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Abstract: Invadopodia are finger-like protrusions that are commonly spotted at the membrane of the
invasive cancer cell. These structures are a major cause of death among cancer patients through
metastasis process. Signal transduction stimulated upon contact between ligand and membrane
receptors is identified as one of key factors in invadopodia formation. In this study, a time-dependent
mathematical model of signal and ligand is investigated numerically. The moving boundary of plasma
membrane is taken as a zero-level set function and is moved by the velocity that accounted as the
difference of gradient between intra-cellular signal and extra-cellular ligand. The model is solved using
a combination of ghost with linear extrapolation and finite difference methods. The results showed that
the stimulation of signal from membrane associated ligand consequently moved the plasma membrane
outward as time increases. The highest densities of signal and ligand are recorded on the membrane
and slowly diffused into intra-cellular and extra-cellular regions, respectively.
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1. Introduction

As stated in [1], the development of cancer cells is caused by the malignant transformation. The
occurrence of cancer commences due to the uncontrolled proliferation of the cancer cells and the
inactivation of the tumor suppressor pathways [2]. Also, genetic instability will cause the cell to
proliferate and leading to the formation of tumors. Generally, the aspects that can contribute to the
formation of cancer are the self-sufficiency in proliferative signaling, evasion of tumor growth
suppressors, apoptosis, invasion of tissue, angiogenesis, and metastasis [3]. The invasive cancer cell
can invade the other tissue and thus lead to the occurrence of the metastasis process. Metastasis is the
dissemination of tumors from the primary location to other parts of the body and this is a concerning
issue because the secondary tumor is more threatening and can contribute to the high death cases
among cancer patients [4,5].

In order for cancer to spread, the metastatic cancer cells have to penetrate several physical barriers
to escape from the primary tumor [6,7]. For that purpose, finger-like protrusions, or invadopodia are
formed and enable the invasive cancer cells to pass through it. According to [8], invadopodia are
obtained from the stimulation of a signal that makes a branched actin assembly at the sites of the
membrane. The formation of invadopodia involves several biological processes and it can be observed
on the plasma membrane. A series of studies from [9—13] have widely explored the cancer cell invasion
at the tissue level. In their study, they have included many factors that can support the cancer cell
invasion in tissue through the explanation of mathematical modeling.

Meanwhile, invadopodia can be observed in the sub-cellular region. Therefore, in recent years,
the sub-cellular part has been the focus of study. According to [14—16], the formation of invadopodia
begins with the degradation of the extra-cellular matrix (ECM) by the matrix-degrading
enzymes (MDEs) such as matrix metalloproteinases (MMPs). After the degradation of ECM, the
ligand is produced and diffused to the extra-cellular region. The signal is stimulated on the intra-
cellular region after the binding of the ligand with the membrane-associated membrane such as
epidermal growth factor receptor (EGFR) has occurred. The stimulation of the signal caused the up-
regulation of the MMPs and actin polymerization.

The formation of invadopodia from the perspective of mathematical modeling has been proposed
by [14]. They have been introduced the mathematical modeling for the formation of invadopodia
through modeling the equations for ECM, MMPs, ligand, and actin. The positive feedback loop on the
invadopodia formation has been shown in this study. In their study, they managed to show the level of
invasiveness through the different rates of MMPs. Since they are implemented on the fixed boundary
domain, there is an issue raised when actin is spotted at the extra-cellular region, and it contradicts the
biological fact that actin is in the intra-cellular region.

In the meantime, [15,17] suggested a new variable in the formation of invadopodia, which is
signal transduction. Mathematical modeling is performed on one-dimensional time-dependent
signal transduction. Also, these studies highlighted the movement of the free boundary
interface (plasma membrane) to indicate the formation of protrusions on the interface by using the
formula of the gradient of intra-cellular signal. Their study successfully displayed the changes in
the location of the membrane as time increases. Also, the concentration of the signal can be
indicated as higher on the plasma membrane. Additionally, a study on the formation of invadopodia
that emphasized signal transduction has been considered by [18]. The two-dimensional time-
independent signal transduction is studied, and from this approach, it is obvious that outward
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protrusions or invadopodia existed on the plasma membrane.

