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Appendix A. Proof of Proposition 1

For a fixed replenishment cycle T < M, the factor 1/T does not affect the optimal control

decisions. By Pontryagin’s Maximum Principle, the optimal controls maximize the Hamiltonian. The
1

. . . .. . OH
first-order condition with respect to the price decision, p(t), is ?(Cg = 0. Hence,

[1+12(M = )](Bo — 2B10(t) + B2G(1)) + BrAea(t) = 0.
Solving for p(t) gives

pla(0) =5 [t g0 D )
Moreover,
O Hea _ —2B;[1+1,(M — )] < 0.
dp(t)?
For the advertising decision, the first-order condition is
1
:uL(C:) = —au(t) + 281 (t) = 0,

which gives

G1
u(t) — Acd (t)

a




Moreover,
d0%H},
ou?(t)
Considering the non-negativity constraint u(t) = 0, the optimal advertising policy becomes

2 (t) = max {0' cd (t)}
Recall that the goodwill dynamics are given by

9G(b)

ot
Using the integrating factor e%¢, we obtain

=—a<0.

+ 8G () = uli(0).

() = e lG +f e ul(s) dsl
0

Since the integral representation of goodwill complicates the derivation of explicit analytical results,
we adopt a local approximation to obtain tractable expressions. Assuming that u(t) is continuously
differentiable and evolves smoothly over time, we approximate the integral term as:

t
f e%*u(x) dx =~ to edPtu(t).
0
Accordingly, the goodwill process is approximated by
G(t) ~ e7%(Gy + tped®tu(t)).

The approximation error satisfies:
2

t
160 =% (Go + tpe®u(©) 1< e sup %1 SpuE) +u'() |

Hence, the approximation becomes accurate when the advertising investment evolves smoothly over
time. Moreover, this approximation captures the local effect of the current advertising effort on
goodwill accumulation and allows the derivation of analytically tractable dynamic policies.
Now, using the goodwill approximation G (t) = e‘&[Go + (pte‘s‘ptu(t)], the goodwill trajectory can
be expressed as

Gli(t) = e [Go + pted?uly (D).
Next, the adjoint equation associated with inventory is

OAL(t) _ 9H

ot 3l (t)
Since
oH!, "
a0 - —h - —/1 ca(t),
we have
1
cd (t)
- =h+— A a(t).

Because the initial inventory I(0) is a free variable and appears in the objective function as —cl.4(0),
the corresponding transversality condition is L% (0) = c. Solving the above linear differential equation gives

23 (1) = /0™ [ch [ 67"/ ds].
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By the substitution x = the integral becomes

=
vzm’
t t/v2m
f e=s/@m) gg = \/ij e ™" dx.
0 0

Therefore,

ML) = [c + hV2 f e dx] et?/@m),
Finally, the goodwill adjoint equation is obtained as
ca(t) _ OH g
ot aG(t)’

which gives

LG o
S — AT = Bl2h(D) — (L + (M — )pL(O)]
Since the terminal goodwill level is free, A53(T) = 0.
Solving this differential equation backward from T yields

T

A (@) = ¢ [ e By1(1+ (M — ))pkaCo) - 244 ()l
t
Thus, the optimal pricing, advertising, goodwill, and adjoint variables are characterized by the above

semi-closed-form expressions. This completes the proof.
Appendix B. Proof of Proposition 2

For a fixed replenishment cycle M < T < m, the factor 1/T does not affect the optimal control
decisions. Therefore, Pontryagin’s Maximum Principle can be applied to the two intervals separately,
namely, 0 <t < Mand M <t <T.

21
For0<t< M, Led
ap(t)

[1+m2(M = 0)](Bo — 2B1p(t) + B2G (1)) + BrAca(t) = 0.
Solving for p(t) gives

pa’(t) = [ﬁo * 32021*@) (O 0<t<M.

= 0 yields

1+n,(M—-1)]"
Moreover,
62H =2B1[1+n,(M —t)] < 0.
22
For the second interval, M <t < T, the first-order condition ZH( = 0 yields
Bo — 2B1p(t) + oG (1) + 1A (t) = 0.
Therefore,
22% I12%
Jooey P BGE O T BAE©
24
o*H2
apz = _231 < 0,

the solution is optimal.
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—au(t) + A52(¢) = 0. Thus,

(t)

’0()

u(t) =
Considering the constraint u(t) = 0, the optimal advertlsing effort is

621*
uZl*(t) = maX{O' cd (t)} 0<t<M,

and

uZ3(6) = max{ 622*“)} M<t<T.

