
 

 

JIMO, 22(9): 4231–4257. 

DOI: 10.3934/jimo.2026148 

Received: 23 May 2026 

Revised: 03 August 2026 

Accepted: 04 August 2026 

Published: 11August 2026 

https://www.aimspress.com/journal/jimo 

 

Research article   

Dynamic pricing, advertising and inventory optimization for perishable 

products under trade credit 

Yan Shi1,2, Xiang Liu1,2, and Konstantina Skouri3,* 

1 School of Economics and Management, Guangxi University of Science and Technology, Liuzhou, 

Guangxi 545006, China 

2 Guangxi Research Center for New Industrialization, Liuzhou, China 
3 Department of Mathematics, University of Ioannina, Greece 

* Correspondence: Email: kskouri@uoi.gr; Tel: +302651008230; Fax: +302651008207. 

 

 

Appendix A. Proof of Proposition 1 

For a fixed replenishment cycle 𝑇 < 𝑀 , the factor 1/𝑇  does not affect the optimal control 

decisions. By Pontryagin’s Maximum Principle, the optimal controls maximize the Hamiltonian. The 

first-order condition with respect to the price decision, 𝑝(𝑡), is 
∂𝐻𝑐𝑑

1

∂𝑝(𝑡)
= 0. Hence, 

[1 + 𝜂2(𝑀 − 𝑡)](𝛽0 − 2𝛽1𝑝(𝑡) + 𝛽2𝐺(𝑡)) + 𝛽1𝜆𝑐𝑑
𝐼1 (𝑡) = 0. 

Solving for 𝑝(𝑡) gives 

𝑝𝑐𝑑
1∗(𝑡) =

1

2
[
𝛽0 + 𝛽2𝐺𝑐𝑑

1 (𝑡)
𝛽1

+
𝜆𝑐𝑑

𝐼1 (𝑡)
1 + 𝜂2(𝑀 − 𝑡)

] . 

Moreover, 

∂2𝐻𝑐𝑑
1

∂𝑝(𝑡)2
= −2𝛽1[1 + 𝜂2(𝑀 − 𝑡)] < 0. 

For the advertising decision, the first-order condition is 

∂𝐻𝑐𝑑
1

∂𝑢(𝑡)
= −𝑎𝑢(𝑡) + 𝜆𝑐𝑑

𝐺1(𝑡) = 0, 

which gives 

𝑢(𝑡) =
𝜆𝑐𝑑

𝐺1(𝑡)

𝑎
. 
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Moreover, 

∂2𝐻𝑐𝑑
1

∂𝑢2(𝑡)
= −𝑎 < 0. 

Considering the non-negativity constraint 𝑢(𝑡) ≥ 0, the optimal advertising policy becomes 

𝑢𝑐𝑑
1∗ (𝑡) = max {0, 𝜆𝑐𝑑

𝐺1(𝑡)
𝑎 } . 

Recall that the goodwill dynamics are given by 

∂𝐺(𝑡)

∂𝑡
+ 𝛿𝐺(𝑡) = 𝑢𝑐𝑑

1∗ (𝑡). 

Using the integrating factor 𝑒𝛿𝑡, we obtain 

𝐺𝑐𝑑
1∗(𝑡) = 𝑒−𝛿𝑡 [𝐺0 + ∫ 𝑒𝛿𝑠

𝑡

0

𝑢𝑐𝑑
1∗ (𝑠) 𝑑𝑠]. 

Since the integral representation of goodwill complicates the derivation of explicit analytical results, 

we adopt a local approximation to obtain tractable expressions. Assuming that 𝑢(𝑡) is continuously 

differentiable and evolves smoothly over time, we approximate the integral term as: 

∫ 𝑒𝛿𝑥𝑢(𝑥) 𝑑𝑥 ≈ 𝑡𝜑
𝑡

0

𝑒𝛿𝜑𝑡𝑢(𝑡). 

Accordingly, the goodwill process is approximated by 

𝐺(𝑡) ≈ 𝑒−𝛿𝑡(𝐺0 + 𝑡𝜑𝑒𝛿𝜑𝑡𝑢(𝑡)). 

The approximation error satisfies: 

∣ 𝐺(𝑡) − 𝑒−𝛿𝑡 (𝐺0 + 𝑡𝜑𝑒𝛿𝜑𝑡𝑢(𝑡)) ∣ ≤
𝑡2

2
𝑒−𝛿𝑡 sup

𝜉∈[0,𝑡]
𝑒𝛿𝜑𝜉 ∣ 𝛿𝜑𝑢(𝜉) + 𝑢′(𝜉) ∣. 

