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Appendix 

A. Proof of Corollary 4.1 and Corollary 4.2: 

Scenario N Using the equation =N N

m m mq w , through = +m mp w n , where 0n , we 

have += − m r

N

m d pw p ; then using the equation ( ) ( )= − + + +N N N

r m m r r m r

N

mq p q p k q qw , we have Hessian 

matrix
( )

2 2

1 2 2 2

4 4

4 2 1

  
  −     = =  
      
    

+

 

−

N N

r r

m m m r

N N

r r

r m r r

p p p p
H

p p p p

 

 




, from the 4 0−  and 1 0H can guarantee that 

both
mp and

rp are concave, which ensures N

r existence of a maximum. Then 

from 0


=


N

r

mp


and 0


=



N

r

rp


, we have

( )

( )

2

*
3

4 1

− + −
=

−

N

m

k k d
p

 


,

( )*
1

2 2

− −
=

−

N

r

d k
p




. 

Substituting *N

mp and *N

rp into N

mw , and we can get ( )* 1

4
= + −N

mw d k k . Finally 

substituting *N

mp , *N

rp and *N

mw into N

m and N

r , we can get
( )( )

( )

2

*
3

8 1

+ + −
=

−

N

r

d k k 


 , ( )

2* 1

16
= + −N

m d k k . 

By differentiating the equilibrium solution with respect to  , we 

obtain:
*

0
4


−


=

N

m kw


, ( )

*
1

0
8




= − + −

N

m k d k k



 ( )

*

2
0

2 1



+
=




−

N

r dp


,

( )

*

2
0

4 2 1
− + 

− +


=



N

m k dp


for

( )
2

2

1


−
d

k 
, 
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( ) ( )( )
( )

*
2

2

2 1
0

4 1

 + − + − +
=




− +

N

r
d k k d k

 

  
for

( )
2

2

1


−
d

k 
, then we can get Corollary 4.1. By 

differentiating the equilibrium solution with respect to k , we 

obtain:
*

1
0

4


=

−




N

mw

k


( )

*
1

1 0
4


−= − 



N

mp

k
 ,

*
1

0
2




= −

N

rp

k
, ( )( )

*
1

1 0
8




= − + −

N

m d
k

k k


  , 

( )( )
*

1
3 0

4




= + + −

N

r d
k

k k


  , then we can get Corollary 4.2. 

B. Proof of Corollary 4.3 to Corollary 4.6: 

Scenario B using the equation ( )
21

2
= −B B B

m m m mq w   , through = +m mp w n , where 0n , we 

have
( )

2

− + −
=

−

m r rB

m

d p p
w

  

 
,

( )
2

− + −
=

−

m r rB

m

d p p  

 
 ; substituting B

mw and B

r into the 

equation ( )
21

( ) ( )
2

= − + − + +B B B B B

r m m m r r r m rq p w q p k q q   we have Hessian matrix 

( )
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2
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, 

the ( )

( )

2

2
2

0
2 2− +

−


  

 

,

( )

( )

( )
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( )

( )

( )
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2 2

2 2
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2 2 2 4 2

2 2
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2

0
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3 2
2

− + −

− −
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−

−



−
−
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   

       

   

and 2 0H for

( )2 21 1
4 3 0 || 2 1 1

2 2

   
    +     

   
andand       can guarantee that both

mp ,
rp and

r are concave to 

ensures N

r existence of a maximum and all parameters maintain practical feasibility. Then 

from 0


=


B

r

mp


, 0


=


B

r

rp


and 0


=



B

r

r




, we have 

( ) ( ) ( )( ) ( ) ( ) ( )( )
( ) ( ) ( )( )

2 2 4 2 2 2 2 4 2

*

2
2 2 2 2

1 3 2 1 1 2 3 5 2 1

2 1 2
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=

− − + −

B

m
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p

           

      
, 

( )( ) ( ) ( ) ( )( )
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*

2
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=
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B

r
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p
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, 

( ) ( ) ( )( )

( ) ( )