Besides, [16,19,20] explained the formation of protrusions on the interface by highlighting the
mathematical model of two-dimensional ligand and signal. They also mentioned the method of the
level set to solve the free boundary interface. Those studies have applied the method of ghost fluid
with linear extrapolation and second-order centered difference to discretize the neighboring and regular
grid points, respectively. In the meantime, the polymerization of actin is accounted for by the gradient
of the intra-cellular signal and this consequently moves the plasma membrane. Apart from that, the
concentration of MMPs is set as a Gaussian function on the interface. Further, [21] has studied the
two-dimensional time-independent of signal and ligand with the Dirichlet boundary condition for both
signal and ligand regions.

Hence, by considering the above-mentioned studies, this paper explored the two-dimensional
time-dependent signal transduction and ligand for the formation of invadopodia. This is the new
mathematical modeling proposed since models with time constraints have not yet been implemented.
Meanwhile, the displacement of the interface is accounted for as jump velocity and this is a new
technique to deal with the velocity on the interface. Also, the level set method is presented to capture
the movement of the interface by locating the interface as the zero-level set function. Other methods
that are involved in the numerical computation are second-order centered difference and ghost fluid
with linear extrapolation particularly to solve for the regular and neighboring grid points, respectively.

2. The mathematical modeling
2.1. The equations of the mathematical modeling

In this section, the mathematical modeling for the formation of invadopodia on the plasma
membrane of an individual cancer cell is described. There are four key variables focused on this paper
to interpret the molecular interactions between ligand denoted by c¢*(x, t), signal denoted by o(Xx,t),
the velocity or the movement of the free boundary interface denoted by v(x,t), and the velocity
extension denoted by w(X, t). In this paper, the actin polymerization is accounted as the difference of
gradient between the intra-cellular signal and extra-cellular ligand that consequently moves the
interface. The molecular interactions between the variables are described in the square domain as in
Figure 1a and defined as Q = 05* U I U 07 to represent the extra-cellular, interface, and intra-cellular
regions, respectively. Also, Figure 1b portrayed the schematic diagram for the process of formation of
invadopodia in terms of biological.
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Figure 1. The figures showed the geometrical setting for the complete domain in two-
dimensional invadopodia formation and the biological flow for the process of invadopodia
formation. The existence of MMPs on the plasma membrane led to the degradation of ECM.
After the degradation activity, the ligand is created and diffused to the extra-cellular region.
Ligand is bound with the membrane-associated receptor, EGFR, and the signal is
stimulated in the intra-cellular region. The signal will initiate the up regulation of MMPs
and polymerization of actin. Also, the movement of the interface is explained as the
difference in a gradient of intra-cellular signal and extra-cellular ligand (a) The geometrical
setting for the complete domain of two-dimensional invadopodia formation and (b) The
schematic diagram for the process of formation of invadopodia.

This work is carried out after considering the gap from the work in Gallinato et al. where the time-
dependent (parabolic equation) model has been considered. By considering the time-dependent model,
the simulation can be carried out for a longer time. However, the elliptic model proposed by Gallinato
et al is reasonable for a short time only because of the time is approaching zero. Thus, the parabolic
version is carried out to investigate the behaviors of the protrusions as time increases. In addition,
referring to the model in Gallinato et al., the Neumann condition has been applied for ligand (c*),
however, this work emphasized the Dirichlet condition where on the interface, the concentration of a
ligand is similar to the signal. In addition, the velocity is accounted for as the difference of gradient
between intracellular signal and an extracellular ligand that is yet considered in Gallinato et al.

