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Appendix A. The proof of proposition 1

Taking the partial derivative of the retail price with respect to equation (5) in the main text, and

2

. 0 . . .. .
knowing that af”l =-28<0, it can be concluded that the retailer’s profit function is concave in terms

of p, therefore, for any given w and #, the retailer has a unique optimal retail price p . Setting

or

—l—ag-28p+15+pw=0, (A1)
op
gives the retail price corresponding to the maximum profit:
«_a+to+wp
PE (A2)

Substitute the retailer’s best response into the manufacturer’s profit function in equation (4), and
calculate the partial derivative of equation (4) with respect to the wholesale price. Knowing that

o’ . . .. .
af”“ =-B<0, Since £>0, it can be concluded that the manufacturer's profit function is concave in
w
terms of w, and there exists a unique optimal value for w. Setting
62,,,’1 :a+ré'—2/3w+ﬂ2h+czﬂ—cz,3p5 _o, (A3)
%

gives the wholesale price corresponding to the maximum profit:



W= a+td+c,f—c,ppo+hp
28 ’
Substitute the retailer’s and manufacturer’s best responses into the technology vendor’s profit function
in equation (3) in the main text, and calculate the partial derivative of equation (3) with respect to the

(A4)

2
technology fee. Knowing that aafh”‘ =—%<0 , 1t can be concluded that the technology vendor’s

reduced profit function is strictly concave in %, and there exists an optimal value for #. Setting

om,, a-c,B+15-2uhB+c,pd +c 147, (1+ k6, ~k,0,)]

-0 AS
on 2 ; (AS)
gives the technology fee corresponding to the maximum profit:
. a+5-c,p+c,fps+e, B[ 147 (146, —kzeg)] (A6)

2up
Since each stage yields a unique best response, the backward-induction procedure is well defined.

Under the admissible parameter region in which p" >0,w" >0,4" >0, and the resulting market demand

satisfies ¢ =a— Bp" +75 > 0, the IPR pricing subgame admits a unique subgame-perfect equilibrium.

A note on the technology-fee discount. In the original formulation, a proportional technology-fee
discount was introduced to capture the idea that the technology vendor may offer a concession when
the manufacturer provides financing support. However, because the unit technology fee is chosen
endogenously by the technology vendor, this proportional discount is equivalent to a rescaling of the

decision variable. Let z = A(x)h denote the effective technology fee paid by the manufacturer, where

A(u) >0 1s the proportional adjustment factor. Maximizing the technology vendor’s profit with respect

to h is equivalent to maximizing it with respect to z . As a result, the optimal nominal technology fee

1" changes with 4(x), but the effective fee A(u)h", equilibrium quantity, retail price, wholesale price,

and equilibrium profits do not. Therefore, x has no independent equilibrium effect in the present

model and is not used in the numerical analysis.
Appendix B. The proof of proposition 2

Taking the partial derivative of the retail price with respect to equation (11) in the main text, and

2

. o',
knowing that "2

82

=-2/<0, it can be concluded that the retailer’s profit function is concave in terms

of p, and there exists a unique optimal value for p. Setting

or, ,

=a-2Bp+w0+pw=0, (B1)
p
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gives the retail price corresponding to the maximum profit:
« a+mo+wp
=, B2
p 25 (B2)
Substitute the retailer’s best response into the manufacturer’s profit function in equation (10) in the

main text, and calculate the partial derivative of equation (10) with respect to the wholesale price.
2

. 0 . .. .
Knowing that % =-<0, it can be concluded that the manufacturer's profit function is concave in
w

terms of w, and there exists a unique optimal value for w. Setting
on,, a+18-2pw+ph+c,f—c,fpd—cpr,

= 0 B3
ow 2 ’ (B3)
gives the wholesale price corresponding to the maximum profit:
W*:a+r5+[)’h+c22ﬁﬂ—c2ﬂp5—clﬂrz’ (B4)

Substitute the retailer’s and manufacturer’s best responses into the technology vendor’s profit
function in equation (9) in the main text, and calculate the partial derivative of equation (9) with respect

2
to the technology fee. Knowing that O _ —g <0, it can be concluded that the technology vendor’s

o’h

reduced profit function is strictly concave in %, and there exists a unique optimal value for #. Setting
or,, a+16—-2ph—c,B+c,Bpd+c,B+2cpr,

oh 4 =0 (B3)
gives the technology fee corresponding to the maximum profit:
h=a+z’5—c2ﬁ+cz[)’p§+clﬂ+2clﬂrz. (B6)

24
Since each stage yields a unique best response, the backward-induction procedure is well defined.

Under the admissible parameter region in which p" >0,w" >0,4" >0, and the resulting market demand

satisfies ¢" =a— Bp" +75 > 0, the IDF pricing subgame admits a unique subgame-perfect equilibrium.

