Supplementary Material

Detailed Proofs of theorems in the paper

A multi-strain sequential super-infection model for dengue fever with antibody
dependent enhancement
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1 Existence of the Endemic Equilibrium Point

1.1 Case 1: Considering Primary Infection Dynamics

We now consider the primary infection dynamics only as the initial case where S, # 0, A, # 0,
I, # 0 and R, # O then the system admits an endemic equilibrium point given by:
pA,m . YA+ ol

*
* 4 * 9/1177[

S = 3 A: 3 I: s R_
T T T TS M TR TS M R TR

*

Now, considering the force of infection for the vector population we have,

. b
A, = = (BT, + nAy) (1.1)
h

Substituting for I}, and A;, in the force of infection yields,

= bB.p ( pra, N nor )
"N w+u+a) W+yu+4a,)

(1.2)

but we know that the primary force of infection in human beings at the endemic equilibrium is
. BByl
given by A%, = Lhny

h

Back substitution for 4, in the above expression yields:

1= bzp”ﬁvpﬁhplj + bzngﬂﬁvpﬁhpl;k (1.3)
" N+ o)uN; +bBuILy)  Ny(u+y)uN; + bB,I;) '
From the two equations in vector dynamics we establish that
B, . A;B,
S, = and [, = ——
Mo+ A5 oy + A7)
DBy (7o +y) + 7nu + o)

N+ BByl = —2F I 1.4
/’l hv B’pvv N;; ( (I~l+0-)(/l+y) )ﬂhpl ( )

Substituting with I in the above expression yields the following:

bﬁhp/l:ZBv _ bzﬁvpﬂhpBV
Hy Npp(u + o) +y)

ppty + AN + (mo(u +7) + 7+ )4, (1.5)

Further algebra and simplification yields 4] = 0 and

v o, DBy [\ + o) + ) N;? '
yNh+T



but we established that

R = bzﬂﬁhpﬁvav[p(:u + 7) + 779(!1 + O-)]
o M2+ )+ o)

thus

WV
p= | TRy -1) (1.7)

« b,Bhva
uN, +

v

1.2 Case 2: Assuming Negligible deaths in overall Disease dynamics

Now we consider the infection dynamics for the whole model and we note that in addition to the
primary infection equilibrium, the model will now admit both primary and secondary infections
as the endemic state with secondary infections given as S; # 0, A; # 0, V # 0, I, # 0 and
R, # 0, then the system admits an endemic equilibrium point given by:

(1 - w)vR, + kV* . 04S; . PALS: wVR’,
S* — , A* — s 8 , - §TS , V* — p
' Ay +H Tty 7 (uta+d) (u +4)

Now considering force of infection for the vector population we have,

o bp.p(I, + 1A}, + bBys(Ig + nAY)
v N;;

(1.8)

Substituting for I, A}, I7 and A in the force of infection and carrying out some algebraic
simplifications we get:

b A O A*
el * a )|

NP G w8 T e ) (19)
.\ b PYA,S N noy .S '
N [T \wu+a+6) (u+y)
where
g e —a))v( yon A, )+ (1 —a))v( opnd, )
A p \ A+ )] s (v o)+ )
WKV ( yond, ) K ( wvopnd, )
+ +
W+ W+ ) \W+V)p+yp+ )] g, +p\@+ 0w+ v)p+ o)+ 45)
(1.10)
and X bl y ,
s — hsty — hs /l* — hsﬂ* — /l* h — hs
P R R A %
We note that 4, = b[j(’,—”[

h



From the two equations in vector dynamics we establish that S, = Mﬁvﬁ and I] = — (ﬁiﬁt)'
Further simplification of 4;, after back substitution of S} and I} yields:
bBy, B\ A,
P By (1.11)

PN+ 43)
Rearranging the above equation and making A the subject of the formula yields:

: Nt A,

A, =
(b:Bhva - NZ/Jv/l;)

(1.12)

Substituting Equation 1.10 into Equation 1.9 and also substituting Equation 1.12 into Equa-
tion 1.9 yields a polynomial in terms of 4,.