Equation 1 shows the dynamics of ligand where the creation of ligand begins with the occurrence
of ECM degradation and thus ligand may diffuse to the extra-cellular region. Also, there is no ligand
on the square domain since ligand is produced on the plasma membrane assuming that the ligand does
not reach the boundary of domain The ECM degradation is executed by the activity of the MMPs.
Given that at any time t, the interface carried the flux of MMPs and is taken as a trigonometric function
g(x). On the other hand, Eq 2 refers to the signal transduction where the binding of the ligand with
the receptor on the plasma membrane, in particular, EGFR will stimulate the signal. The signal is
pivotal for the formation of invadopodia and this is not mentioned in [14]. However, it is introduced
in [15-17]. The signal will be diffused to the intra-cellular region and bring to the activities of up-
regulation of MMPs and polymerization of actin.
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Actin is known as the cytoskeletal protein in cells and its polymerization leads to changes in the
interface location. Hence, actin polymerization is assumed as the velocity of the interface. In previous
works, [16,17,21], the velocity is set as the gradient of intracellular signal only. In this work, velocity
is accounted for as the difference of gradient between intra-cellular signal and extra-cellular
ligand (refer to Eq 3). This purpose is newly discovered, and this approach is appropriate since the
signal and ligand situated in two different areas are used. Employing the level set method, the velocity
with the whole domain is also required. Thus, the velocity extension proposed by Gallinato et al. is
applied in this work (refer to Eq 4).

From the above explanations, the mathematical modeling for the formation of invadopodia are
stated in Eqs 1-4.

Ligand dynamics:

i =Ac*, x€0¢, telo,T],
c*=0, X € 0Q, t€[0,T], (D)
¢’ =g(x), x €T}, t € [0,T].
The stimulation of signal transduction:

o; = Ao, x € 07, te€[0,T],

2)
o=c", x €Ty, t €[0,T].
Velocity of the interface:
v =Vo — V¢, x €T, t €[0,T]. 3)
Velocity extension:
VY -V)w =0, X EQ, t €10,T],
W=y, x €Ty, t € [0,T]. 4)

where 1 is the level set function.

3. Results and numerical simulations

In this section, the numerical simulation results are presented. The mathematical modeling is
carried out in a two-dimensional space dimension with time constraints. In the numerical computation,
the domain, () is described in square domain with size dimension in x and y axes are set
to [—L, L] X [—L, L]. The number of lattice points in x and y axes is set to (Mx,My) = (100,100).

The step size for x and y is taken as h = " where M is the size of the matrix and the time step is k. In
this paper, the individual invasive cancer cell is focused on. Thus, the first level set is assigned as the
equation of circle, z/JB = x? + yjz — 12 with radius set to 7. The circle obtained is to portray the

plasma membrane of an invasive cancer cell.

The regions of interface, intra-cellular, and extra-cellular are differed using the approach
of Yi'; = 0,9"; <0, and 1;; > 0. From this procedure, the activities of signal and ligand can be
distinguished. From the perspective of biology, the formation of invadopodia is a continuous process
and it started from the degradation of the ECM by the MMPs. In this paper, the concentration of the
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MMPs is cited in [16] and is presented as a function g(x) where g(x) = €[2 + cos (3m(x +
y))cos (m(x + 0.3))] and € = 107°. The parameter values used in the numerical computation are
stated in Table 1. In this paper, the simulations are carried out in um units. This is supported by the
study in [29], where the inner diameter of many cancer cell lines is in um units.

Table 1. List of parameter values.

Parameter Values

L Ium

M 100um
r gum

k gseconds

Meanwhile, the velocity extension is performed using the partial differential equations (PDEs)
method to gain the information of the velocity from every area of the interface. Since the level set
method is implemented, not only the velocity on the interface is needed, but the velocity of the whole
domain is also essential. Thereafter, the level set function is updated using the equation of transport,
Yy + v - Vip = 0 and the gradient of ¢ is based on the second-order upwind scheme. Meantime, the
velocity on the interface will be identical to the velocity extension or we will set it as v = w.