Appendix C. The proof of proposition 3

Taking the partial derivative of the retail price with respect to equation (17) in the main text, and

2
a ﬂ-r,3
2

knowing that
op

=-2/<0, it can be concluded that t the retailer’s profit function is strictly concave

in p, and there exists a unique optimal value for p. Setting

or

T - 2Bp+1S+ fw=0, (C1)
ap
gives the retail price corresponding to the maximum profit:
p = atmrwh (C2)

2p
Substitute the retailer’s best response into the manufacturer’s profit function in equation (16) in the
main text, and calculate the partial derivative of equation (16) with respect to the wholesale price.
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. o . ..
Knowing that Pms -B <0, it can be concluded that the manufacturer’s reduced profit function is
w

62
strictly concave in w, and there exists a unique optimal value for w. Setting
on,, _ a+16-2pw+ Bh(1-n)+c,f—c,fpd +c,Bn _o, (C3)
ow 2
gives the wholesale price corresponding to the maximum profit:
. o+ ph(1- - J
Lo atots ( n);r;ﬂ ahpd+efn (C4)

Substitute the retailer’s and manufacturer’s best responses into the technology vendor’s profit
function in equation (15) in the main text, and calculate the partial derivative of equation (15) with

: o’ 1-7)’ .
respect to the technology fee. Knowing that 62:3 __f ( 277) <0, it can be concluded that the

technology vendor’s reduced profit function is strictly concave in 4 for 0<5<n <1, and there exists

a unique optimal value for #. Setting
o, s (1—n)[a+r§+(1—Zn)clﬂ+Z(n—l)ﬂh—czﬂ+czﬂp5]:0

= , Cs5
Oh 4 €
gives the technology fee corresponding to the maximum profit:
h*:a+z’é‘—czﬁ+czﬂp§+clﬂ(l—277). (C6)
28(1-n)
e .. 0m,  Bl-n)’ . -
The strict inequality AR 0 holds under the admissible parameter restriction g>0 and

0<np<# <1 . Therefore, for any admissible equity share , the technology vendor’s reduced profit

function is strictly concave in (h), and the first-order condition yields a unique optimal technology fee

s

h .

2

. 0
The boundary case n=1 is excluded from the IEF model. Indeed, lim 2=
n—>

on’

0, which implies that
the technology vendor’s reduced profit function loses strict concavity at this boundary. Moreover, the

a+ré‘—czﬂ+czﬂpé‘+clﬂ(l—2n)
28(1-n)

denominator of the interior solution 4" = contains 1-7, and therefore

becomes zero when =1. Hence, the interior equilibrium derived above is not defined at n=1.

Economically, n=1 corresponds to full acquisition of the technology vendor by the manufacturer,

rather than partial internal equity financing. In that case, the technology vendor no longer retains
residual ownership or an independent Stackelberg-leader role. Therefore, this boundary case is outside
the scope of the IEF model.

Combining the three stages, the retailer’s profit function is strictly concave in p, the manufacturer’s

reduced profit function is strictly concave in w, and the technology vendor’s reduced profit function

is strictly concave in & for0<n<# <1. Hence, each stage yields a unique best response. Since the
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backward-induction procedure involves only these unique best responses, it is well defined. Under the
admissible parameter region in which p">0,w">0,A">0, and ¢ =a-pp +5>0,, the IEF pricing

subgame admits a unique subgame-perfect equilibrium.
Appendix D. The proof of proposition 4

Taking the partial derivative of the retail price with respect to equation (23) in the main text, and