Simplification of the terms we get the equation:

A4, _ ca, . Da,

B-PA, u+d, p+a;
B ;(G/lp+H/lp+M/lp)
WA, + W + A7)
(G/l*p+H/l;;+M/l;)

WA+ + A)

(1.13)

+ F/l;

With coeflicients:

__DbBwppr _ bnon
SNt T Nty
:M _ bB,smoy :M

Niu+a+0)’ Ny +y) L+ E+7y)
_oprd-wy . _ wvybnx
Tt T @ w+y)

WYOPRK .
P=N,u,

N= L+ 0+ v+ o)

A =u’N;, B=bB,,B, C

Further simplification of Equation 1.13 yields:

(Ay + PEG + PEH + PFG + PFH + PEM + PFM)/F;,3
+ (Auy + Au+ PCy + PCu + PDy + PDu
— BCy — BDY — BEG — BEH — BEM — BFG — BFH — BFM)/l;;2
+(Au® — BCu — BDp)A, = 0

(1.14)

which is analogous to:
(A} + AL, + Ay) = 0 (1.15)



With the coefficients given as follows:

i o _buBupp(l - wyoyr - bupp’yor(l - w)y
Cu (ra+)E+HVu+y) Wt+a+8)u+vV(u+o)
bﬂwgvsngw(l - a))V’)/HTF + b/.lvﬂvsf]elﬁO'pﬂV(l - w)
(u+y)Pu+v) Ww+yY)u+v)(u+o)
N b, Bvspyp wvyOn N bi,BysnOY wvyOnk
(U+a+0)u+)u+vu+y)  (@+y)>u+ow+y)

Ag

(g + )+ )+ ) + Wy bBippT + gty bBppr + pybnbn + pu,bnfn
B L+ +7y)
) ﬁvpp(ll+'}’)+779(ll+0')
o ﬁ’”"/’BV( W+ O +7)
_ HPByvY8BuspYBy  wr(u+y) + (1 - @)+ k)
H+a+o)p+v)(u+y) W+ +7y)
b*BipBusnOWvB,  ap(l — w)(u + k) + WwykO(u + o)
@ty (+ )+ &)

A,

Ay =(1-Ry)

2 Global Stability Analysis

Definition 1. We define the Volterra-Lyapunov function as:
12
L= Z bi(x; — X' In X)) 2.1)
i=1

Which in extended form is given as:

L=b(S,-S;InS,)+by(A, - A;InA,)+bs(I, - IIn1,)
+by (R, —RyInR,) + b5 (S, = S:InS,) + bs (A, — Al InA))
+by;(I,—I'Inl,) + bs (I, — I In 1) + by (R, — R:InR,)
+bio(V=V'InV)+by (S, - S;InS,)+ b (I, - I;Inl,) (2.2)

where b; > 0 are positive constants to be determined.



Now computing the time derivative, 2 along the trajectories of Model 2.1 we obtain:

> dr

dL S¥\ ds A%\ dA I\ di,
—:bl(l——”)—”+b2(1——”)—”+b3(1 )

dt S,) dt A,) dt 1,) dt
+b4(1—§—i)%+b5(1—§—§)d2 b(l_fﬁ)dcf;
£ onf-2)%
+b10(1_$)cfj—‘; bll(l—i—v)di blz(l—l—v)cil—lt (2.3)

Now using Model 2.1 equations, we substitute into the derivative and we get:

*

dL Sy »
a5 [b— 1,8, —uS,]+b, L= 2064, =+ )4,)

* >k

+bs|1 - I—P)[p/l,,s,, —(u+o)l,] + b4(1 — R—")[yA,, +ol,— (u+V)R,]
p p

*

S
+ bs 1—5—5)[(1 —W)VR, + KV = A8 — uS]

*

A
+ b6 I - _s)[G/lsSs - (ﬂ + ')/)Av] + b7(1 -

I*
As I_s)[p/lsSv - (ﬂ t+a+ 6)1v]

I*
+bg[1 - I—h)[(SIS —(u+e+dI,]
h

* *

R Vv
+bol1 — —)[7A +al;+ el — uR,] + b10(1 - —)[va —(u+kxV]

\O

R

* *

S I
+ bll(l - S_v)[Bv - /lev _,quv] + blZ(1 - I_v

v v

)[/lev - ,uvlv] (24)