3.1. Initial results

Figure 2 are the initial distribution for the level set, ligand, and signal. First, the initial level set
function is taken as the equation of a circle. As shown in Figure 2a, the circle in the square domain is
to indicate the individual invasive cancer cell before the formation of invadopodia on the interface.
Figures 2b,c are the initial distribution for ligand and signal. Suppose that the process is commencing
only as MMPs degrade the ECM and in this case, the concentration of MMPs is assumed as a function
g. Only then, the ligand and signal concentrations are received.
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Figure 2. The distributions of (a) level set, (b) ligand, and (c) signal at T = 0 min.
3.2. After time steps

The numerical computation is continued until the protrusion on the interface is visible. At T = 24
min (478 iterations), small protrusions can be spotted at the interface as illustrated in Figure 3a. Also,
the accumulation of ligand starts to begin particularly on the extra-cellular region as shown in
Figure 3b. Apart from that, the stimulation of the signal can be observed in the intra-cellular region
due to the ligand and receptor interactions. Referring to Figure 3c, there are some spots that can be
noticed from the signal concentration. Pointing to the concentration of ligand and signal, the higher
concentration is detected at the location of interface and this is proven from a study in [17] in which
the concentration of signal is shown to be highest on the plasma membrane. This is also applicable to
the concentration of ligand because, on the interface, the concentration of the ligand is similar to the
concentration of signal. Hence, the activity on the intra-cellular and extra-cellular can be the reason
for the invadopodia formation.
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Figure 3. The distributions of (a) level set, (b) ligand, and (c) signal at T = 24 min (478 iterations).

By continuing the numerical computation, at T = 35 min (701 iterations), there are finger-like
protrusion marks on the interface as illustrated in Figure 4a. Hence, the small protrusion at T = 24
min is observed to become longer as time proceeds. In medical terms, the appearance of this protrusion
indicates that the cancer cell is becoming more invasive. Therefore, the movement of the cancer cell
begins. Because the numerical computation is time-consuming, the computation is running up to 1000
iterations only. However, we believed that the protrusions would become longer as time increases.
Referring to Figure 4b,c the distribution profiles of ligand and signal are similar to the location of
protrusion. The protrusion can be spotted at the positive location of x and y axes. These figures also
show that the signal is only existing in the intra-cellular region and ligand is in the extra-cellular region.

These outcomes successfully proved the interactions in the intra-cellular and extra-cellular
regions to be similar in the biological study. Besides, with the aid of the jump velocity approach, the
resulting protrusions accurately describe the real shape of the invadopodia which is the finger-like
protrusions.
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Figure 4. The distributions of (a) level set, (b) ligand, and (c) signal at T=35 min (701 iterations).

The cancer cells use invasive finger-like protrusions to degrade the ECM. According to [30], the
presence of highly dynamic actin is likely to produce force for motility and longevity of the protrusions.
Apart from that, the types of cortactin that initiate the actin polymerization has been explained
in [31-33]. In our model, the invasive protrusion due to the force created by the actin polymerizations
is accounted as jump velocity. Hence, the interface velocity by the actin moves the plasma membrane
to the leading edge.

The signaling process by ligand-EGFR has been widely explored in [34,35] due to their prominent
roles in cellular processes. It is a complex process and the signaling itself comprises various types of
signaling such as autocrine, paracrine, and juxtacrine. Referring to the signaling process, it is only
stimulated with the ligand-receptor interaction. Hence, the role of EGF or ligands has been described
in [36,37]. Nevertheless, in our model, the behavior of ligand and signal to the dynamic of the
invadopodia is investigated by taking the diffusion of ligand and signal to the extra-cellular and intra-
cellular regions, respectively. As mentioned by [38], the appearance of adhesion signaling promotes
the invadopodia formation. The signaling could enhance the invadopodia numbers due to the secondary
effect of the increase in MMP proteinases activity. Therefore, from the simulations, the invadopodia
are formed at the location of the high signaling process.