Hence, the approximation becomes accurate when the advertising investment evolves smoothly over 

time. Moreover, this approximation captures the local effect of the current advertising effort on 

goodwill accumulation and allows the derivation of analytically tractable dynamic policies. 

Now, using the goodwill approximation 𝐺(𝑡) ≈ 𝑒−𝛿𝑡[𝐺0 + 𝜑𝑡𝑒𝛿𝜑𝑡𝑢(𝑡)],  the goodwill trajectory can 

be expressed as 

𝐺𝑐𝑑
1∗(𝑡) = 𝑒−𝛿𝑡[𝐺0 + 𝜑𝑡𝑒𝛿𝜑𝑡𝑢𝑐𝑑

1∗ (𝑡)]. 

Next, the adjoint equation associated with inventory is 

∂𝜆𝑐𝑑
𝐼1 (𝑡)

∂t
= −

∂𝐻𝑐𝑑
1

∂𝐼(𝑡)
. 

Since 

∂𝐻𝑐𝑑
1

∂𝐼(𝑡)
= −ℎ −

𝑡

𝑚
𝜆𝑐𝑑

𝐼1 (𝑡), 

we have 

∂𝜆𝑐𝑑
𝐼1 (𝑡)

∂t
= ℎ +

𝑡

𝑚
𝜆𝑐𝑑

𝐼1 (𝑡). 

Because the initial inventory 𝐼(0) is a free variable and appears in the objective function as −𝑐𝐼𝑐𝑑(0), 

the corresponding transversality condition is 𝜆𝑐𝑑
𝐼1 (0) = 𝑐. Solving the above linear differential equation gives 

𝜆𝑐𝑑
𝐼1∗(𝑡) = 𝑒𝑡2/(2𝑚) [𝑐+ℎ ∫ 𝑒−𝑠2/(2𝑚)

𝑡

0
𝑑𝑠]. 
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By the substitution 𝑥 =
𝑠

√2𝑚
, the integral becomes 

∫ 𝑒−𝑠2/(2𝑚)
𝑡

0

𝑑𝑠 = √2𝑚 ∫ 𝑒−𝑥2
𝑡/√2𝑚

0

𝑑𝑥. 

Therefore, 

𝜆𝑐𝑑
𝐼1∗(𝑡) = [𝑐 + ℎ√2𝑚 ∫ 𝑒−𝑥2𝑡/√2𝑚

0
𝑑𝑥] 𝑒𝑡2/(2𝑚). 

Finally, the goodwill adjoint equation is obtained as 

∂𝜆𝑐𝑑
𝐺1(𝑡)

∂𝑡
= −

∂𝐻𝑐𝑑
1

∂𝐺(𝑡)
, 

which gives 

∂𝜆𝑐𝑑
𝐺1(𝑡)

∂𝑡
− 𝛿𝜆𝑐𝑑

𝐺1(𝑡) = 𝛽2[𝜆𝑐𝑑
𝐼1 (𝑡) − (1 + 𝜂2(𝑀 − 𝑡))𝑝𝑐𝑑

1∗(𝑡)]. 

Since the terminal goodwill level is free, 𝜆𝑐𝑑
𝐺1(𝑇) = 0. 

Solving this differential equation backward from 𝑇 yields 

𝜆𝑐𝑑
𝐺1∗(𝑡) = 𝑒𝛿𝑡 ∫ 𝑒−𝛿𝑥

𝑇

𝑡

𝛽2[(1 + 𝜂2(𝑀 − 𝑥))𝑝𝑐𝑑
1∗(𝑥) − 𝜆𝑐𝑑

𝐼1∗(𝑥)]𝑑𝑥. 

Thus, the optimal pricing, advertising, goodwill, and adjoint variables are characterized by the above 

semi-closed-form expressions. This completes the proof. 

Appendix B. Proof of Proposition 2 

For a fixed replenishment cycle 𝑀 ≤ 𝑇 ≤ 𝑚 , the factor 1/𝑇  does not affect the optimal control 

decisions. Therefore, Pontryagin’s Maximum Principle can be applied to the two intervals separately, 

namely, 0 ≤ 𝑡 ≤ 𝑀 and 𝑀 ≤ 𝑡 ≤ 𝑇. 

For 0 ≤ 𝑡 ≤ 𝑀,  
∂𝐻𝑐𝑑

21

∂𝑝(𝑡)
= 0 yields 

[1 + 𝜂2(𝑀 − 𝑡)](𝛽0 − 2𝛽1𝑝(𝑡) + 𝛽2𝐺(𝑡)) + 𝛽1𝜆𝑐𝑑
𝐼2 (𝑡) = 0. 

