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Appendix: Detailed formula for statistic and machine learning models 

A.1 ARIMA statistic model 

ARIMA is a classic time series prediction model that builds an autoregressive and moving average 
model after differential and stationary time series data. 

For each asset–region pair (𝑖, 𝑗), the ARIMA(𝑝, 𝑑, 𝑞) model is specified as 𝜙(𝐵)(1 − 𝐵)ௗ𝑟௧൫𝑖,𝑗൯ = 𝜃(𝐵)𝜀௧൫𝑖,𝑗൯,        (A1) 

where 𝐵denotes the backshift operator, 𝜙(𝐵) = 1 − ∑ 𝜙௞௣௞ୀଵ 𝐵௞, and 𝜃(𝐵) = 1 + ∑ 𝜃௞௤௞ୀଵ 𝐵௞. 

The innovation sequence is assumed to satisfy 𝜀௧൫𝑖,𝑗൯ ∼ 𝒲𝒩(0, 𝜎ଶ).         (A2) 

Model orders (𝑝, 𝑑, 𝑞) are selected using information criteria such as AIC and BIC. 
The One-step forecast equals: 𝑟̂௧ାଵ∣௧ = ∑ 𝜙௞௣௞ୀଵ 𝑟௧ାଵି௞        (A3) 
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Forecast error: 𝑒௧ାଵ = 𝑟௧ାଵ − 𝑟̂௧ାଵ∣௧         (A4) 

Mean squared forecast error: MSFE = 𝔼[𝑒௧ାଵଶ ]        (A5) 

Gaussian predictive density: 𝑟௧ାଵ ∣ ℱ௧ ∼ 𝒩(𝑟̂௧ାଵ∣௧, 𝜎ଶ)       (A6) 

A.2 XGBoost machine learning model 

XGBoost is a machine learning model based on the gradient improvement framework, with high 
efficiency and strong scalability, and can process large-scale data and perform well in a variety of 
prediction tasks. 

Let 𝑥௧൫𝑖,𝑗൯ ∈ ℝௗ denote the feature vector constructed from lagged returns and auxiliary variables. 

XGBoost approximates the forecasting function by an additive ensemble of regression trees: 𝑟̂௧൫𝑖,𝑗൯ = ∑ 𝑓௞௄௞ୀଵ (𝑥௧൫𝑖,𝑗൯), 𝑓௞ ∈ ℱ,       (A7) 

where ℱ denotes the space of decision trees. The model parameters are estimated by minimizing 
the regularized objective ℒ = ෌ ℓ(௧்ୀଵ 𝑟௧൫𝑖,𝑗൯, 𝑟̂௧൫𝑖,𝑗൯) +෌ Ω(௄௞ୀଵ 𝑓௞),      (A8) 

with regularization Ω(𝑓) = 𝛾𝑇 + ଵଶ 𝜆 ∥ 𝑤 ∥ଶ.        (A9) 

The Empirical risk: ℛ෠(𝑓) = ଵ்෌ ℓ(௧்ୀଵ 𝑟௧, 𝑓(𝑥௧))       (A10) 

Population risk: ℛ(𝑓) = 𝔼[ℓ(𝑟௧, 𝑓(𝑥௧))]        (A11) 

Excess risk: ℰ(𝑓) = ℛ(𝑓) − inf௚∈ℱ ℛ(𝑔)       (A12) 

Bias–variance decomposition: 𝔼[(𝑟௧ − 𝑟̂௧)ଶ] = Biasଶ + Var + 𝜎ଶ      (A13) 
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Regularized minimizer: 𝑓መ = argmin௙∈ℱ ℛ෠(𝑓) + 𝜆 ∥ 𝑓 ∥       (A14) 

A.3 LSTM deep learning model 

LSTM is a recurrent neural network specializing in processing sequence data with long-term 
dependencies and is widely used in fields such as time series prediction. 

Let 𝑥௧ denote the input vector at time 𝑡. The LSTM dynamics are defined by 
Forget gate: 𝑓௧ = 𝜎(𝑊௙𝑥௧ + 𝑈௙ℎ௧ିଵ + 𝑏௙)       (A15) 

Input gate: 𝑖௧ = 𝜎(𝑊௜𝑥௧ + 𝑈௜ℎ௧ିଵ + 𝑏௜)       (A16) 

Cell candidate: 𝑐̃௧ = 𝑡𝑎𝑛ℎ(𝑊௖𝑥௧ + 𝑈௖ℎ௧ିଵ + 𝑏௖)      (A17) 

Cell state update: 𝑐௧ = 𝑓௧ ⊙ 𝑐௧ିଵ + 𝑖௧ ⊙ 𝑐̃௧        (A18) 

Output gate: ℎ௧ = 𝑜௧ ⊙ 𝑡𝑎𝑛ℎ(𝑐௧)        (A19) 

The forecast 𝑟̂௧ାଵis obtained via a linear projection of ℎ௧. 
Loss function: ℒ(𝜃) = ෌ (௧்ୀଵ 𝑟௧ − 𝑟̂௧)ଶ        (A20) 

Gradient update: 𝜃௞ାଵ = 𝜃௞ − 𝜂∇ఏℒ         (A21) 

Vanishing gradient bound: ∥ ப௛೟ப௛೟షೖ ∥≤ ∏ ∥௞௝ୀଵ 𝑓௧ି௝ ∥        (A22) 

Stability condition: ∥ 𝑓௧ ∥< 1          (A23) 

A.4 Transformer-based large models 

Transformer-based models map an input sequence 𝑋 = (𝑥ଵ,… , 𝑥்) into latent representations 
using self-attention: 
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Attention(𝑄, 𝐾, 𝑉) = softmax ൬ொ௄఻ඥௗೖ൰ 𝑉.      (A24) 

Multi-head attention is defined as MHA(𝑋) = Concat(headଵ, … , headு)𝑊ை.      (A25) 

Temporal embeddings encode seasonality and frequency information: 𝑧௧ = 𝑥௧ + 𝑒௧(௣௢௦) + 𝑒௧(௙௥௘௤).       (A26) 

Attention weight: 𝛼௜௝ = ୣ୶୮(௤೔఻௞ೕ)෌ ୣ୶୮(೅೗సభ ௤೔఻௞೗)         (A27) 

Context vector: 𝑐௜ =෍ 𝛼௜௝௝்ୀଵ 𝑣௝        (A28) 

Effective memory length: ℳ = max௜,௝ ∣ 𝛼௜௝ ∣        (A29) 

Time complexity: 𝒪(𝑇ଶ𝑑)          (A30) 

Low-rank approximation (TimesFM motivation): 𝑄𝐾ୃ ൎ 𝑈𝑉ୃ         (A31) 

© 2026 the Author(s), licensee AIMS Press. This is an open access 
article distributed under the terms of the Creative Commons 
Attribution License (https://creativecommons.org/licenses/by/4.0) 

 