Again, the goodwill state equation gives

G(t) =e % lGo + j e5su(s)dsl,
0

and using the same approximation as above,

t
f e%Su(s)ds = pted?tu(t),
0

we obtain

G2 (t) = e7%[Gy + pte®?uZi (D], 0 <t < M,
and

G2 (t) = e %Gy + pte®P Uz (D M <t <T.
The continuity condition at the switching point is G21*(M*) = 22)*(M ).

. . oAG(t) _  0oHZ
The inventory costate satisfies ot = el
For0 <t <M,
0ca(®) _
— —/11 t
o« 2(0).

Since 1(0) is free and the objective contains the term clcd (0), 22(0) = c. The solution is:

A2 (@) = |c+ hV2 f\/_e"dxleZmO<t<M

ForM <t<T,

alld ()

ot
Using the continuity condition 212 (M*) = A12(M™), the solutlon becomes

—h+nlc+ /1 < (t).

t
M2 N
A2 (6) = et/Cm) 225 (M)e 7w + (h + nyc)VZm f Vet g M <t<T|.
vam
The goodwill costate satisfies
02EZN(t) _ M
at G

For0<t<M,
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G21( )

S = AT () = B A — (L (M~ 0)pG ()]

ForM <t<T,

622() G22 22%
—2=0) = 8285 (D) = Bl (D) — pEE ().

Because G (T)is free, AGZZ(T) = 0 Solving the last equation gives

2622+ (¢) = gt f ™% By [P () = A0 ) |dr M < e <T.
t
At t = M, the costate continuity condition requires A531(M ™) = 1532(M™). Hence,

M
220 = et f e By (1% (x) — (1 + mp (M — x))p2h* (x)]dx
t

+e SM-D G2+ (py 0 <t < M.
This completes the proof.

Appendix C. Proof of Proposition 3

Again the Pontryagin’s Maximum Principle is applied. The first-order condition ZH i = 0 gives
Bo = 2B:1p(t) + B2G(t) + B1Anq(t) = 0.
Therefore,
,3 + B2Gna(t)
Pra®) = 7| =5 ==+ L0
Furthermore,
62Hnd

"d = 0, gives

—au(t) +2%,(t) = 0.
Hence, the unconstrained optimal advertising effort is

G
u( ) — And(t)

Considering the constraint u(t) = 0, the optimal advertlsing policy becomes

Upnq(t) = max {O' Ag‘?#} :

The goodwill dynamics satisfy

# +8G(t) = uhy (0).

Solving the last equation gives

t
Grg(t) = e %t [GO + f eds u,";d(s)dsl.
0

S(pt *

Using again the approximation | Ot edu,(s)ds = gte q(t), we obtain
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Gra(t) = e %Gy + pte®® u;, (1)].
The inventory costate satisfies

aa;d _ 0H,4
ot  al
Since
OH,,, t
) - T e
we obtain
oAl t
a’t‘d = h+ — (D).

Because 1(0) is a free variable and the objective contains the term —cI,,4(0), the transversality
condition is A% ;(0) = ¢. Solving the linear differential equation gives

t
A () = et?/@m) [c + hfo e=s*/@m) ds]
or equivalently

t/\2m

A (@) = [c+h\/%

The goodwill costate equation is

e~¥* dx] et?/@m),

025, OHn,
at ~ 9aG(t)’
Since
0H
oo = Bap(D) = Bana(t) = 8254(0),
we obtain
oS
artld — 8254(0) = Ba[Aq (1) — Pra(D].

Because G (T) is free and no terminal goodwill value exists, A%;(T) = 0. Multiplying the last
equation by e ~%¢, we get

d
Z2(e7%254(8) = ™% Bl Ana () = Pra(®)].
Integrating backward from t to T, we obtain
T

25 = e [ e Bylpia @) — A

t
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  T < M


  1 / T


  p ( t )


    ∂   H  c d 1  ∂ p ( t ) = 0 .  


  [ 1 +   𝜂 2 ( M − t ) ] (   𝛽 0 − 2   𝛽 1 p ( t ) +   𝛽 2 G ( t ) ) +   𝛽 1   𝜆  c d  I 1 ( t ) = 0 .


  p ( t )


    p  c d  1 ∗ ( t ) =  1 2  [      𝛽 0 +   𝛽 2   G  c d 1 ( t )    𝛽 1 +      𝜆  c d  I 1 ( t )  1 +   𝜂 2 ( M − t ) ] .