2

*

2
2 2 2 2
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2

+ − + − +
=

− + −

B

r

d k k
a

     

     
. Substituting *B

mp , *B

rp and *B

r into B

mw and B

m , we can 

get
( ) ( )( )

( ) ( )( )

2

*

2
2 2 2 2
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=

− + −

B

m
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w
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,

( ) ( )( )
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2

*

2
2 2 2 2
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+ − − +
=

− + −

B

m
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

     
. Finally  

substituting *B

mp , *B

rp , *B

r , *B

mw and *B

m into B

m and B

r , we can get 
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( )( ) ( )( )

( ) ( )( )

222 2

*

2
2
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B

m
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
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,
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*

2
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2 3 3 1
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=
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B

r
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

   

      

. 

By differentiating the equilibrium solution with respect to  , we obtain Corollary 

4.3: ( ) ( )( )( ) ( ) ( ) ( )( )( )( )
( ) ( )( )
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*

2
2
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

+

B

m
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

  

, 
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*

2
2
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0
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
=
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−
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


m
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    






, 
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*

2
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0
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
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B

r
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

               

      

, 
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22 2 3 6 2 2 4
*

2
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−
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
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B
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d k k k d                       

     






;

( ) ( ) ( )( )( ) ( ) ( ) ( ) ( )( )( )( )( )
( ) ( ) ( )( )
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*

2
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0
2 1 4 1 4 2 16 1 4 9 3 3 3 4 28 2 23 2 2
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

+

− + − + +

=

−




m
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p

d                         

   


  

f

or 2

0     and
1 1   or 2   when

1 d d ; 

( )( ) ( ) ( )( )

( ) ( )( )

2 22 2 5 3
*

2
2

2 2 2 2

1 4 1 2
0

2

+ − + + − +

− + + −


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

B

r
d k        

    






for 2

0     and 0 2 3  − , 

or 2

1     and
1

2 3
2

−   , or 2

1    and
1

1
2
  ; 

( ) ( ) ( )( ) ( ) ( )( ) ( )( ) ( ) ( )( ) ( )( )( )( )

( ) ( ) ( )( )

22 2 3 6 2 2 4
*

2
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0
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=
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−



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B

r
d k k k d                       

     






for

2 d d . 

By differentiating the equilibrium solution with respect to  , we obtain Corollary 

4.4:
( ) ( ) ( ) ( )( )( )

( ) ( )( )

2 2 4*

2
2

2 2 2 2

0
8 1 4 2 1 2

2

+ − − + + +

−

 +
= 



+ +

+ + −

r

B d k kp         

   


 

; 

( ) ( )( ) ( ) ( )( )( ) ( )( )( )( )

( ) ( )( )

26 3 4 2 2
*

2
2

2 2 2 2

1 1 1 4 2
0
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2

 +
=
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−




− + +

+ + −

B

r
d k              

    






, 

( ) ( ) ( )( ) ( )( )( )

( ) ( )( )
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*

2
2

2 2 2 2
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0

2 6 4

2 2

+ − + − + + + + +

− +


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
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B

r
d k k         

   




 

; 
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2
2
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0
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2

 +
=
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−= 

 

+

− + + −

m

B B

m
d k kw p          

     
 

for 0 0.227  , 

or 

0.227 3 1  − and
2   ; 

( ) ( )( ) ( ) ( )( ) ( )( )( )

( ) ( )( )

23 6 4 2 2
*

2
2

2 2 2 2

1 8 1 1 1 2 6
0

2 2 6

2 2

 + − − + + −

+

= 


+ + − + − + +

− + −

B

m
d k            

   




 

for

0 0.255  , or 0.255 1  and
3   ; then 
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( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( )( )

( ) ( )( )

2 22 7 3 5 2 2 3
*

3
2

2 2 2 2

2 1 1 1 8 1 2 3 2 3 6
0

2 2 3

4 2

 −
= 



+ − − + − − + + + − + + + − + + − + +
−

− + + −

B

m
d k k                  

    






for

0 0.141  , or 10.141 2  − and
4   . 