Solving for 𝑝(𝑡) gives 

𝑝𝑐𝑑
21∗(𝑡) =

1

2
[
𝛽0 + 𝛽2𝐺𝑐𝑑

21∗(𝑡)
𝛽1

+
𝜆𝑐𝑑

𝐼2∗(𝑡)
1 + 𝜂2(𝑀 − 𝑡)

] , 0 ≤ 𝑡 ≤ 𝑀. 

Moreover, 

∂2𝐻𝑐𝑑
21

∂𝑝(𝑡)2
= −2𝛽1[1 + 𝜂2(𝑀 − 𝑡)] < 0. 

For the second interval, 𝑀 ≤ 𝑡 ≤ 𝑇,  the first-order condition 
∂𝐻𝑐𝑑

22

∂𝑝(𝑡)
= 0 yields 

𝛽0 − 2𝛽1𝑝(𝑡) + 𝛽2𝐺(𝑡) + 𝛽1𝜆𝑐𝑑
𝐼2 (𝑡) = 0. 

Therefore, 

𝑝𝑐𝑑
22∗(𝑡) =

𝛽0 + 𝛽2𝐺𝑐𝑑
22∗(𝑡) + 𝛽1𝜆𝑐𝑑

𝐼2∗(𝑡)

2𝛽1
, 𝑀 ≤ 𝑡 ≤ 𝑇, 

∂2𝐻𝑐𝑑
22

∂𝑝2
= −2𝛽1 < 0, 

the solution is optimal. 
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For both intervals, 
∂𝐻𝑐𝑑

2

∂𝑢(𝑡)
 = −𝑎𝑢(𝑡) + 𝜆𝑐𝑑

𝐺2(𝑡) = 0. Thus, 

𝑢(𝑡) =
𝜆𝑐𝑑

𝐺2(𝑡)

𝑎
. 

Considering the constraint 𝑢(𝑡) ≥ 0, the optimal advertising effort is 

𝑢𝑐𝑑
21∗(𝑡) = max {0, 𝜆𝑐𝑑

𝐺21∗(𝑡)
𝑎 } , 0 ≤ 𝑡 ≤ 𝑀, 

and 

𝑢𝑐𝑑
22∗(𝑡) = max {0, 𝜆𝑐𝑑

𝐺22∗(𝑡)
𝑎 } , 𝑀 ≤ 𝑡 ≤ 𝑇. 

Again, the goodwill state equation gives  

𝐺(𝑡) = 𝑒−𝛿𝑡 [𝐺0 + ∫ 𝑒𝛿𝑠
𝑡

0

𝑢(𝑠)𝑑𝑠] , 

and using the same approximation as above, 

∫ 𝑒𝛿𝑠
𝑡

0

𝑢(𝑠)𝑑𝑠 ≃ 𝜑𝑡𝑒𝛿𝜑𝑡𝑢(𝑡), 

we obtain 

𝐺𝑐𝑑
21∗(𝑡) = 𝑒−𝛿𝑡[𝐺0 + 𝜑𝑡𝑒𝛿𝜑𝑡𝑢𝑐𝑑

21∗(𝑡)], 0 ≤ 𝑡 ≤ 𝑀, 

and 

𝐺𝑐𝑑
22∗(𝑡) = 𝑒−𝛿𝑡[𝐺0 + 𝜑𝑡𝑒𝛿𝜑𝑡𝑢𝑐𝑑

22∗(𝑡)], 𝑀 ≤ 𝑡 ≤ 𝑇. 

The continuity condition at the switching point is 𝐺𝑐𝑑
21∗(𝑀+) = 𝐺𝑐𝑑

22)∗(𝑀−).  

The inventory costate satisfies  
∂𝜆𝑐𝑑

𝐼2 (𝑡)

∂𝑡
= −

∂𝐻𝑐𝑑
2

∂𝐼(𝑡)
. 

For 0 ≤ 𝑡 ≤ 𝑀, 

∂𝜆𝑐𝑑
𝐼2 (𝑡)

∂𝑡
= ℎ +

𝑡

𝑚
𝜆𝑐𝑑

𝐼2 (𝑡). 

Since 𝐼(0) is free and the objective contains the term −𝑐𝐼𝑐𝑑(0), 𝜆𝑐𝑑
𝐼2 (0) = 𝑐. The solution is: 

𝜆𝑐𝑑
𝐼2∗(𝑡) = [𝑐 + ℎ√2𝑚 ∫ 𝑒−𝑥2

𝑡

√2𝑚
0

𝑑𝑥] 𝑒
𝑡2

2𝑚, 0 ≤ 𝑡 ≤ 𝑀. 