2.1 Coefficients of the Lyapunov Function

The coefficients are chosen so as to guarantee the cancellation of terms and achieve dL <0,
which is a necessary condition for the Lyapunov function. Thus we choose the Lyapunov coef-
ficients as follows:



Lemma 1. The coefficients b; are chosen to satisfy:

by =1 (2.5)
b6
= —7 (2.6)
u+y
b
by = 2.7)
U+o
by = M (2.8)
U+w+v
bs = (1 — w)vby + kb (2.9)
A+
bhsOA*
bg = ——2 (2.10)
p+y
bspd*
by = —F% @2.11)
H+a+o
b:6
by = — 1 2.12
8 u+e+d ( )
by + ba + b
b = 26Y 1 ¥ Ds€ 2.13)
u
b
by = 24 (2.14)
u+k
biad
| = 2 (2.15)
A+,
b[B,,(bs + nby) + B,(b7 + nb
biy = [Byp(b3 + 1by) ;3 (b7 + nbs)] (2.16)
N,

where the equation in by, incorporates the form of 1.

Using Model 2.1 equilibrium conditions and the chosen coeflicients above, many terms in Z—I;
cancel out. After sufficient algebraic manipulation, we obtain:
dL Sp=53\ A= ALY I - LY
—=-b S, —by(u+ A, —bs(u+ 1
dt llu( Sp )4 2(;“ ’}’)( Ap 4 3(/-1 O-) Ip p
R, — R\’ S,—S7\ A, - AV
-b PV R, — bsu| ——=| S, - b —) A,
4(,U+V)( R, ) p 5#( S ) 6(H+)’)( A )
I, -\ L - I\ R, - R\
—bi(u+a+9) Iy —bg(u+e€e+d) I, — bou R,
I I, R
2 2 2
V-V S, —S; I, -1I;
—blo(ll+l<)( % ) V—bn#v( 3 ) Sv—blz,uv(l—) I, (2.17)

Following this analysis, we clearly see that L > 0 and ”{’1—1; < 0 at only the Endemic Equilib-
rium Point (EEP); therefore L(S ,,A,.1,,R,, S, Ay, I, I, R, V, S, 1,) is a Lyapunov function
since all the state variables are continuous and bounded with derivatives in the space 2. We
summarise this conclusion by stating the following theorem:

7



Theorem 2.1 (Global Asymptotic Stability). The endemic equilibrium point

(S5.45. 1. R S AL IR V'S0 T)

vy

of the model is globally asymptotically stable in the interior of Q, since all state variables are
continuous and bounded with derivatives in L.

Proof. The defined Volterra-Lyapunov function L = Y%, b;(x; — x7In x;) establishes global
stability through the following properties:

(i) Positive Definite. The Volterra-Lyapunov function satisfies the properties of a Lyapunov
function, which emanate from the properties of each term x — x* In x.

(ii) Negative Time Derivative. We have shown that:

dL 12 xi_x;Z
E:—Zbi( - )xiSO

i=1 !

where b; > 0 are positive constants.
(iii) The Invariant Region. The set where 4 = 0 is:

3k

":O,Vizl,z,...,lz}

Xi— X

Ez{xEQ:

Xi
The set above implies that x; = x7, Vi, so E = {x"}.

(iv) Largest Invariant Subset. Since E = {x*} and the invariant point satisfies dd—": = 0, the largest
invariant subset of £ is M = {x*}.

(v) LaSalle’s Invariance Principle. Every trajectory x(¢) of Model 2.1, starting in the interior of
Q, approaches M = {x"}.