By differentiating the equilibrium solution with respect to  , we obtain Corollary 

4.5:
( ) ( ) ( ) ( )( )( )

( ) ( )( )

2 2 2 4* *

2
2

2 2 2 2

0
8 1 4 2 1 2

2 2

  + − − + + + + + +
−

+

= = 


−


− +

B

r

B

r
dp k k        

     



 
, 

( ) ( ) ( )( ) ( )( )( )

( ) ( )( )

2 22 4 2 2
*

2
2

2 2 2 2

3 1 4 1 3
0

2 6 4

4 2

+ − + − + + + + +
−

− +


= 


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r

B d k k         

   




 

; 

( ) ( )( ) ( ) ( )( )( )

( ) ( )( )

22 4 2 2 2
* *

2
2

2 2 2 2

1 1 4 1
0

2 2 2

2 2

 + − − + + − − + + − + +

− +


= = 

 
+ −

B B

m m
dw k kp    

 

      

     

for 

0 0.227  , or 0.227 3 1  − and
1   ; 

( ) ( ) ( ) ( )( )( )

( ) ( )( )

2 2 4*

2
2

2 2 2 2

1 8 8 1 1 2 2

2

0

2

+ − + + + +

+

 − + − +

−

= 

−


+

B

m
d k        

    






for
2

0
2

3
 


  and 

20    , or
23

2



 , where 2 is the smallest real root of the cubic equation in x given 

by ( )2 2 4 2 4 4 2 4 38 8 2 8 4 0− + − + − − + =x x x       ; 

( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( )( )

( ) ( )( )

2 22 8 3 2 6 2 2 4
*

3
2

2 2 2 2

2
0

1 1 1 8 1 2 3 2 3 6 2 2 3

8 2

 −
= 



+ − + + − − + + + − + + + − + + − − + +
−

− + + −

B

m
d k k                 

    






for

0 0.141  , or 10.141 2  − and
2   . 

By differentiating the equilibrium solution with respect to k , we obtain Corollary 4.6: 

( ) ( )( )

( ) ( )( )

2*

2
2 2 2 2

1 2 1

2 2
0





− −

−
=

+ −


+

+

m

Bw

k

    

     
,

( ) ( ) ( )( )

( ) ( )( )

2*

2
2 2 2 2

3 1 2
0

3

2 2

+ − − + + +

−



+
= 

 + −

B

r

k

kd k     

   



 
,

( )( )( ) ( )( )

( ) ( )( )

2
2 2*

2
2

2 2 2 2

2
0

1 2 1

4 2

− − + − − +
= 



+

− + + −

B

m
d k k

k

       

   



 

, 

( )( )

( ) ( )( )

2*

2
2 2 2 2

2 1

2
0

2


= 



− +

− + + −

m

B

k

d   

   



 
,

( ) ( ) ( )( )

( ) ( )

2*

2
2 2 2 2

1 1 2
0

2

− − + + +

− +



+
=

−




B

r

k

     

   



 
; 

( ) ( )

( ) ( )( )

2 2 4 2*

2
2 2 2 2

0
3 2 1 1

2 2


=

− + + − +

− +


+ −

B

mp

k

    

     
for

1
0

8
  and 

( )( )
( )

4 2
2

0 2

1 8 11 3

4 1 1

 + − + +
 

  +
 + + 
 

   
 

 
;

( )( )

( ) ( )( )

2*

2
2 2 2 2

0
4 2

1
2 2

 − +
−

− + + −
= 



B

rp

k

   

     
for

1
0

2
  and

( ) ( )( )( )( )2 2

0

21
6 2 4 12 9 4 1

8
  − − + + + + − + + +          . 