For 𝑀 ≤ 𝑡 ≤ 𝑇, 

∂𝜆𝑐𝑑
𝐼2 (𝑡)

∂𝑡
= ℎ + 𝜂1𝑐 +

𝑡

𝑚
𝜆𝑐𝑑

𝐼2 (𝑡). 

Using the continuity condition 𝜆𝑐𝑑
𝐼2 (𝑀+) = 𝜆𝑐𝑑

𝐼2 (𝑀−), the solution becomes 

𝜆𝑐𝑑
𝐼2∗(𝑡) = 𝑒𝑡2/(2𝑚) [𝜆𝑐𝑑

𝐼2∗(𝑀)𝑒−
𝑀2

2𝑚 + (ℎ + 𝜂1𝑐)√2𝑚 ∫ 𝑒−𝑥2

𝑡

√2𝑚

𝑀

√2𝑚

𝑑𝑥, 𝑀 ≤ 𝑡 ≤ 𝑇] . 

The goodwill costate satisfies 

∂𝜆𝑐𝑑
𝐺21(𝑡)

∂𝑡
= −

∂𝐻𝑐𝑑
2

∂𝐺
. 

For 0 ≤ 𝑡 ≤ 𝑀, 
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∂𝜆𝑐𝑑
𝐺21(𝑡)

∂𝑡
− 𝛿𝜆𝑐𝑑

𝐺21(𝑡) = 𝛽2[𝜆𝑐𝑑
𝐼2 (𝑡) − (1 + 𝜂2(𝑀 − 𝑡))𝑝𝑐𝑑

(21)∗
(𝑡)]. 

 

For 𝑀 ≤ 𝑡 ≤ 𝑇, 

∂𝜆𝑐𝑑
𝐺22(𝑡)

∂𝑡
) − 𝛿𝜆𝑐𝑑

𝐺22(𝑡) = 𝛽2[𝜆𝑐𝑑
𝐼2 (𝑡) − 𝑝𝑐𝑑

22∗(𝑡)]. 

Because 𝐺(𝑇)is free, 𝜆𝑐𝑑
𝐺22(𝑇) = 0. Solving the last equation gives 

𝜆𝑐𝑑
𝐺22∗(𝑡) = 𝑒𝛿𝑡 ∫ 𝑒−𝛿𝑥

𝑇

𝑡

𝛽2[𝑝𝑐𝑑
(22)∗(𝑥) − 𝜆𝑐𝑑

(𝐼2)∗(𝑥)]𝑑𝑥, 𝑀 ≤ 𝑡 ≤ 𝑇. 

At 𝑡 = 𝑀, the costate continuity condition requires 𝜆𝑐𝑑
𝐺21(𝑀−) = 𝜆𝑐𝑑

𝐺22(𝑀+). Hence,  

𝜆𝑐𝑑
𝐺21∗(𝑡) = 𝑒𝛿𝑡 ∫ 𝑒−𝛿𝑥

𝑀

𝑡

𝛽2[𝜆𝑐𝑑
𝐼2∗(𝑥) − (1 + 𝜂2(𝑀 − 𝑥))𝑝𝑐𝑑

21∗(𝑥)]𝑑𝑥

+ 𝑒−𝛿(𝑀−𝑡)𝜆𝑐𝑑
𝐺22∗(𝑀), 0 ≤ 𝑡 ≤ 𝑀.

 

This completes the proof. 

Appendix C. Proof of Proposition 3 

Again the Pontryagin’s Maximum Principle is applied. The first-order condition 
∂𝐻𝑛𝑑

∂𝑝(𝑡)
= 0 gives 

𝛽0 − 2𝛽1𝑝(𝑡) + 𝛽2𝐺(𝑡) + 𝛽1𝜆𝑛𝑑
𝐼 (𝑡) = 0. 

Therefore, 

𝑝𝑛𝑑
∗ (𝑡) =

1

2
[
𝛽0 + 𝛽2𝐺𝑛𝑑(𝑡)

𝛽1
+ 𝜆𝑛𝑑

𝐼 (𝑡)] . 

Furthermore, 

∂2𝐻𝑛𝑑

∂𝑝2
= −2𝛽1 < 0. 

The first-order condition with respect to 𝑢(𝑡),
∂𝐻𝑛𝑑

∂𝑢
= 0, gives 

−𝑎𝑢(𝑡) + 𝜆𝑛𝑑
𝐺 (𝑡) = 0. 

Hence, the unconstrained optimal advertising effort is 

𝑢(𝑡) =
𝜆𝑛𝑑

𝐺 (𝑡)

𝑎
. 

