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A. Proof of Theorem 7

We prove the local existence of the solution (g”!, g”*) on a small time interval near 7.
Step 1: Cole-Hopf transformation and homogenization. Let

st = (&)™, i=12
Then s;(t, f1) satisfies the auxiliary parabolic equation
1 N
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To work with homogeneous boundary conditions, we shift the unknown functions by their terminal
value

(1, 1) 3)

Vi(t,,a) = S,‘(t,,&) - 1’ l = 1’2 (4)

A direct computation shows that v; satisfies the inhomogeneous equation
1o
ov; + 52 aﬂv,- + bi0pv; — civi = ¢, &)
together with homogeneous terminal and Dirichlet boundary conditions
vi(T, 1) =0, vi(t,=L) = 0. (6)

The coefficients b;, ¢; remain exactly as above, with &€ and ¢ now expressed through v; by substituting
s; = 1 4+ v; into (2)—~(3). The state variable j1 is restricted to a sufficiently large symmetric interval
[-L,L]. From the economic viewpoint, this is without loss of generality. The expected growth rate
[(t) follows a mean-reverting O-U process, and its dynamics ensure that it remains in a bounded
range with overwhelming probability. Moreover, for any finite time horizon, the probability that
|f(r)| exceeds a large threshold L decays exponentially in L, so taking L sufficiently large makes the
truncation error negligible. Hence, we work on the bounded domain [—L, L] and impose homogeneous
Dirichlet boundary conditions v;(¢, +L) = 0 for the transformed problem. The existence of a unique
local solution on this domain is sufficient for our purposes.
Step 2: Reformulation as a fixed-point problem. Define the vector

v(t, 1) = (vi, ),
where v; are the homogenized variables from Step 1. From (5)—(6), the system for v reads
o + L (V)v; = ci(v), i=1,2,
with the second-order linear operator

1

Yi —
L7 (V) >

Ezéﬁvi + bi(V)aﬁv,- - Ci(V)V,',

where b;(v) and c;(v) are computed from v via the substitution s; = 1 + v; in (2)—(3).

We now introduce the solution map §. Given a guess v = (v, V,)’, we evaluate €, ¢ through the
formulas above using v, and form the corresponding coefficients b; = bi(V), C; = ¢;(V). Then, for each
i = 1,2, solve the linear parabolic problem

1 ~ _
Ov; + §z2a§vi +bi0yvi —Cvi =G, vi(T,f1) =0, vi(t, L) = 0. (7

Equation (7) is decoupled; v, and v, are determined independently from their own equation, but both
depend on the same guess v through the coefficients. We define

FV)=v=>,wn).

Journal of Industrial and Management Optimization Volume 22, Issue 9, 4599-4626.



3

A fixed point v* = F(v*) solves (5)—(6), and therefore s; = 1 + v} yields a solution of the original
auxiliary system (1)—(3) with s7(T, 1) = 1, s7(t,+L) = 1. Reverting the Cole-Hopf transformation
then gives the desired equilibrium strategies. We shall prove the existence of a unique fixed point in a
weighted parabolic Sobolev space on a short time interval by using the Banach fixed-point theorem.

Step 3: Function spaces with exponential weight. We restrict the state variable f to a sufficiently
large symmetric interval [—L, L] and work on the bounded cylinder

Q: Q5 = [T_57T]X[_L9L]

Let p > 3. For a measurable function f on Q, we define the L” norm

l/p
1SNl = (f |f(t,ﬁ)|pdtd/ft) )
o

The standard (unweighted) parabolic Sobolev space W},’Z(Q) is defined as the set of functions f such
that

2
||f||WpL2(Q) = 1fllro) + 10:fllro) + 105 f vy + 1103 fllir o) < 0.

For a parameter 4 > 0, we introduce the weighted parabolic Sobolev space W;’ﬁ(Q) consisting of
all functions f for which

1llw20) = e f ||W,‘;2(Q) < ©o.

The standard (unweighted) space corresponds to 4 = 0.
The product space we work with is

Xsa = {v = (n1,v2) € W, 3(Q) x W,3(Q) : vi(T, i) = 0, vi(t, =L) = 0},

endowed with the norm ||v||x,, = ”VlHW‘ﬁ(Q) + ”vzHWl’i(Q)'
P P
Because the spatial domain is one-dimensional and p > 3, the parabolic Sobolev embedding (which
is unaffected by the smooth weight) gives

W,3(Q) = C'*22*%(Q)  for some a € (0, 1). ®)
In particular, for any f € Wll,j(Q),
I f ey + 10af =0y < C0||f||W;§(Q)’

where the constant Cy can be chosen independent of ¢ ([1], Lemma 2.5, Proposition 2.10).
Now we fix 4 > 0 (e.g., 4 = 1) and define the radius

R = % min(l, Cio)

Then CyR < % For a given R, we define the closed ball

Br = {V € X(S,/l : ”V”XM < R}'
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For any v € Bg, we have