AIMS Bioengineering Volume 9, Issue 3, 252-265.



261

3.3. Numerical errors

In this section, the numerical errors are performed to verify the effectiveness of the numerical
computation. In this paper, the numerical errors for the level set are focused and is given on Table 2
and in Figure 5. The formula used in getting the numerical errors is the maximum norm formula. The
computation is carried out in a two-dimensional space with domain [—1,1]? discretized on a uniform
grid. Due to time-consuming, the computation is conducted up to 1000 iterations (T = 50 min) and
for every hundredth, the errors are observed. As shown in Table 2, the error is decreasing as iterations
increased. The illustrated error is clearly seen in Figure 5.

Table 2. The numerical errors for the level set.

Iteration Absolute error
100 0.0395999338
200 0.0387998713
300 0.0379998139
400 0.0371997622
500 0.0363997171
600 0.0355996797
700 0.0347996513
800 0.0339996339
900 0.0331996288
1000 0.0323996383
DEH T T T T T T T T
0.039
0.038
5 0.037
@
[1§]
5 0.036
[=]
A
® 0.035
0.034
0.033
0.032 : : : : . . . .
100 200 300 400 500 600 70D  BOO 900 1000

iteration

Figure 5. The numerical errors for the level set.
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4. Conclusions

This paper studied the formation of finger-like protrusions or invadopodia on the plasma
membrane of the invasive cancer cell. The mathematical modeling involved the PDEs model for signal,
ligand, velocity, and velocity extension. In mathematical biology studies, [14] has explored the
formation of invadopodia that comprises the densities of ligand, actin, ECM, and MMPs. Also, a new
variable introduced by [15] which is a signal that is considered essential in the process of invadopodia
formation. Additionally, the level set method is emphasized in this study to detect the interface location.

In this paper, the mathematical modeling of time-dependent signal and ligand is considered. Also,
the polymerization of actin that consequently moves the interface is assumed as the velocity function
and taken as the difference of gradient between intra-cellular signal and extra-cellular ligand. This is a
new approach presented in this paper. Also, to obtain the velocity information from each area from the
interface, the velocity extension is applied. The degradation of MMPs is also performed and taken as
a function of g. The equations in the mathematical model are selected particularly to explain the
biological interaction for the invadopodia formation.

In the numerical discretization scheme of the Laplace operator in signal and ligand, there exist
types of points in the grid that should be considered, which are the points that are exactly on the
interface, regular, and neighboring points. At the points that are exactly on the interface, the value is
set as g, while regular and neighboring points are using second-order centered difference and ghost
fluid with linear extrapolation, respectively. The level set method is also described to detect the
location of the interface by setting the interface as the zero-level set function. The area of the interface,
intra-cellular, and extra-cellular are can also be determined using this approach.The numerical results
showed that the protrusion-like shape can be found on the interface, and it moves outward to represent
the presence of the invadopodia. This result is relevant to show the cancer cell invasion process through
metastasis at the sub-cellular level. The invadopodia expanded in size as time increased. In the
meantime, the ligand and signal distribution also show high concentration at the place where the
protrusion formed. This conveyed that, the protrusion can be spotted at the high level of ligand and
signal densities. Also, referring to the signal and ligand distributions, it is indicated that the signal can
be found on the intra-cellular region and ligand is on the extra-cellular region. Meanwhile, the
numerical errors are also given to verify the effectiveness of the numerical computation.

Although the formation of invadopodia on the plasma membrane has been shown, the complete
model on the formation of invadopodia is necessary to be executed. In future research, the
mathematical model for the membrane-associated receptor, such as EGFR should be considered since
it is one of the important factors that should be in the invadopodia formation. Also, the mathematical
model for the signal and ligand can be improved by including the diffusive rate and decay term.
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