Considering the constraint 𝑢(𝑡) ≥ 0, the optimal advertising policy becomes 

𝑢𝑛𝑑
∗ (𝑡) = max {0, 𝜆𝑛𝑑

𝐺 (𝑡)
𝑎 } . 

The goodwill dynamics satisfy 

∂𝐺(𝑡)

∂t
+ 𝛿𝐺(𝑡) = 𝑢𝑛𝑑

∗ (𝑡). 

Solving the last equation gives 

𝐺𝑛𝑑
∗ (𝑡) = 𝑒−𝛿𝑡 [𝐺0 + ∫ 𝑒𝛿𝑠

𝑡

0

𝑢𝑛𝑑
∗ (𝑠)𝑑𝑠] . 

Using again the approximation ∫ 𝑒𝛿𝑠𝑡

0
𝑢𝑛𝑑

∗ (𝑠)𝑑𝑠 ≃ 𝜑𝑡𝑒𝛿𝜑𝑡𝑢𝑛𝑑
∗ (𝑡), we obtain 
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𝐺𝑛𝑑
∗ (𝑡) = 𝑒−𝛿𝑡[𝐺0 + 𝜑𝑡𝑒𝛿𝜑𝑡𝑢𝑛𝑑

∗ (𝑡)]. 

The inventory costate satisfies 

∂𝜆𝑛𝑑
𝐼

∂𝑡
= −

∂𝐻𝑛𝑑

∂𝐼
. 

Since 

∂𝐻𝑛𝑑

∂𝐼(𝑡)
= −ℎ −

𝑡

𝑚
𝜆𝑛𝑑

𝐼 (𝑡), 

we obtain 

∂𝜆𝑛𝑑
𝐼

∂𝑡
= ℎ +

𝑡

𝑚
𝜆𝑛𝑑

𝐼 (𝑡). 

Because 𝐼(0) is a free variable and the objective contains the term −𝑐𝐼𝑛𝑑(0), the transversality 

condition is 𝜆𝑛𝑑
𝐼 (0) = 𝑐.  Solving the linear differential equation gives 

𝜆𝑛𝑑
𝐼∗ (𝑡) = 𝑒𝑡2/(2𝑚) [𝑐 + ℎ ∫ 𝑒−𝑠2/(2𝑚)

𝑡

0
𝑑𝑠] 

or equivalently  

𝜆𝑛𝑑
𝐼∗ (𝑡) = [𝑐+ℎ√2𝑚 ∫ 𝑒−𝑥2𝑡/√2𝑚

0
𝑑𝑥] 𝑒𝑡2/(2𝑚). 

The goodwill costate equation is 

∂𝜆𝑛𝑑
𝐺

∂𝑡
= −

∂𝐻𝑛𝑑

∂𝐺(𝑡)
. 

Since 

∂𝐻𝑛𝑑

∂𝐺
= 𝛽2𝑝(𝑡) − 𝛽2𝜆𝑛𝑑

𝐼 (𝑡) − 𝛿𝜆𝑛𝑑
𝐺 (𝑡), 

we obtain 

∂𝜆𝑛𝑑
𝐺

∂𝑡
− 𝛿𝜆𝑛𝑑

𝐺 (𝑡) = 𝛽2[𝜆𝑛𝑑
𝐼 (𝑡) − 𝑝𝑛𝑑

∗ (𝑡)]. 

Because 𝐺(𝑇) is free and no terminal goodwill value exists, 𝜆𝑛𝑑
𝐺 (𝑇) = 0.  Multiplying the last 

equation by 𝑒−𝛿𝑡, we get 

𝑑

𝑑𝑡
(𝑒−𝛿𝑡𝜆𝑛𝑑

𝐺 (𝑡)) = 𝑒−𝛿𝑡𝛽2[𝜆𝑛𝑑
𝐼 (𝑡) − 𝑝𝑛𝑑

∗ (𝑡)]. 

Integrating backward from 𝑡 to 𝑇, we obtain 

𝜆𝑛𝑑
𝐺∗ (𝑡) = 𝑒𝛿𝑡 ∫ 𝑒−𝛿𝑥

𝑇

𝑡

𝛽2[𝑝𝑛𝑑
∗ (𝑥) − 𝜆𝑛𝑑

𝐼∗ (𝑥)]𝑑𝑥. 
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  T < M


  1 / T


  p ( t )


    ∂   H  c d 1  ∂ p ( t ) = 0 .  


