
Journal of Industrial and
Management Optimization

https://www.aimspress.com/journal/jimo

JIMO, 22(7): 3386–3418.
DOI:10.3934/jimo.2026124
Received: 15 March 2026
Revised: 08 June 2026
Accepted: 15 June 2026
Published: 25 June 2026

Research article

Climate uncertainty and asset pricing decisions: A machine learning analysis

Shuhua Zhang1,2, Tong Wang1, Ning Ye1, Xinyu Wang1 and Rui Wang3,*

1 Coordinated Innovation Center for Computable Modelling in Management Science Tianjin University
of Finance and Economics, Tianjin 300222, China

2 Zhujiang College, South China Agricultural University, Guangzhou 510900, China
3 School of Law, Tianjin University of Finance and Economics, Tianjin 300222, China

* Correspondence: Email: 15922218980@163.com.

Appendix A: Model results

A.1. Optimal decision

Dynamic programming in continuous time is solved by stochastic optimal control theory. The
problem of welfare maximization for the social planner is:

J(At, Zt, Tt, Et) = max
LC,t ,LB,t ,LG,t

min
ΛA,t ,ΛT,t

Et

∫ ∞

t
exp(−ρs)

ρ C1−η
s

1 − η

+ϱA
1
2
Λ′A,sΛA,s + ϱT

1
2
Λ′T,sΛT,s

}
ds

]
,

subject to technological production conditions given by

Ct = exp (−Zt) Yt = exp (−Zt) At
(
LC,t

)1−α−v (Bω
t +Gω

t
)v/ω ,

Bt = ĀB
(
LB,t

)αB ,

Gt = ĀG
(
LG,t

)αG ,

Lt = LC,t + LB,t + LG,t = 1,

and the stochastic processes in productivity, carbon stocks, temperature, and climate damage

dTt =
[
λBt + σ

′
TΛT,t

]
dt + σ′T dWt,
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dZt = [∇D] (Tt)
[
λBt + σ

′
TΛT,t

]
dt +

|σT |
2

2

[
∇2D

]
(Tt) dt+

σ′T [∇D] (Tt) dWt,

dEt =
[
ψBt − ϕEt + σ

′
TΛT,t

]
dt + σ′T dWt,

dAt

At
=

[
µA + σ

′
AΛA,t

]
dt + σ′AdWt.

The HJB equation can be obtained by solving the social planner problem using stochastic optimal
control theory:

ρJ =
ρ

1 − η
exp(−Zt(1 − η))A1−η

t

(
1 − B1/αB

t A−1/αB
B −G1/αG

t A−1/αG
G

)(1−α−ν)(1−η)
(Bω

t +Gω
t )

ν(1−η)
ω

+
1
2
ϱAΛ

′
A,tΛA,t +

1
2
ϱTΛ

′
T,tΛT,t +

(
µAAt + σAΛA,tAt

)
JA +

1
2
σA

2At
2JAA

+ (λBt + σTΛT,t)JT +
1
2
σT

2JTT + (ψBt − ϕEt + σTΛT,t)JE +
1
2
σT

2JEE

+ [∇D] (λBt + σTΛT,t)JZ +
1
2
σT

2
[
∇2D

]
JZ +

1
2
σT

2 [∇D]2 JZZ ,

where the value function and the controls rely on the state variables, and the expression for the function’s
state dependence is left out. Minimizing for the worst-case model distortion results in the following
conditions:

Λ∗A,t = −
1
ϱA
σAAtJA,

Λ∗T,t = −
1
ϱT
σT [JT + JE + [∇D](Tt)JZ] .

The worst-case distortion can be substituted into the equation to obtain:

ρJ =
ρ

1 − η
exp(−Zt(1 − η))A1−η

t

(
1 − B1/αB

t A−1/αB
B −G1/αG

t A−1/αG
G

)(1−α−ν)(1−η)
(Bω

t +Gω
t )

ν(1−η)
ω

− ϕEtJE + µAAtJA +
1
2
σA

2At
2JAA −

1
2ϱA

σ2
AAt

2JA
2 −

1
2ϱT

σ2
T [JT + JE + [∇D] JZ]2

+
[
λJT + [∇D] λJZ + ψJE

]
Bt +

1
2
σT

2
(
JTT + JEE + [∇D]2 JZZ +

[
∇2D

]
JZ

)
.

The first-order conditions for optimal Bt and Gt decisions are given below.

