for K. 
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Figure 6. Residual vs normal probability for K. 

 

Figure 7. Residual vs predicted n. 

 

Figure 8. Residuals vs normal score for n. 
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Figure 9. Residual vs normal probability for n. 

It can be observed from Figure 4, that residuals mostly fall in ±5 except few residuals that falls 
apart; however the correlation coefficient predicted for residuals against normal score and normal 
probability is 0.98. This confirms that the residuals or well within the control limit. A similar 
observation can be made for “n” from Figures 7 through 9, whose residuals correlation coefficient is 
found to be 0.93 maximum. Further an attempt has been made to cross check the adequacy of model 
using regression coefficient, r, which is also found to follow 0.9, such as 0.93 for K and 0.9 for n. 
The expression to determine, r, is as follows [21]. 

ݎ ൌ ඨ∑൫௄೛ି௄ഥ೚൯
మ

∑ሺ௄೚ି௄ഥ೚ሻమ
         (12) 

where, ܭഥ௢, is the average of Ko values. 

10. Results and discussion 

The mathematical model developed in the present investigation is proven to follow much close 
tolerance to the observed values, thus the model can be used to predict strain hardening characteristics 
values for the chosen variables of interest with the specified levels. The data generated from the models 
are plotted as response surface and contour plot for K, which is shown in Figures 10 and 11 
respectively. A similar plot was drawn for n and is shown in Figures 12 and 13, respectively. 
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Figure 10. Response surface plot for K. 

 

Figure 11. Contour plot for K. 

 

Figure 12. Response surface plot for n. 
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Figure 13. Contour plot for n. 

It is noted from Figures 10 and 11 that the influence of aspect ratios is bit greater than the 
influence of lubricants. Further it can be observed that decreasing the aspect ratio along with 
decreasing the lubricant substantially improves the strength coefficient. The contour and response 
surface plot can be utilised to design the components for the required strength coefficient, K. For 
instance to obtain K value of 93 MPa and above, the aspect ratio of less than or equal to 0.55 with 
lubricant value of 0 to 0.4 should be chosen. Thus the plots can be used as a tool to identify the 
parameters range in order to obtain a particular strain hardening characteristics. 

Similarly, response surface and contour plot (Figures 12 and 13) for n, reveals that decreasing 
lubricant and decreasing aspect ratio leads to less strain hardening exponent. On the other hand 
increasing both the parameters leads to highest, n, value. It is also important to note from the contour 
plot (Figure 13) the lines are bit curved, which is due to the interaction effect of the compositions. 

11. Conclusions 

The following are the major findings from the present investigation: 
 The mathematical model for strain hardening characteristics of Fe and Fe-0.4%C with the 

influence of aspect ratios and lubricants are developed. The values predicted through models 
are found to have close tolerance with the experimentally observed values. Therefore for the 
chosen limits of the influencing variables this model can directly be utilised to predict strain 
hardening parameters. By this unnecessarily performing experiments can be avoided apart 
from saving time and materials. 

 The surface response and contour plot developed using the mathematical model shall be 
utilised as a tool to identify the parameters range in order to obtain a particular strain 
hardening characteristics. For instance to produce components with the strength coefficient of 
93 MPa or above, the aspect ratio of ≤0.55 and the lubricant of ≤0.4 can be chosen. 

 The addition of 0.4%C with Fe show nil influence in strength coefficient, K, however little 
influence is evident for strain hardening exponent, n. On the other hand, decreasing aspect 
ratios and the lubricants substantially improves strength K but retards n. 
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