1 1

Villzw) £ CoR < 5 0avillz=) £ CoR < 5

Consequently, s; = 1+ v; satisfies s; > % and s; < % so the expressions (2)—(3) are well-defined, strictly

positive, and uniformly bounded away from zero and infinity. Moreover, the coefficients b;, c; belong
to L*(Q) and the maps v — b;, v  ¢; are Lipschitz from (Bg, || - [Ix,,) to L*(Q),

1 2 1 2 1 2
||bi(V( )) - bi(V( ))”L"“(Q) + ”Ci(V( )) - Ci(V( ))”L‘X’(Q) < Lcoel‘f”V( b )”X@,{a )
where L. 1S a constant.

Step 4: Linear estimate via maximal regularity. We fix a guess v € By and let EE be the
associated coeflicients. Equation (7) for v; reads

Avi + %zzazv,- + b0y — v =C,  vi(T,)) =0, vi(t,£L) = 0. (10)
We introduce the reversed time variable
T=T-1t, 7 €10,0],
and set

Vi(r, () = vi(T — 7, [1).

Since 9,v; = —9.V; and ¥;(0, 1) = v{(T,1) = 0, Equation (10) transforms into the forward parabolic
problem

1 —~ _ ~
0.V = 52%95% + b0V — Vi = ¢,  ¥(0,) =0, ¥(r,+L) =0. (11)
Now we introduce the exponential weight in reversed time,

A

wi(T, ) = e Vi(T, 1).

Differentiating and using (11), we obtain
1 2a2 7 —Ar=
aTW,' — EZ 6ﬁw,' — biaﬂwi + (CT, + /l)W, =—-e " C (12)

with initial condition w;(0, i) = 0 and boundary conditions w;(t, +L) = 0.

Equation (12) is a uniformly parabolic equation with a positive zero-order coefficient ¢; + 1. By
the weighted maximal regularity theory for parabolic equations ([2], Theorem 3.4; [3]), problem (12)
admits a unique solution w; € W;’Z(QT), and there exists a constant C, such that

_/h-z‘:

'”Lﬂ(QT)' (13)

Iwillyi2,) < Cplle
It remains to translate this estimate back to the original variables. By definition,

vit, ) = (T = 1, ) = T (T = 1, ),
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and the weighted normon Q = [T —6,T] X [-L, L] 1s

-AT-1)

||Vi||W,‘,j§(Q) = ”e Vi“w,}’z(Q)'

Changing the time coordinate 7 = T — ¢ gives exactly

‘ T —AT—ty= _ |-
”"l”W},j@) = [willwi2g,)» ”e C’”LP(Q) = ||’3 Cl”LP(QT)'
Thus (13) becomes the desired weighted estimate
”Vi”WIl’:/Zl(Q) < Cplrgi||L§(Q), (14)
where || - ||L§(Q) = |l 0 lzr(0)-

Since V € By guarantees a uniform bound on ¢;, its weighted L” norm is controlled by

l/p
|rc7||Lg(Q)s( | raa,ﬁ)wdtdﬁ) = [l < Gl Q7 < Colicle,
0

with C5 = |Q|'/? = (2L5)"/?. Thus the map & is well-defined from By, into Xg,,.
Step 5: Contraction and invariance for small 6. From Step 4, for any Vv € Bg, we have
IF@)llx,, < 2C,lcill-2L)""7 6" (15)

We denote
C = 2C, |G- (20)"", (16)

which is a finite constant depending only on R and the model parameters.
Now take two elements V), v'® € By and set v®¥ = F(W®) (k = 1,2). Their difference Av =
v — v has components Av; = vV — vgz). For each i = 1,2, Av; satisfies the linear problem

OAv; + 12202 Av; + BP0, Av; - TP AY = S, (17)
with Av(T, 1) = 0, Avi(t, £L) = 0, and
Si= @~ 7)1+ (B2 - B + @ — W, (18)
Similar to (13), applying the maximal regularity estimate to (17)—(18) yields

1Avilly12.0) < CpllSilliso)- (19)

To estimate ||Sill,»(g), we use the Lipschitz property (9) and the fact that e M0 < 1,

ISHl50) < [t = 2]] (1 + IVl Jle™ T lluso)
+ ||'l;§2) _ Egl)l|LwllaﬁV§1)|lL””e_/l(T_t)”LP(Q)

< Leoest VP llze + 110yl )L) PSP IR - V)i, . (20)
< Leoer(1 + P
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From (15), we have the bound estimate ||V(1)||XM < C6'/P and the Sobolev embedding (8), and we
obtain
Il < Collvls, < CoC8Y7, 193l < CollvVlbx,, < CoCS'.