Conclusion. Since this reasoning satisfies all the initial conditions within the interior of €,
convergence is global within the feasible region. Therefore, the endemic equilibrium x* is
globally asymptotically stable in the interior of Q. O

3 Bifurcation Analysis

To investigate the local dynamics of the endemic equilibrium point, we apply the center mani-
fold theorem by [?]. We denote the state variables as follows

dS, dA, dl, dR, dS, dA, dl, dl, dR; dv dS, dl,
(fl’fZ’féaf;b,f‘S’fG’f7af‘89f95f109fll’f12): d_tp’d_tp’d_;]’d_tlj’Tts’d_tS’d_;’d_th’d_tx’E’d_t"d_;)
and we change the model variables



Sp,Ap, 1, Ry, S, A, I, 15, R, V, S\, 1) = (X1, X2, X3, X4, X5, X6, X7, X8, X9, X105 X11, X12)

dx1
=2

Hr=22=02,x - (u+y)x

== ApX| — X

3= th = pApx1 = ( + 0)x3

fi= i; =yxy+0x3— (U+V)xy

fs = jli: = (1 = w)vxy + kV — Axs — uxs
fo = % = 0A,x5 — (U + V) X6

fr = i; = pAsxs — (U + a + 0)xy

fs = jli: = 0x7 — (U + €+ d)xg

fo= f;l—j: = YXe + @X7 + €Xg — X9

fio = % = wvxs — (U + K)X10

fir= % =B, - Ayxi1 — poxn

fio = % = X1 — [y X12

Choosing the bifurcation point 8, = 8, , and Ry = 1, we solve for Ry = 1 and we get;

5 (U y) (o)

Biv = Bhp = Fuyipteeyyenitaro]

3.1

The Jacobian of the system above evaluated at the disease free equilibrium point with 8, = 8, ,

is given as below;

J(Ey) =

coocoococcoocool

0 0 0 0 0 0 0 0 0 0 B
—(u+y) 0 0 0 0 0 0 0 0 0 D*
0 —-(u+o) O 0 0 0 0 0 0 0 F*
y o —(u+v) 0 0 0 0 0 0 0 0
0 0 0 —u O 0 0 0 0 0 0
0 0 0 0 —(u+o0) 0 0 0 0 0 0
0 0 0 0 0 —(u+a+d) 0 0 0 0 0
0 0 0 0 0 y —(u+e+d) 0 0 0 0
0 0 0 0 b% a € -« 0 0 0
0 0 w 0 0 0 0 0 —(u+x) 0 O
M* N* 0 0o wr P* 0 0 0 —u O
o R 0 0 S T* 0 0 0 0 —u



With eigenvalues of the above matrix at Ry = 1 given as follows;

/11:—/.1

/12:—,[1

Az =—u

/14:_/1\/

As=—-(y + ) (3.2)
A = —(u+K)

A7 =—(u+v)

Ag=—(y+do+p)

Adg=—(d+e+p)

and for the bifurcation point Ry = 1 the equation in II reduces to
A= = Ay + 0 +2u+ ) + Rk —1)] =0

Further simplification of the polynomial yields;

(o +20)+ \ o+ 20,2 +4(Rok—1) (r+o+2pH4) = N (r+o+ 20+, 2 +4(Rok—1)
/110 = ) and /111 = )

From the above equation it is clear that there exist a simple eigenvalue 4;, = 0 at the
bifurcation point Ry = 1 while the rest of the eigenvalues have negative real parts.

It can be noted that Model 2.1 has at least 1 zero eigenvalue while the rest have negative real
parts. The right eigenvector associated with the zero eigenvalue of J(B ) at Ry = 1 is obtained
from J(,Bj;p)w = 0 and is given by w = (W, wa, W3, W, Wy, Ws, We, W7, Wg, Wo, W10, Wi1, Wi2)!
where

—-bw12S
W] — 12 pﬁhp
HUNp
Wo = bw126S pBhp
2 (Y+1)N;,
Wa = bw120S pPip
—
_ 2 3
W4 = u+v
W5 — W10K+W4V—W4VWw
u
we =0 (3.3)
wy = 0
wg = 0
Wo = 0
. Wiw
Wio = K+
_ _bSv(WSﬁvp"'WZUBVp)
wiun=——n~N_
viVh
w _ th(W3[£p+W277ﬁvp)
12 ﬂth

10



The left eigenvector associated with the zero eigenvalue is obtained from vJ By, = 0 which
must satisfy the condition vw = 1, is found to be v = (v, vy, v, v4, Vs, Vg, V7, Vg, Vo, V105 V11, V12)
where