  [ 1 +   𝜂 2 ( M − t ) ] (   𝛽 0 − 2   𝛽 1 p ( t ) +   𝛽 2 G ( t ) ) +   𝛽 1   𝜆  c d  I 1 ( t ) = 0 .


  p ( t )


    p  c d  1 ∗ ( t ) =  1 2  [      𝛽 0 +   𝛽 2   G  c d 1 ( t )    𝛽 1 +      𝜆  c d  I 1 ( t )  1 +   𝜂 2 ( M − t ) ] .


     ∂ 2   H  c d 1  ∂   p ( t ) 2 = − 2   𝛽 1 [ 1 +   𝜂 2 ( M − t ) ] < 0 .


    ∂   H  c d 1  ∂ u ( t ) = − a u ( t ) +   𝜆  c d  G 1 ( t ) = 0 ,


  u ( t ) =     𝜆  c d  G 1 ( t )  a .


     ∂ 2   H  c d 1  ∂   u 2 ( t ) = − a < 0 .


  u ( t ) ≥ 0


    u  c d  1 ∗ ( t ) = max ⁡  { 0 ,      𝜆  c d  G 1 ( t )  a } .


    ∂ G ( t )  ∂ t + 𝛿 G ( t ) =   u  c d  1 ∗ ( t ) .


    e  𝛿 t


    G  c d  1 ∗ ( t ) =   e  − 𝛿 t  [   G 0 +   ∫ 0  t    e  𝛿 s   u  c d  1 ∗ ( s )   d s ] .


  u ( t )


    ∫ 0  t    e  𝛿 x u ( x )   d x ≈ t 𝜑   e  𝛿 𝜑 t u ( t ) .


  G ( t ) ≈   e  − 𝛿 t  (   G 0 + t 𝜑   e  𝛿 𝜑 t u ( t ) ) .


  ∣ G  ( t ) −   e  − 𝛿 t  (   G 0 + t   𝜑 e  𝛿 𝜑 t u  ( t ) ) ∣   ≤     t 2 2   e  − 𝛿 t   sup ⁡  𝜉 ∈ [ 0 , t ]   e  𝛿 𝜑 𝜉 ∣ 𝛿 𝜑 u ( 𝜉 ) +   u ′ ( 𝜉 ) ∣ .


  G ( t ) ≈   e  − 𝛿 t  [   G 0 + 𝜑 t   e  𝛿 𝜑 t u ( t ) ] ,


    G  c d  1 ∗ ( t ) =   e  − 𝛿 t  [   G 0 + 𝜑 t   e  𝛿 𝜑 t   u  c d  1 ∗ ( t ) ] .


      ∂ 𝜆  c d  I 1 ( t )  ∂ t = −   ∂   H  c d 1  ∂ I ( t ) .


    ∂   H  c d 1  ∂ I ( t ) = − h −   t  m   𝜆  c d  I 1 ( t ) ,


      ∂ 𝜆  c d  I 1 ( t )  ∂ t = h +   t  m   𝜆  c d  I 1 ( t ) .


  I ( 0 )


  − c   I  c d ( 0 )


    𝜆  c d  I 1 ( 0 ) = c .


    𝜆  c d  I 1 ∗ ( t ) =   e    t 2 / ( 2 m )  [  c +  h   ∫ 0  t    e  −   s 2 / ( 2 m ) d s ] .


  x =   s   2 m ,


    ∫ 0  t    e  −   s 2 / ( 2 m ) d s =  2 m   ∫ 0  t /  2 m    e  −   x 2 d x .


    𝜆  c d  I 1 ∗ ( t ) =  [  c   +    h  2 m   ∫ 0  t /  2 m    e  −   x 2 d x ]   e    t 2 / ( 2 m ) .


    ∂   𝜆  c d  G 1 ( t )  ∂ t = −   ∂   H  c d 1  ∂ G ( t ) ,


    ∂   𝜆  c d  G 1 ( t )  ∂ t − 𝛿   𝜆  c d  G 1 ( t ) =   𝛽 2  [   𝜆  c d  I 1 ( t ) − ( 1 +   𝜂 2 ( M − t ) )   p  c d  1 ∗ ( t ) ] .


    𝜆  c d  G 1 ( T ) = 0 .


  T


    𝜆  c d  G 1 ∗ ( t ) =   e  𝛿 t   ∫  t  T    e  − 𝛿 x   𝛽 2  [ ( 1 +   𝜂 2 ( M − x ) )   p  c d  1 ∗ ( x ) −   𝜆  c d  I 1 ∗ ( x ) ] d x .