     ∂ 2   H  c d 1  ∂   p ( t ) 2 = − 2   𝛽 1 [ 1 +   𝜂 2 ( M − t ) ] < 0 .


    ∂   H  c d 1  ∂ u ( t ) = − a u ( t ) +   𝜆  c d  G 1 ( t ) = 0 ,


  u ( t ) =     𝜆  c d  G 1 ( t )  a .


     ∂ 2   H  c d 1  ∂   u 2 ( t ) = − a < 0 .


  u ( t ) ≥ 0


    u  c d  1 ∗ ( t ) = max ⁡  { 0 ,      𝜆  c d  G 1 ( t )  a } .


    ∂ G ( t )  ∂ t + 𝛿 G ( t ) =   u  c d  1 ∗ ( t ) .


    e  𝛿 t


    G  c d  1 ∗ ( t ) =   e  − 𝛿 t  [   G 0 +   ∫ 0  t    e  𝛿 s   u  c d  1 ∗ ( s )   d s ] .


  u ( t )


    ∫ 0  t    e  𝛿 x u ( x )   d x ≈ t 𝜑   e  𝛿 𝜑 t u ( t ) .


  G ( t ) ≈   e  − 𝛿 t  (   G 0 + t 𝜑   e  𝛿 𝜑 t u ( t ) ) .


  ∣ G  ( t ) −   e  − 𝛿 t  (   G 0 + t   𝜑 e  𝛿 𝜑 t u  ( t ) ) ∣   ≤     t 2 2   e  − 𝛿 t   sup ⁡  𝜉 ∈ [ 0 , t ]   e  𝛿 𝜑 𝜉 ∣ 𝛿 𝜑 u ( 𝜉 ) +   u ′ ( 𝜉 ) ∣ .


  G ( t ) ≈   e  − 𝛿 t  [   G 0 + 𝜑 t   e  𝛿 𝜑 t u ( t ) ] ,


    G  c d  1 ∗ ( t ) =   e  − 𝛿 t  [   G 0 + 𝜑 t   e  𝛿 𝜑 t   u  c d  1 ∗ ( t ) ] .


      ∂ 𝜆  c d  I 1 ( t )  ∂ t = −   ∂   H  c d 1  ∂ I ( t ) .


    ∂   H  c d 1  ∂ I ( t ) = − h −   t  m   𝜆  c d  I 1 ( t ) ,


      ∂ 𝜆  c d  I 1 ( t )  ∂ t = h +   t  m   𝜆  c d  I 1 ( t ) .


  I ( 0 )


  − c   I  c d ( 0 )


    𝜆  c d  I 1 ( 0 ) = c .


    𝜆  c d  I 1 ∗ ( t ) =   e    t 2 / ( 2 m )  [  c +  h   ∫ 0  t    e  −   s 2 / ( 2 m ) d s ] .


  x =   s   2 m ,


    ∫ 0  t    e  −   s 2 / ( 2 m ) d s =  2 m   ∫ 0  t /  2 m    e  −   x 2 d x .


    𝜆  c d  I 1 ∗ ( t ) =  [  c   +    h  2 m   ∫ 0  t /  2 m    e  −   x 2 d x ]   e    t 2 / ( 2 m ) .


    ∂   𝜆  c d  G 1 ( t )  ∂ t = −   ∂   H  c d 1  ∂ G ( t ) ,


    ∂   𝜆  c d  G 1 ( t )  ∂ t − 𝛿   𝜆  c d  G 1 ( t ) =   𝛽 2  [   𝜆  c d  I 1 ( t ) − ( 1 +   𝜂 2 ( M − t ) )   p  c d  1 ∗ ( t ) ] .


    𝜆  c d  G 1 ( T ) = 0 .


  T


    𝜆  c d  G 1 ∗ ( t ) =   e  𝛿 t   ∫  t  T    e  − 𝛿 x   𝛽 2  [ ( 1 +   𝜂 2 ( M − x ) )   p  c d  1 ∗ ( x ) −   𝜆  c d  I 1 ∗ ( x ) ] d x .


  M ≤ T ≤ m


  1 / T


  0 ≤ t ≤ M


  M ≤ t ≤ T


  0 ≤ t ≤ M


    ∂   H  c d 21  ∂ p ( t ) = 0


  [ 1 +   𝜂 2 ( M − t ) ] (   𝛽 0 − 2   𝛽 1 p ( t ) +   𝛽 2 G ( t ) ) +   𝛽 1   𝜆  c d  I 2 ( t ) = 0 .


  p ( t )


    p  c d  21 ∗  ( t ) =  1 2  [      𝛽 0 +   𝛽 2   G  c d  21 ∗  ( t )    𝛽 1 +      𝜆  c d  I 2 ∗  ( t )  1 +   𝜂 2  ( M − t ) ] ,   0 ≤ t ≤ M .