2
a ﬂ-r,4
2

knowing that
op

=-24<0, it can be concluded that the retailer’s profit function is concave in terms

of p, and there exists an optimal value for p. Setting

or

Tt g 2Bp+15+ pw=0, (D1)
op
gives the retail price corresponding to the maximum profit:
=a+r§+wﬂ’ (D2)
2p

Substitute equation (20) into equation (22) in the main text, and calculate the partial derivative of
2

. . . . 0 .
equation (22) with respect to the wholesale price. Knowing that 672[’”"‘ =-B<0, it can be concluded
w

that the manufacturer's profit function is concave in terms of w, and there exists an optimal value for
w. Setting

Oy _ a+r5+c2ﬂ—czﬂp5+(l—¢+y¢—¢m)hﬁ+[77g0+r2 (p+o-1)]cB-pw

D3
ow 2 2 (D3)
gives the wholesale price corresponding to the maximum profit:

e a+t5+c,B—c,fpd +(1=p+ up—on)hp+[np+r, (¢+(o—l)]clﬂ' (D4)

2p

Substitute equation (20) and (22) into equation (21) in the main text, and calculate the partial
derivative of equation (21) with respect to the technology fee. Knowing that

&’ 1- ~on)’ : ,
67224 _’ (1-¢+ 2” ) <0, it can be concluded that the technology vendor’s reduced profit function

is strictly concave in 4, and there exists an optimal value for #. Setting

a+cllb’+r5+clﬂ(2r2 —2ne+¢r, —2¢r, —2gor2)

. (I=9g+up-ne
o, ( ) —,B+¢,pS —(1= ¢+ up—n9)2hp
- : (D5)
Oh 4
gives the technology fee corresponding to the maximum profit:
b a+z’é‘-i—clﬁ’—cz,B+czﬂpé‘—i-clﬁ'(Zr2 —2np+ ¢r, —2¢r, —2g0r2)' (D6)

2B(1-¢+up—ny)
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Appendix E. The proof of proposition 5

1. According to

or,, _ (t+c,pp) a+t5—c,B+c,fp5 -, f(1+7)]

871';1 B (T+c2ﬂp)[a+r§—c2ﬁ+c2ﬁp5_cllg(1+rl)]

BN 328

>

So, when

a+r§—czﬁ+czﬂp5—clﬁ(l+”1)>0’

z,, and 7, increaseas & increases.

m,l

According to

or,, _(r+czﬁp)[a+z’5—c2ﬂ+c2ﬂp5—clﬂ(l+rl)]_n6(1+r)
o5 83 e

So, when

(z’+c2ﬁp)[a+r5—czﬂ+czﬂp5—clﬁ(l+rl)]—&Bn&(lﬂq)>0,

7, Increases as & Increases.

o, 1+7)6° . .
2. Due to a"l =—( 2‘) <0,s0, =z, decreasesas n Increases.
n

3. Let

Q =a+5—c,f+c,fps—c,f(1+1),

Q, =(t+c,Bp) a+ S —c,p+c,fp5 -, B(1+1)]-8Bnd (1+1).

Appendix F. The proof of proposition 6

1. According to

or, _ (r+¢,Bp)(a+16—c,f+c,fpS—c,B) oS

L) 168 2

So, when

(z+c.Bp)(a+76—c,+c,pS —c,3)+16ndr, >0,

z,, Increasesas & increases.

According to
on,, (t+e,pp)(a+16—c,f+c,Bps —c, )

05 328

>

(E1)

(E2)

(E3)

(E4)

(E5)

(E6)

(E7)

(F1)

(F2)

(F3)
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So, when

a+t85—c,f+c,fpd—c >0, (F4)

7., Increasesas & increases.

According to
or,, _ (t+c,8p)(a+75—c,f+c,BpS —c,B) ns(14n), (F5)
o5 8/
So, when
(z+c,pp)(a+16—c,B+c,Bpd—c,B)—-8pns(1+1,) >0, (F6)
7,, increases as & increases.
or., 1o . : om, _ (141)5° *
2. Due to %: r225 >0,s0, =z,, increasesas n increases. Due to g”z =—( +722) <0,80, 7,
n n
decreases as n increases.
3. Let
QO =(r+¢,fp)(a+15—c,f+c,Bp6 —c, B)+16fndr,, (F7)
Q =a+0-c,B+c,BoS—c,p, (F8)
Q =(r+¢,pp)(a+15—c,f+c,BpS —c, B)—-8pnS (1+1,). (F9)

Appendix G. The proof of proposition 7

1. According to

o, :(z’+c2,6’p)(a+r§—czﬂ+czﬂp5—clﬂ)_né,’7 G1)
00 163 ’

So, when

(z+c,pp)(a+716 —c,B+c,Bpd —c,B)—16ndn > 0, (G2)

7, Increasesas & increases.