  M ≤ T ≤ m


  1 / T


  0 ≤ t ≤ M


  M ≤ t ≤ T


  0 ≤ t ≤ M


    ∂   H  c d 21  ∂ p ( t ) = 0


  [ 1 +   𝜂 2 ( M − t ) ] (   𝛽 0 − 2   𝛽 1 p ( t ) +   𝛽 2 G ( t ) ) +   𝛽 1   𝜆  c d  I 2 ( t ) = 0 .


  p ( t )


    p  c d  21 ∗  ( t ) =  1 2  [      𝛽 0 +   𝛽 2   G  c d  21 ∗  ( t )    𝛽 1 +      𝜆  c d  I 2 ∗  ( t )  1 +   𝜂 2  ( M − t ) ] ,   0 ≤ t ≤ M .


     ∂ 2   H  c d 21  ∂   p ( t ) 2 = − 2   𝛽 1 [ 1 +   𝜂 2 ( M − t ) ] < 0 .


  M ≤ t ≤ T ,


    ∂   H  c d 22  ∂ p ( t ) = 0  


    𝛽 0 − 2   𝛽 1 p  ( t ) +   𝛽 2 G  ( t ) +   𝛽 1   𝜆  c d  I 2  ( t ) = 0 .


    p  c d  22 ∗  ( t ) =     𝛽 0 +   𝛽 2   G  c d  22 ∗  ( t ) +   𝛽 1   𝜆  c d  I 2 ∗  ( t )  2   𝛽 1 ,   M ≤ t ≤ T ,


     ∂ 2   H  c d 22  ∂   p 2 = − 2   𝛽 1 < 0 ,


    ∂   H  c d 2  ∂ u ( t )   = − a u ( t ) +   𝜆  c d  G 2 ( t ) = 0 .


  u ( t ) =     𝜆  c d  G 2 ( t )  a .


  u ( t ) ≥ 0


    u  c d  21 ∗  ( t ) =  max ⁡   { 0 ,      𝜆  c d  G 21 ∗  ( t )  a } , 0 ≤ t ≤ M ,


    u  c d  22 ∗  ( t ) =  max ⁡   { 0 ,      𝜆  c d  G 22 ∗  ( t )  a } , M ≤ t ≤ T .


  G  ( t ) =   e  − 𝛿 t  [   G 0 +   ∫ 0  t    e  𝛿 s u  ( s ) d s ] ,


    ∫ 0  t    e  𝛿 s u ( s ) d s ≃ 𝜑 t   e  𝛿 𝜑 t u ( t ) ,


    G  c d  21 ∗  ( t ) =   e  − 𝛿 t  [   G 0 + 𝜑 t   e  𝛿 𝜑 t   u  c d  21 ∗  ( t ) ] , 0 ≤ t ≤ M ,


    G  c d  22 ∗  ( t ) =   e  − 𝛿 t  [   G 0 + 𝜑 t   e  𝛿 𝜑 t   u  c d  22 ∗  ( t ) ] , M ≤ t ≤ T .


    G  c d  21 ∗  (   M + ) =   G  c d  22 ) ∗  (   M − ) .


    ∂   𝜆  c d  I 2 ( t )  ∂ t = −   ∂   H  c d 2  ∂ I ( t ) .


  0 ≤ t ≤ M


    ∂   𝜆  c d  I 2 ( t )  ∂ t = h +   t  m   𝜆  c d  I 2  ( t ) .


  I  ( 0 )  


  − c   I  c d  ( 0 )


    𝜆  c d  I 2  ( 0 ) = c .


    𝜆  c d  I 2 ∗  ( t ) =  [  c   +    h  2 m   ∫ 0    t   2 m    e  −   x 2 d x ]   e      t 2  2 m ,   0 ≤ t ≤ M .


  M ≤ t ≤ T


    ∂   𝜆  c d  I 2 ( t )  ∂ t = h +   𝜂 1 c +   t  m   𝜆  c d  I 2 ( t ) .


    𝜆  c d  I 2 (   M + ) =   𝜆  c d  I 2 (   M − ) ,


    𝜆  c d  I 2 ∗ ( t ) =   e    t 2 / ( 2 m )  [   𝜆  c d  I 2 ∗  ( M )   e  −     M 2  2 m +  ( h +   𝜂 1 c )  2 m   ∫    M   2 m    t   2 m    e  −   x 2 d x ,   M ≤ t ≤ T ] .


    ∂   𝜆  c d  G 21 ( t )  ∂ t = −   ∂   H  c d 2  ∂ G .


  0 ≤ t ≤ M


    ∂   𝜆  c d  G 21 ( t )  ∂ t − 𝛿   𝜆  c d  G 21 ( t ) =   𝛽 2  [   𝜆  c d  I 2 ( t ) − ( 1 +   𝜂 2 ( M − t ) )   p  c d  ( 21 ) ∗ ( t ) ] .