Inserting these bounds into the estimate for ||S;| () yields
ISillizg) < Leoerr(2L) 76V (1 +2CoCS M)V = V|Ix, -
Now we plug this into (19) and sum over i = 1,2:
1AV, , < 2CpLeoer(2L)'/767(1 +2CoCE M)V = VP lIx, . 1)

Since 67 — 0 as 6§ — 0", we can choose ¢ so small that

R 1
Cél/p < E and 2Cchoeff(2L)l/p61/p(l + 2C0C51/p) < E

Such a § exists because the left-hand sides are continuous and vanish at 6 = 0. For this §, we have

e Invariance: ||F(V)llx,, < C6'? < R/2 < R, hence F(Bg) C Bg.
e Contraction: From (21), |F#") - FFD)IIx,, < 3I¥" - ¥?|Ix,,.

Thus § is a strict contraction on the closed ball Bg.

Step 6: Banach fixed-point theorem. By is a non-empty complete metric space (as a closed subset
of Xs,1). By the Banach fixed-point theorem, § possesses a unique fixed point v* € By satisfying
v* = F(v*). This fixed point is exactly the solution of the nonlinear PDE system (5)—(6) on Q =
[T —0,T] x [-L, L] when ¢ is small enough.

Step 7: Recovery of the original functions and regularity. Set s7 = 1 +v: fori = 1,2. From the

definition of By, we have ||vj‘||W1,§(Q) <R,s057>1-CoR > % and 57 € W;’i(Q). Because p > 3 and the
ps >

spatial dimension is 1, the parabolic Sobolev embedding (8) implies that each s is Holder continuous.

The original functions are recovered via the Cole—Hopf transformation. This completes the proof.
B. Proof for Proposition 13

The core of the proof is to establish the convexity of the mapping y — g7(z, ,&)%. To clearly isolate
the effect of random risk aversion from that of learning, this Appendix assumes that fi(¢) = . As will
be evident from the subsequent proof, incorporating learning behavior only increases the complexity
of the proof without altering the result.

We define

Af) = pio?i (1) V(T — BT
() = p1g"" (D)™ + pg" (1) g,

where A(r) satisfies

A = — (r + Ot + o pd, - 7]) +
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2 2
Ap = = y
+(p(mi;% wdwm—wﬂmw.

A key observation is that £(¢) is a wealth-weighted average of y; and y,, with weights of

Y1 Y2
pi1g” ()™ P28 (D)™
5 - and - -
plg% (t) -y 4 ngyz ([) I-7y plgyl ([) -y 4 ng)’z (t) -y,
Its time derivative satisfies

(/lp - 0_p2)2 + (/._l - O'p1)2
2&2%(1)

&) = [EL?1 - (ED?)] > 0,

which can be found in [4], Section 4.3. Given the terminal conditi_gn &(T) =%, it follows that &(r) <.
Now, we consider the time-reversed variable T = 7' — ¢ and let A(t) = A(T — 7). Then A(7) satisfies

the following linear ODE:

A(T) = [(r + O+ Opd, =) +

2e(T — 1) AT

@p—vﬂf+%ﬂ—omf]~

(/lp - 0'p2)2 + (ﬂ - O'p1)2 . i
g T D= PgT -,

_ (/lp_o'pz)er(ﬂ_"'pl )2
282(T-T1)

where
solution is

(e(T — 1) — ) is positive. Applying the variation-of-constants formula, the

(4~ o) +(a-0on) ds}

A(r) = + o+ o pd, —n)+

X fT _(/ll’ - JPZ)Z + (- Upl)z
0

28T = s) (& =5) =) &[T - )™

2&(T — u)

{ s B (/lp - O'p2)2 + (/_1 - 0'p1)2 }}
X exp f (r + Ol + o pd, - 77) + du ;¢ ds.
0

Therefore, we obtain K(T) > 0 for all T > 0, which is equivalent to A(t) > O for all t < T. By using
Jensen’s inequality, the proof is complete.

C. Proof for Proposition 15

We concentrate on the case of a degenerate distribution for the risk aversion parameter y. The
extension to random risk aversion is analogous and does not change the conclusion.
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Let ¢'*@™i"8 be the equilibrium strategy with learning, and ¢"°*3™Mi"¢ be the equilibrium strategy when
the member ignores learning (i.e., fixed fi(f) = f1). Under a degenerate distribution, &(¢,1") = v, and
from (43)—(44), we obtain

¢r110—leaming(t) — (ﬁ _ 1) 1 +1, go—learning(t) — M= /lpo-pl/o'pz '
Op2 OsY

Thus ¢"°'*@min¢ depends only on model parameters and does not involve Y or P. Hence it satisfies
Definition 1 and belongs to the admissible set I1. Consequently,

¢n0—]eaming

V)_/,ﬁ(tay7 p) = Sup¢e]'[J¢(t’ya p’ﬂ) = J (t’ya p’ﬁ) = V)_/,/._t(t’ya p)

Equality holds if and only if ¢"*'¢#™i"¢ j5 also optimal for the learning problem.
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