According to
or, :(r+czﬁp)(a+ré‘—czﬂ+cz,8p5—c]ﬂ) (G3)
o) 324 ’
So, when
a+t85—c,+c,fpd—c >0, (G4)

7, , Increases as & increases.
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According to
or, , _ (z’+c2ﬁp)(a+ré‘—c2ﬁ+czﬂp5—c,ﬁ)_né,(l_ﬂ)’ (G5)
o5 84
So, when
(z+c.Bp)(a+16—c,+c,pS —c,8)—8pns(1-1) >0, (G6)
7, increases as & increases.
or, 2 .. : o, 1-7)68 .
2. Dueto Zfms__ 70 _ 0,s0, =, increasesas n increases. Due to Zis :—( 1) <0,s80, 7,
on 2 - on -
decreases as n increases.
3. Let
O =(r+c,pp)(a+16—c,B+c,Bpd —c,B)—16pndn, (G7)
Q =a+10—-c,f+c,fpd—cp, (GY)
O =(r+e,Bp)(a+15—c,f+c,fpd — ¢, 3)—8Bns (1-n). (G9)

Appendix H. The proof of proposition 8

1. According to

677:1,4 _ (T +Czﬁp)(a +10 -, f—c,f—c por; +czﬂp5)

26 165 (H1)
-n8[np—(1-¢—o)r, |,

So, when
(T+czﬂp)(a +T§_Clﬁ_czﬂ_clﬂ¢7i +02:Bp5) (H2)
—16,6’n§[77(0—(1—¢—(p)r2:| >0,
z,, Increasesas & increases.
According to
a”:A _ (r+czﬂp)(a+T§—clﬂ—czﬁ—clﬂ¢rl +C2ﬁp5) (H3)
o6 32/ ’
So, when
(z+c,Bp)(a+78—c,B—c,B—c o, +c,pS) >0, (H4)

7., Increasesas & increases.

According to

8:4 +c,5 +10 —c, f—c,f—c, Br, +c, fpo
;1'5 :(Z' c p)(a T Cgﬂc C, PPn + C, PO )_n5|:1+(1_¢_¢))r2+¢r1—77q)], (HS)

So, when
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(t+c,Bp)(a+18—c,f—c,f—c pir, +czﬁp§)—8ﬁn§[1+(1—¢—(p)r2 +or —77¢)] >0, (H6)

7, increasesas & increases.
2. Due to
o, _ S [(1-¢-p)r, —np] , (H7)
on 2
so, when
(1-¢-)r,—np>0, (H8)
7, , Increases as n increases.
Due to
a;z’;; :_52[1+¢rl +(1—2¢—(0)r2—77(p]<0’ (H)
so, z,, decreases as n increases.
3. Due to
ag_¢ - n52 _afra +r5—clﬁ(i;¢n )—c,B+c,op ] ’ (H10)
So, when
16mr, —8n8°r, —¢, 81| a+ 75—, B(1+ 41 ) —c, B+, Bp | > 0, (H11)
z,, Increasesas ¢ increases.
Due to
o7, _ _af [a+15—c,B+c,p5 —c,B(1+¢r, )]’ H12)
o4 32
So, when
—¢ B[ a+10—-c,f+c,fp0 —c, f(1+¢r) ]| >0, (H13)
7., Increases as ¢ increases.
Due to
(37;(:3;4 (=) né* (2 -r) ~ o pn [a+r§—clﬁ(18+¢”| )_czﬁ+czﬂ§p] ’ (H14)
So, when
(8m—4ns>)(r,—1,) -, [a+ w5 —c,B(1+¢r)—c,B+c,fdp | >0, (H15)
7, Increases as ¢ increases.
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4. Let