Vv = 0
vy = venSBp
27 THoNy
- bVlZ V,pr
37 (oHNy
V4 = 0
Vs = 0
V6 — bVlZ’ISvﬁm
T (C+wNy
Vv, = bVlZSvﬁv,r (34)
77 (a+5+mNy,
Vg = 0
Vg = 0
Vio = 0
Vi1 = 0
Viy = b(v20+v30)S ,Bhp
12 Nipty

Sincevl =0,v4 =0,v5s =0,vg =0, vy =0, vip = 0 and v;; = 0, we do not need derivatives of

Jus fas I55 f35 fo Sfro and fii

The non-vanishing second order partial derivatives of f,, f3, fs, f7 and fi, are:

PHE.¢) _PHE$) _ b0

(9)61(9)612 B (9)612(9)61 Nh
PHE.6) _ PHE.S) _ bpBy
0x10x12 0x120x, Ny
O fo(E, ¢") _ O fo(E?, ¢") _ bO#Phs
(9)65(9)612 (9)612(9)65 Nh
PHE.¢) _ PHE.G) _ bptpis
0x50x12 0x120x5 N,

P fi(E°, ¢") _ P fi2(E°, ¢") _ Dnpis
0x20x1; 0x110x, N,

P fi2(E%, ¢%) _ & fi2(E%, ¢%) _ bBus
(9x3(9x11 (9x116x3 Nh
P fi2(E%, ¢%) _ & fi2(E%, ¢%) _ bnps
0x60x11 0x110x¢ N,

P fi(E°, ¢") _ & fi2(E°, ¢") _ DBis
0x70x1; 0x110x7 N,

11



Thus, considering the assumptions of the Center Manifold Theorem, we are guaranteed that the
nature of the endemic equilibrium point of the system near the chosen bifurcation point can be
guaranteed by the signs of the constants a and b whose formulae is given by

2
a= Zz,i,j=l VkWinai,-gij(EO,(b*) and b= ZZ,[=1 Vi lafa?h (EO ¢ )

Hence we obtain the constants a and b as:

boB bop bOOBss bodBh,s b1Bas
a = v[2(wiwi2) N,fp]+v3[2(W1W12) ’;th”]+v6[2(w12w5)%]+v7[2(w12w5)%7‘]+v12[2(wzw11)'17\,—[7+
2(wawi) - ﬁhr

Substltutmg for the obtained values of v,, v3, vg, V7, V12, Wi, Ws, Wiy, wio and evaluating the
value of b at the disease-free equilibrium point yields;

2b S, (qwatw3)Bup = (b9(7+ﬂ+f7(5+ﬂ))52(9V2+PV3)W1213,21Pﬁhs 4 bSpSvV12W1zﬁlzlpﬁvp#v(ﬂ(7+ﬂ)+7l9(0'+/~l))
N}z (y+u)(5+4) u(y+u)(o+)
+ NONLS V12(V(1 w)W4+W10K)ﬁmﬁ‘sﬂv(9(w+5+/~l)+,0(0'+ﬂ))]
pla+o+p)(o+u)

)

and

ab®S v (qwi2+w3)BipBay Py +0)+10(0+10))
b= 3 >0
My N (y+p)(0+p0)

From the above expressions of a and b, we note the b is always positive thus the bifurcation
of the given system depends on the sign of a. Following this analysis, we will summarize the
conclusions by stating the following theorem

Theorem 3.1. Following the bifurcation analysis,

1. When a > 0, meaning when

[779le5 wia(v(d- w)W4+W1oK)Bhcﬁvru»(9(0+r5+/1)+p(0+u))] b9(7+u+n(5+u))S§(GVz+pV3)mzﬁﬁ,ﬁm + bS pSmzW12ﬁﬁ,,,3vp/1v(p(7+u>+n9(tf+/t))
pa+o+p)(o+1) (y+0)(6+1) H(y+)(+p) ’

thus the system will undergo backward bifurcation when Ry = 1 and 3, = B, »