0 =ρexp(−Zt(1 − η))A1−η
t L(1−α−ν)(1−η)

C,t (Bω
t +Gω

t )
ν(1−η)
ω

{
−

(1 − α − ν)
αBAB

1/αB LC,t
Bt

1/αB−1 +
ν

(Bω
t +Gω

t )
Bt

ω−1
}

+ λJT + λ [∇D] JZ + ψJE,

0 =ρexp(−Zt(1 − η))A1−η
t L(1−α−ν)(1−η)

C,t (Bω
t +Gω

t )
ν(1−η)
ω

{
−

(1 − α − ν)
αGAG

1/αG LC,t
Gt

1/αG−1 +
ν

(Bω
t +Gω

t )
Gt

ω−1
}
.
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A.2. Carbon tax

The decentralized mechanism of price generation in a decentralized market economy using a social
planner framework is examined in this paper. The income from production in the polluting sector
must be taxed in order to align the social planner’s result with the competitive equilibrium result in a
decentralized economy. It is first necessary to determine the significant effects of the decentralization
mechanism in order to determine this ideal tax. Consequently, the first-order conditions of the firm’s
profit-maximization problem are directly calculated to determine prices. The equation for the final-
product firm’s profit-maximization problem is as follows:

max
LC,t ,Bt ,Gt

∫ ∞

0

πt

π0

{
AtL1−α−ν

C,t (Bω
t +Gω

t )ν/ω − wtLC,t − PB,tBt − PG,tGt

}
dt.

According to a derivation of the first-order condition, the following expression can be used to
determine the wage wt, the spot price of polluting inputs PB,t, and the spot price of clean inputs PG,t:

wt = (1 − α − ν)
Yt

LC,t
, PB,t = ν

Yt

Bt

(
Bω

t

Bω
t +Gω

t

)
, PG,t = ν

Yt

Gt

(
Gω

t

Bω
t +Gω

t

)
.

After that, the decentralization framework’s profit maximization problem for polluting input and
clean input firms can be expressed as follows:

max
LB,t

∫ ∞

0

πt

π0

{
(1 − τ)PB,tABLαB

B,t − wtLB,t

}
dt, max

LG,t

∫ ∞

0

πt

π0

{
PG,tAGLαG

G,t − wtLG,t

}
dt.

The input prices of clean and polluting input firms are derived from the first-order condition using
the following expression:

PG,t =
wtG

1−αG
αG

t

αGĀ1/αG
G

, PB,t =
1

1 − τ
wtB

1−αB
αB

t

αBĀ1/αB
B

.

The optimal choice of Bt in the decentralized framework is determined by the two expressions for
PB,t in the joint decentralized firm problem, which satisfies the following expression:

0 = ν
Bω−1

t

Bω
t +Gω

t
−

(1 − α − ν)

αBA1/αB
B

B
1−αB
αB

t

LC,t

1
1 − τ

.

Given the social planner problem’s previous derivation, the socially optimal selection of Bt satisfies
the following expression:

0 =ρexp(−Zt(1 − η))A1−η
t L(1−α−ν)(1−η)

C,t (Bω
t +Gω

t )
ν(1−η)
ω

ν Bt
ω−1

(Bω
t +Gω

t )
−

(1 − α − ν)
αBAB

1/αB

B
1−αB
αB

t

LC,t


+ λJT + λ [∇D] JZ + ψJE.

The tax expression that follows can be obtained by solving τ for these expressions:

τ = − (λJT + λ [∇D] JZ + ψJE) /
{
ρνexp(−Zt(1 − η))A1−η

t L(1−α−ν)(1−η)
C,t (Bω

t +Gω
t )

ν(1−η)
ω −1Bω−1

t

}
.
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A.3. SDF, risk-free rate, risk, and uncertainty prices

Under the CRRA utility, the stochastic discount factor (SDF) is given by the following equation:

πt = exp(−ρt)ρCt
−ηζA,tζT,t,

where the adjustment terms ζA,t and ζT,t reflect the main distinctions from the conventional preference
framework:

ζi,t = exp
(
−

1
2

∫ t

0
(Λ∗i,τ)

′(Λ∗i,τ)dτ +
∫ t

0
(Λ∗i,τ)

′dWτ

)
,

dζi,t = ζi,t(Λ∗i,t)
′dWt.

Taking the differential of the SDF’s logarithmic transformation leads to the following expression:

d ln(πt) = −ρdt − ηd ln(Ct) −
1
2

(∣∣∣Λ∗A,t∣∣∣2 + ∣∣∣Λ∗T,t∣∣∣2) + (
Λ∗A,t + Λ

∗
T,t

)
dWt.

Subsequently, we apply Ito’s Lemma to expand the stochastic differential dπt/πt and derive the
expression for Ct

−η through the following procedure:

dπt

πt
= −ρdt −

(
µA + σAΛ

∗
A,t

)
dt − η

(
λBt + σTΛ

∗
T,t

) CT

C
dt −

1
2
η|σT |

2
(
CTT

C
− (η + 1)

(CT

C

)2)
dt

− [∇D](Tt)
(
λBt + σTΛ

∗
T,t

)
dt −

(
ψBt − ϕEt + σTΛ

∗
T,t

)
dt +

1
2
σ2

T dt +
1
2
σ2

T [[∇D](Tt)]2dt +
1
2
σ2

Adt

−
1
2
σ2

T [∇2D](Tt)dt +
(
Λ∗A,t + Λ

∗
T,t

)
dWt − η

CT

C
σT dWt − (σT + σT [∇D](Tt) + σA) dWt.