  M ≤ t ≤ T


    ∂   𝜆  c d  G 22 ( t )  ∂ t ) − 𝛿   𝜆  c d  G 22 ( t ) =   𝛽 2  [   𝜆  c d  I 2 ( t ) −   p  c d  22 ∗ ( t ) ] .


  G ( T )


    𝜆  c d  G 22  ( T ) = 0 .  


    𝜆  c d  G 22 ∗  ( t ) =   e  𝛿 t   ∫  t  T    e  − 𝛿 x   𝛽 2  [   p  c d   ( 22 ) ∗  ( x ) −   𝜆  c d  ( I 2 ) ∗  ( x ) ] d x ,   M ≤ t ≤ T .


  t = M


    𝜆  c d  G 21 (   M − ) =   𝜆  c d  G 22 (   M + ) .


       𝜆  c d  G 21 ∗ ( t ) =    e  𝛿 t   ∫  t  M    e  − 𝛿 x   𝛽 2  [   𝜆  c d  I 2 ∗ ( x ) − ( 1 +   𝜂 2 ( M − x ) )   p  c d  21 ∗ ( x ) ] d x    +     e  − 𝛿  ( M − t )   𝜆  c d  G 22 ∗  ( M ) ,     0 ≤ t ≤ M .


    ∂   H  n d  ∂ p ( t ) = 0  


    𝛽 0 − 2   𝛽 1 p ( t ) +   𝛽 2 G ( t ) +   𝛽 1   𝜆  n d  I ( t ) = 0 .


    p  n d ∗  ( t ) =  1 2  [     𝛽 0 +   𝛽 2   G  n d   ( t )    𝛽 1 +   𝜆  n d  I  ( t ) ] .


     ∂ 2   H  n d  ∂   p 2 = − 2   𝛽 1 < 0 .


  u  ( t ) ,     ∂   H  n d  ∂ u = 0 ,


  − a u ( t ) +   𝜆  n d  G ( t ) = 0 .


  u ( t ) =     𝜆  n d  G ( t )  a .


  u ( t ) ≥ 0


    u  n d ∗  ( t ) =  max ⁡   { 0 ,      𝜆  n d  G  ( t )  a } .


    ∂ G ( t )  ∂ t + 𝛿 G ( t ) =   u  n d ∗ ( t ) .


 


  


    ∫ 0  t    e  𝛿 s   u  n d ∗  ( s ) d s ≃ 𝜑 t   e  𝛿 𝜑 t   u  n d ∗  ( t ) ,


    G  n d ∗  ( t ) =   e  − 𝛿 t  [   G 0 + 𝜑 t   e  𝛿 𝜑 t   u  n d ∗  ( t ) ] .


    ∂   𝜆  n d  I  ∂ t = −   ∂   H  n d  ∂ I .


    ∂   H  n d  ∂ I ( t ) = − h −   t  m   𝜆  n d  I ( t ) ,


    ∂   𝜆  n d  I  ∂ t = h +   t  m   𝜆  n d  I ( t ) .


  I  ( 0 )  


  − c   I  n d ( 0 )


    𝜆  n d  I ( 0 ) = c .


    𝜆  n d  I ∗ ( t ) =   e    t 2 / ( 2 m )  [  c   +    h   ∫ 0  t    e  −   s 2 / ( 2 m ) d s ]


    𝜆  n d  I ∗ ( t ) =  [  c +  h  2 m   ∫ 0  t /  2 m    e  −   x 2 d x ]   e    t 2 / ( 2 m ) .


    ∂   𝜆  n d  G  ∂ t = −   ∂   H  n d  ∂ G ( t ) .


    ∂   H  n d  ∂ G =   𝛽 2 p ( t ) −   𝛽 2   𝜆  n d  I ( t ) − 𝛿   𝜆  n d  G ( t ) ,


    ∂   𝜆  n d  G  ∂ t − 𝛿   𝜆  n d  G  ( t ) =   𝛽 2  [   𝜆  n d  I ( t ) −   p  n d ∗ ( t ) ] .


  G  ( T )  


    𝜆  n d  G  ( T ) = 0 .


    e  − 𝛿 t


    d  d t  (   e  − 𝛿 t   𝜆  n d  G ( t ) ) =   e  − 𝛿 t   𝛽 2  [   𝜆  n d  I ( t ) −   p  n d ∗ ( t ) ] .


  t


  T


    𝜆  n d  G ∗  ( t ) =   e  𝛿 t   ∫  t  T    e  − 𝛿 x   𝛽 2  [   p  n d ∗  ( x ) −   𝜆  n d  I ∗  ( x ) ] d x .