2. When a < 0, meaning when

[UHN;, W12 V(1 =)Wy +w10K)BrsBrsiy (9(a+6+;1)+p(o—+y))] bO(y+u+n(6+1)S 3 (9V2+PV3)W12ﬂ/,]ﬁhr + bS S vVl2W1Zﬂ%]ﬁvpﬂv(p(7+ﬂ)+7]9(0-+,u))
p(a+6+p))(o+u) (y+u)(6+p) p(y+p)(o+p) ’

thus the system will undergo forward bifurcation when Ry = 1 and 3, = By

12



4 Jacobian Matrix Coefficients

Expressions of coeflicients used in the Jacobian Matrix:

5 Full Model PRCC Value Table

B = _bfvpﬁhp, D = be*j\;:ﬁhp’
h h
F* = bpf\;ﬁhp’ M = _bn']\s;vﬁvp’
h h
_bSV v -b Sv Vs
N* — Nﬂ P’ W* — 75\, ﬁ ,
h h
oo TBSBi . DnS By
N, °’ N, ’
bSv v vPvs
N, Ny,
T = bSv,Bvs
N,

Table 1: PRCC and P-Values for S ,, A,, I, and R,

Parameter S, A, I, R,

PRCC P-Val PRCC P-Val PRCC P-Val PRCC P-Val
b -0.428 6.84e-45 0.415 5.16e-42 0.409 8.46e-41 0.583 4.67¢-90
Brp -0.139 1.31e-5 0.059 0.064 0.087 6.67e-3 0.189 2.61e-9
T 0.423 8.82e-44 -0.022 0.486 -0.017 0.590 0.034 0.289
u -0.700 2.74e-145 0.273 3.49e-18 0.275 1.77e-18 0.128  6.30e-5
0 -0.124 1.05e-4 0.276 1.63e-18 0.155 1.10e-6 0.213 1.77e-11
y 0.263 6.79¢-17 -0.517 6.79¢-68 -0.256 4.49e-16 -0.212 2.07e-11
o 0.089  5.24e-3 -0.189 2.54e-9 -0.485 6.25¢-59 -0.085  7.92e-3
P -0.061 0.055 0.018 0.582 0.135 2.20e-5 0.069 0.031
w 0.041 0.199 -0.020 0.529 -0.040 0.217 -0.043 0.177
v -0.057 0.073 -0.045 0.163 -0.054 0.090 0.008 0.809
K -0.003 0.917 -0.054 0.092 -0.052 0.101 -0.016 0.628
¢ 0.008 0.810 -0.049 0.128 -0.048 0.136 -0.017 0.585
Bhs -0.043 0.181 -0.044 0.172 -0.040 0.217 0.012 0.719
1% 0.029 0.360 -0.010 0.764 -0.011 0.730 -0.037 0.248
0 0.001 0.987 0.010 0.751 0.026 0.414 0.032 0.314
€ 0.019 0.553 0.045 0.162 0.052 0.106 0.042 0.188
d -0.015 0.631 0.011 0.731 0.018 0.583 -0.019 0.557
B, -0.364 5.36e-32 0.348 2.83e-29 0.382 1.87e¢-35 0.468 1.57e-54
Bup -0.370 4.80e-33 0.336 2.87e-27 0.342 2.56e-28 0.454 7.34e-51
n -0.110  5.63e-4 0.106 8.73e-4 0.102 1.35¢-3 0.124  9.46e-5
Bus -0.016 0.614 0.064 0.047 0.063 0.047 0.042 0.193
My 0.674 1.28e-130 -0.539 7.71e-75 -0.556 2.07e-80 -0.653 3.07e-120

13
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Table 2: PRCC and P-Values for S, A, I, and I,