The SDF requires systematic adjustment to incorporate climate model uncertainty, necessitating a
probabilistic framework that accounts for structural differences across climate model ensembles:

Λ∗A,t = −
1
ϱA
σAAtJA,

Λ∗T,t = −
1
ϱT
σT [JT + JE + [∇D](Tt)JZ] .

From the above derivation, we obtain an explicit expression for the risk-free rate:

r f ,t = ρ +

(
µA −

1
ϱA

JA|σA|
2At

)
+ η

(
λBt −

1
ϱT

[JT + JE + [∇D](Tt)JZ]|σT |
2
)

CT

C

+
1
2
η|σT |

2
(
CTT

C
− (η + 1)

(CT

C

)2)
+ [∇D](Tt)

(
λBt −

1
ϱT

[JT + JE + [∇D](Tt)JZ]|σT |
2
)

+
1
2
|σT |

2[∇2D](Tt) +
(
ψBt − ϕEt −

1
ϱT

[JT + JE + [∇D](Tt)JZ]|σT |
2
)

−
1
2
|σT |

2 −
1
2

[[∇D](Tt)]2|σT |
2 −

1
2
|σA|

2(At)2,
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and derive the following expression for the risk price:

σπ,T = σT

[
η

CT

C
+

1
ϱT

JT

]
,

σπ,Z = σT [∇D](Tt)
[

1
ϱT

JZ + 1
]
,

σπ,E = σT

[
1
ϱT

JE + 1
]
,

σπ,A = σAAt

[
1
ϱA

JA + 1
]
.

Appendix B: Calibration

B.1. Production parameters

For the calibration of production-side parameters (AC, AB, AG), we employ the baseline model
specification that excludes climate effects. In this framework, the social planner’s optimization problem
is characterized by the following Hamilton-Jacobi-Bellman (HJB) equation:

0 = −ρJ(At) + ρ
Ct

1−η

1 − η
+ µAAtJA +

1
2
σ2

AA2
t JAA.

The first-order optimality condition is given by:

Bt =


1{

(1−α−ν)
νᾱA1/ᾱ

B

(
1 +

(
AB
AG

)1/ᾱ
) Gω
ᾱω−1

}
+

(
1

AB

)1/ᾱ
+

(
AB
AG

) 1
ᾱω−1

(
1

AG

)1/ᾱ


ᾱ

,

Gt =

(
AB

AG

) ᾱ
ᾱω−1

Bt.

We adopt a combined empirical–theoretical calibration strategy to identify the productivity
parameters AB and AG. First, we rely on empirical estimates of carbon emissions Bt and the share of
renewable energy in total energy consumption. These empirical targets are matched to the
model-implied expressions for Bt and Gt. We set the quarterly emissions target at Bt = 4.0. Data from
the International Energy Agency (IEA) indicate that renewable energy accounts for approximately
10%–20% of global energy use. Consistent with these figures and the model’s quarterly structure, we
calibrate the renewable energy target at Gt = 0.56. Solving the resulting system of equilibrium
conditions yields calibrated parameter values of AB = 100.43 and AG = 53.40.

To calibrate the parameter AC, we use global economic output data obtained from the World Bank.
According to the World Bank, annual global GDP is approximately USD 80 trillion. Converting annual
GDP into quarterly terms by simple averaging yields an initial quarterly GDP of 20 trillion. Substituting
these values into the production function yields the calibrated value of AC:

AC =
(
L−(1−α−ν)

C

) (
Y ∗ (Bω +Gω)−

ν
ω

)
.
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B.2. Preference parameters for recursive preferences

Within the recursive preference framework, calibration centers on two key parameters: the coefficient
of relative risk aversion and the elasticity of intertemporal substitution (EIS). We set θ = 1, consistent
with empirical estimates of the EIS reported in the literature and with the findings of [1], who documents
values close to unity. We then identify the coefficient of relative risk aversion using the SDF. In the
benchmark model without climate factors, the HJB equation takes the form

dπ
π
= hJdt − ξµAdt +

1
2
σ2

Aξ(1 + ξ)dt − ξσAdWt.

Using quarterly empirical estimates of the market price of risk, MPRdata = 0.21, and output volatility,
σA,data = 0.01, the implied coefficient of relative risk aversion is

ξ =
0.21
0.01

= 21.

In the benchmark model without climate factors, substituting the value function J = ξ0A1−ξ

1−ξ into the
HJB equation yields

r f = ρ + µA − σ
2
Aξ.

Substituting the calibrated parameters ξ, µA, σA, and ρ gives

r f = 0.00675,

which corresponds to an annualized rate of approximately 2.7%.
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Appendix C: Results of parameter sensitivity

Figure 6. Effects of ω.

Figure 7. Effects of σT .
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Figure 8. Effects of λ.

Figure 9. Effects of η.
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Figure 10. Effects of ψ.
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