Q= (T+Czﬂp)(a+75_clﬁ_czﬂ_clﬂ¢7] +czﬂp§)
~16BnS[ np—(1-¢—9)r, |,

Q= (T+czﬂp)(a+Té—c]ﬁ_czﬂ_clﬂ¢n +Czﬁp5)7

Q, = (T+czﬂp)(a +10—¢,f—c,f—c por, +C2ﬁp5)
-8BnS[1+(1-¢—@)r, +¢r,—np |,

Q, =(1-¢-p)r, —np.
Q, =16mr, —8n8°r, —c, f°r; [a+r§—clﬂ(l+¢rl)—c2ﬂ+czﬂ5p],
Q14 = _C1ﬂ2r1 [a +T§_Czﬂ+czﬂp5_clﬂ(1+¢r1 ):|7

Q; =(8m—4i152)(r1 —rz)—cl,b’zrl [a+r5—clﬂ(l+¢rl)—czﬂ+czﬁ5p].
Appendix 1. The proof of Figure 5.

@, =4.28x107¢* —0.994—1.02x107",
@, =4.28x10°¢* —0.99¢4+0.99,
@, =0.02¢> —=10.02¢+4.72x107",
@, =0.02¢° =10.02¢ +1,
@, =—0.06¢" +31.984—1.3x107",
@, =—0.06¢4" +31.98¢4+1,

@, =58.26-3.19x107(0.82¢ —134)* —1.02¢,
@, =57.26-3.19x107(0.82¢ —134)> —1.024,
@, =325.04-0.02(0.82¢4 —141.5)* —2.34¢,
@, =326.04—0.02(0.82¢ —141.5)* —2.344,
@, =3.8¢+0.04(0.82¢—143)* —911.9,

@, =3.8¢+0.04(0.824—143)> =912.9.

(H16)

(H17)

(H18)

(H19)
(H20)
(H21)

(H22)

an
(12)
(13)
(14)
(1s)
(16)
a7
18)
(19)
(110)
11)

112)
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Appendix J. The proof of Figure 8.

@, =4.06x107 ¢* —1.03¢, 1)

@, =4.11x107 ¢ —1.03p +1, J2)

@,s =1.684° —875.154+2.91x107", J3)

P =1.684" —875.154+1, J4)

@, =—1.684" —877.39¢+1.09x107", J5)
P =—1.684° —877.39¢ +1, J6)

@, = 65.31-3.06x107(0.82¢ —146)* —1.01¢, A7)
@,y =66.31-3.06x107(0.82¢—146)* —1.01¢, (J8)
@, =26644.99 —1.25(0.82¢ —146)* —126.74, J9)
@y, =26645.99 -1.25(0.82¢ —146)* —126.74, J10)
@y, =125.3¢+1.25(0.82¢ —146)" —26643.99, (J11)
@, =125.3¢+1.25(0.82¢ —146)* —26644.99. J12)

Appendix K.

O-S

We set — =0, 0.05, 0.10, 0.20, 0.30and conduct 3,000 simulations unders =0.2 .

a

Table 12. Feasible IPR share under alternative demand volatility.

Demand volatility 95% interval

Mean ¢ Median ¢ P(¢ <0.5)
0 0.7391 0.72 [0.4600, 1.0000] 6.20%
0.05 0.7378 0.72 [0.4600, 1.0000] 6.30%
0.10 0.7345 0.72 [0.4400, 1.0000] 7.10%
0.20 0.7210 0.70 [0.4000, 1.0000] 11.00%
0.30 0.7014 0.68 [0.3400, 1.0000] 16.83%
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Appendix L.
Table 13. Monte Carlo convergence.
Simulations Median § Median () Median (P(F <0.5) .IPR—IEF.
5(0 2 intersection
' probability
1,000 0.7759 421.11 0.725 8.50% 55.60%
3,000 0.7742 419.07 0.700 7.00% 53.20%
5,000 0.7747 418.98 0.725 6.76% 54.20%
10,000 0.7748 419.71 0.725 6.93% 54.57%

The estimates remain stable between 3,000 and 10,000 simulations. The main 5,000-sample analysis

therefore provides numerically reliable results.
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