     ∂ 2   H  c d 21  ∂   p ( t ) 2 = − 2   𝛽 1 [ 1 +   𝜂 2 ( M − t ) ] < 0 .


  M ≤ t ≤ T ,


    ∂   H  c d 22  ∂ p ( t ) = 0  


    𝛽 0 − 2   𝛽 1 p  ( t ) +   𝛽 2 G  ( t ) +   𝛽 1   𝜆  c d  I 2  ( t ) = 0 .


    p  c d  22 ∗  ( t ) =     𝛽 0 +   𝛽 2   G  c d  22 ∗  ( t ) +   𝛽 1   𝜆  c d  I 2 ∗  ( t )  2   𝛽 1 ,   M ≤ t ≤ T ,


     ∂ 2   H  c d 22  ∂   p 2 = − 2   𝛽 1 < 0 ,


    ∂   H  c d 2  ∂ u ( t )   = − a u ( t ) +   𝜆  c d  G 2 ( t ) = 0 .


  u ( t ) =     𝜆  c d  G 2 ( t )  a .


  u ( t ) ≥ 0


    u  c d  21 ∗  ( t ) =  max ⁡   { 0 ,      𝜆  c d  G 21 ∗  ( t )  a } , 0 ≤ t ≤ M ,


    u  c d  22 ∗  ( t ) =  max ⁡   { 0 ,      𝜆  c d  G 22 ∗  ( t )  a } , M ≤ t ≤ T .


  G  ( t ) =   e  − 𝛿 t  [   G 0 +   ∫ 0  t    e  𝛿 s u  ( s ) d s ] ,


    ∫ 0  t    e  𝛿 s u ( s ) d s ≃ 𝜑 t   e  𝛿 𝜑 t u ( t ) ,


    G  c d  21 ∗  ( t ) =   e  − 𝛿 t  [   G 0 + 𝜑 t   e  𝛿 𝜑 t   u  c d  21 ∗  ( t ) ] , 0 ≤ t ≤ M ,


    G  c d  22 ∗  ( t ) =   e  − 𝛿 t  [   G 0 + 𝜑 t   e  𝛿 𝜑 t   u  c d  22 ∗  ( t ) ] , M ≤ t ≤ T .


    G  c d  21 ∗  (   M + ) =   G  c d  22 ) ∗  (   M − ) .


    ∂   𝜆  c d  I 2 ( t )  ∂ t = −   ∂   H  c d 2  ∂ I ( t ) .


  0 ≤ t ≤ M


    ∂   𝜆  c d  I 2 ( t )  ∂ t = h +   t  m   𝜆  c d  I 2  ( t ) .


  I  ( 0 )  


  − c   I  c d  ( 0 )


    𝜆  c d  I 2  ( 0 ) = c .


    𝜆  c d  I 2 ∗  ( t ) =  [  c   +    h  2 m   ∫ 0    t   2 m    e  −   x 2 d x ]   e      t 2  2 m ,   0 ≤ t ≤ M .


  M ≤ t ≤ T


    ∂   𝜆  c d  I 2 ( t )  ∂ t = h +   𝜂 1 c +   t  m   𝜆  c d  I 2 ( t ) .


    𝜆  c d  I 2 (   M + ) =   𝜆  c d  I 2 (   M − ) ,


    𝜆  c d  I 2 ∗ ( t ) =   e    t 2 / ( 2 m )  [   𝜆  c d  I 2 ∗  ( M )   e  −     M 2  2 m +  ( h +   𝜂 1 c )  2 m   ∫    M   2 m    t   2 m    e  −   x 2 d x ,   M ≤ t ≤ T ] .


    ∂   𝜆  c d  G 21 ( t )  ∂ t = −   ∂   H  c d 2  ∂ G .


  0 ≤ t ≤ M


    ∂   𝜆  c d  G 21 ( t )  ∂ t − 𝛿   𝜆  c d  G 21 ( t ) =   𝛽 2  [   𝜆  c d  I 2 ( t ) − ( 1 +   𝜂 2 ( M − t ) )   p  c d  ( 21 ) ∗ ( t ) ] .