Parameter Sy Ay I I

PRCC P-Val PRCC P-Val PRCC P-Val PRCC P-Val
b 0.402 2.70e-39 0.480 1.14e-57 0.468 2.37e-54 0.447 2.51e-49
Bhp 0.105 9.56e-4 0.077 0.016 0.100 1.77e-3 0.084 8.22e-3
Fis 0.004 0.903 -0.090 4.76e-3 -0.064 0.044 -0.074 0.020
u 0.153 1.44e-6 0.340 5.75e-28 0.305 1.68e-22 0.166 1.79¢-7
0 0.250 2.07e-15 0.319 1.51e-24 0.256 4.17e-16 0.233 1.57e-13
y -0.103  1.28e-3 -0.467 3.65e-54 -0.265 3.11e-17 -0.142 8.32e-6
o -0.073 0.023 -0.184 6.21e-9 -0.162 3.24e-7 -0.029 0.357
P 0.059 0.066 0.056 0.078 0.148 3.35e-6 0.191 1.83e-9
w -0.154 1.27e¢-6 -0.111 5.10e-4 -0.126 8.0le-5 -0.074 0.021
v 0.233 1.64e-13 0.155 1.14e-6 0.189 2.48e-9 0.224 1.20e-12
K -0.032 0.323 -0.032 0.312 -0.030 0.345 0.004 0.910
1) -0.082 0.010 -0.007 0.826 -0.001 0.982 0.048 0.130
Bhs -0.088 5.72e-3 -0.004 0.894 0.009 0.779 0.028 0.377
a -0.021 0.512 -0.033 0.307 -0.235 8.54e-14 -0.167 1.60e-7
1) 0.043 0.179 0.017 0.589 -0.065 0.043 0.215 1.05e-11
€ 0.062 0.052 0.029 0.363 0.030 0.341 -0.419 8.52e-43
d -0.017 0.599 -0.005 0.877 -0.001 0.971 -0.106 8.83e-4
B, 0.296 2.89¢-21 0.378 1.39e-34 0.386 3.65¢-36 0.336 2.50e-27
Bp 0.262 7.68e-17 0.390 6.41e-37 0.381 2.99¢-35 0.372 1.91e-33
n 0.082 0.011 0.100 1.77¢-3 0.106 8.55e-4 0.076 0.017
Bus 0.060 0.059 0.052 0.107 0.053 0.098 0.033 0.304
My -0.237 5.58e-14 -0.588 3.70e-92 -0.571 9.53e-86 -0.522 1.41e-69

Table 3: PRCC and P-Values for R, V, S, and I,
Parameter R \% S, I,

PRCC P-Val PRCC P-Val PRCC P-Val PRCC P-Val
b 0.478 5.08¢-57 0.410 7.00e-41 -0.007 0.820 0.484 1.08e-58
Bhp 0.114 3.31e-4 0.067 0.036 -0.008 0.800 0.101  1.56e-3
b3 -0.085 7.59e-3 -0.003 0.921 0.013 0.677 -0.122  1.26e-4
u 0.155 1.11e-6 0.235 9.86e-14 0.043 0.174 0.406 3.20e-40
0 0.317 3.20e-24 0.238 4.92e-14 0.004 0901 0.211 2.33e-11
y -0.117  2.33e-4 -0.296 2.79¢-21 0.102 1.40e-3 -0.404 8.74e-40
o -0.045 0.161 -0.220 3.67e-12 0.055 0.088 -0.257 2.79%-16
Je 0.101 1.61e-3 0.062 0.054 -0.032 0.322 0.046 0.150
w -0.126  7.65e-5 -0.011 0.726 -0.006 0.854 -0.026 0.419
v 0.232 2.03e-13 0.211 2.39e-11 -0.008 0.810 -0.033 0.299
K -0.010 0.762 -0.188 2.96e-9 -0.005 0.880 -0.034 0.283
¢ 0.009 0.769 -0.042 0.189 0.019 0.560 -0.038 0.238
Brs 0.026 0.408 -0.046 0.147 0.029 0.360 -0.023 0.470
a -0.026 0.409 -0.020 0.529 0.059 0.064 -0.004 0.889
1) -0.004 0.907 0.008 0.810 -0.019 0.546 0.012 0.706
€ 0.311 1.82e-23 0.039 0.218 -0.018 0.565 0.008 0.800
d -0.058 0.070 0.013 0.695 -0.022 0.488 0.023 0.480
B, 0.391 4.95e¢-37 0.343 2.05e-28 0.901 0 0.513 7.83e-67
Bup 0421 2.17e-43 0.329 3.60e-26 -0.057 0.077 0.501 2.4le-63
n 0.101 1.52e-3 0.102 1.40e-3 0.028 0.388 0.136  2.07e-5
Bus 0.004 0.899 0.053 0.100 0.015 0.641 0.051 0.109
My -0.570 2.47e-85 -0.536 5.87e-74 -0.888 0 -0.784 6.06e-205
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