  M ≤ t ≤ T


    ∂   𝜆  c d  G 22 ( t )  ∂ t ) − 𝛿   𝜆  c d  G 22 ( t ) =   𝛽 2  [   𝜆  c d  I 2 ( t ) −   p  c d  22 ∗ ( t ) ] .


  G ( T )


    𝜆  c d  G 22  ( T ) = 0 .  


    𝜆  c d  G 22 ∗  ( t ) =   e  𝛿 t   ∫  t  T    e  − 𝛿 x   𝛽 2  [   p  c d   ( 22 ) ∗  ( x ) −   𝜆  c d  ( I 2 ) ∗  ( x ) ] d x ,   M ≤ t ≤ T .


  t = M


    𝜆  c d  G 21 (   M − ) =   𝜆  c d  G 22 (   M + ) .


       𝜆  c d  G 21 ∗ ( t ) =    e  𝛿 t   ∫  t  M    e  − 𝛿 x   𝛽 2  [   𝜆  c d  I 2 ∗ ( x ) − ( 1 +   𝜂 2 ( M − x ) )   p  c d  21 ∗ ( x ) ] d x    +     e  − 𝛿  ( M − t )   𝜆  c d  G 22 ∗  ( M ) ,     0 ≤ t ≤ M .


    ∂   H  n d  ∂ p ( t ) = 0  


    𝛽 0 − 2   𝛽 1 p ( t ) +   𝛽 2 G ( t ) +   𝛽 1   𝜆  n d  I ( t ) = 0 .


    p  n d ∗  ( t ) =  1 2  [     𝛽 0 +   𝛽 2   G  n d   ( t )    𝛽 1 +   𝜆  n d  I  ( t ) ] .


     ∂ 2   H  n d  ∂   p 2 = − 2   𝛽 1 < 0 .


  u  ( t ) ,     ∂   H  n d  ∂ u = 0 ,


  − a u ( t ) +   𝜆  n d  G ( t ) = 0 .


  u ( t ) =     𝜆  n d  G ( t )  a .


  u ( t ) ≥ 0


    u  n d ∗  ( t ) =  max ⁡   { 0 ,      𝜆  n d  G  ( t )  a } .


    ∂ G ( t )  ∂ t + 𝛿 G ( t ) =   u  n d ∗ ( t ) .


 


  


    ∫ 0  t    e  𝛿 s   u  n d ∗  ( s ) d s ≃ 𝜑 t   e  𝛿 𝜑 t   u  n d ∗  ( t ) ,


    G  n d ∗  ( t ) =   e  − 𝛿 t  [   G 0 + 𝜑 t   e  𝛿 𝜑 t   u  n d ∗  ( t ) ] .


    ∂   𝜆  n d  I  ∂ t = −   ∂   H  n d  ∂ I .


    ∂   H  n d  ∂ I ( t ) = − h −   t  m   𝜆  n d  I ( t ) ,


    ∂   𝜆  n d  I  ∂ t = h +   t  m   𝜆  n d  I ( t ) .


  I  ( 0 )  


  − c   I  n d ( 0 )


    𝜆  n d  I ( 0 ) = c .


    𝜆  n d  I ∗ ( t ) =   e    t 2 / ( 2 m )  [  c   +    h   ∫ 0  t    e  −   s 2 / ( 2 m ) d s ]


    𝜆  n d  I ∗ ( t ) =  [  c +  h  2 m   ∫ 0  t /  2 m    e  −   x 2 d x ]   e    t 2 / ( 2 m ) .


    ∂   𝜆  n d  G  ∂ t = −   ∂   H  n d  ∂ G ( t ) .


    ∂   H  n d  ∂ G =   𝛽 2 p ( t ) −   𝛽 2   𝜆  n d  I ( t ) − 𝛿   𝜆  n d  G ( t ) ,


    ∂   𝜆  n d  G  ∂ t − 𝛿   𝜆  n d  G  ( t ) =   𝛽 2  [   𝜆  n d  I ( t ) −   p  n d ∗ ( t ) ] .


  G  ( T )  


    𝜆  n d  G  ( T ) = 0 .


    e  − 𝛿 t


    d  d t  (   e  − 𝛿 t   𝜆  n d  G ( t ) ) =   e  − 𝛿 t   𝛽 2  [   𝜆  n d  I ( t ) −   p  n d ∗ ( t ) ] .


  t


  T


    𝜆  n d  G ∗  ( t ) =   e  𝛿 t   ∫  t  T    e  − 𝛿 x   𝛽 2  [   p  n d ∗  ( x ) −   𝜆  n d  I ∗  ( x ) ] d x .