Follow a similar logic in proving Corollary 4.3 to Corollary 4.6, we can prove Corollary 

4.7 to Corollary 4.14. Hence, we omit the tedious details of the corresponding Corollarys’ proves. 
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C. Proof of Proposition 5.1: 

By comparison, we have 

( )
( )

( ) ( )
*

2

22
2 2 2

*

2
0

2 11 1

2 2 2

 
− + + 

−
− = + − +

 − + + −
 

M B

m mw kw d k
  

 
       

, 

( )*

2

2

* 0
8 4

+
− =

−


−

M N

m mw
d k k

w
 

 
,

( )( )

( )( )

2

2

* *

2

2
0

4 4 2

+ +


+
− =

−

− +

N E

m mw w
d k k   

  
, and 

( ) ( ) ( )( )( )

( ) ( )( )

2 2 2

2
2 2 2 2

* *
1 2 2

0
4 2

+ − − + + − +


− + + −
− =B N

m mw
k

w
d k      

     
if 0 3 7  − or 

3 7 3 1−   − and
( )
( )

2 21

2 2


−

− +


 

 
; by comparison, we have 

( ) ( ) ( )( )

( ) ( )( )

2 2

3

* *

2 2 2 2 4 2

1 2
0

2 2 2 3

+ − − + + +


− + −
=

+
−M B

m m

d
p p

k k      

      
,

( )*

2

2

* 0
8 4

+
− =

−


−

M N

m mp
d k k

p
 

 
, 

( )( )

( )( )

2

2

* *

2

2
0

4 4 2

+ +


+
− =

−

− +

N E

m mp p
d k k   

  
, 

( ) ( ) ( )( )( )

( ) ( )( )

2 2 2

2
2 2 2 2

* *
1 2 2

0
4 2

+ − − + + − +


− + + −
− =B N

m mp
k

p
d k      

     
for 0 3 7  − or 

3 7 3 1−   − and
( )
( )

2 21

2 2


−

− +


 

 
; 

( )
( )

( ) ( )

2

22
2 2 2

*

2

*
2 11 1

0
2 2 2

 
− + + + − + 

 −


−
+

=
− + −



M B

m md kd d k
  

 
       

, 

( )*

2

2

* 0
8 4

+
− =

−


−

M N

m md
d k k

d
 

 
,

( )( )

( )( )

2

2

* *

2

2
0

4 4 2

+ +


+
− =

−

− +

N E

m md d
d k k   

  
, 

( ) ( ) ( )( )( )

( ) ( )( )

2 2 2

2
2 2 2 2

* *
1 2 2

0
4 2

+ − − + + − +


− + + −
− =B N

m md
k

d
d k      

     
for 0 3 7  − or 

3 7 3 1−   − and
( )
( )

2 21

2 2


−

− +


 

 
. 

D. Proof of Proposition 5.2: 

By comparison, we have 

* *=N M

r rp p ,
( ) ( )( )

( ) ( )( ) ( )( )

4 2

2
2 2 2 2 2

*

2

* 0
2 1

2 2 4 2

+ − − +

−
=

+ + − + −
−

+
E B

r rp
d k

p
k     

        
,

( ) ( ) ( )( )
( ) ( )

2 2

2

*

2 2 4 2

* 0
1 2

8 2 4 2 1

+ − − + + +

+ −
− 

− − +
=

+

B N

r rp
d

p
k k     

    
, so * * * *  =E B N M

r r r rp p p p . 
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E. Proof of Proposition 5.3: 

By comparison, we have 

( ) ( )( )

( ) ( )( ) ( )( )

2 2

2

*

2 2 2 2

*

2 2

0
2 1

2 4 2

+ − − +

− + + − + − +
− = E B

r rd d
d k k     

        
, 

( )
( ) ( )( )

( ) ( )

2

2
2 2 2

*

2

*

2
0

4 1 21
2

4

 − + + +
 + − − −


− =
− + + −

 

B N

r rd kd d k
    

 
     

, 

( )*

2

2

*

8
0

4
− = 

+ −

−

N M

r r

d
d

k
d

k  

 
, so * * * *  E B N M

r r r rd d d d . 

F. Proof of Proposition 5.4: 

By comparison, we have 

( ) ( )( )

( ) ( )( ) ( )( )

3 2

* *

2
2 2 2 2 2 2

2 1
0

2 4 2

+ − − +
− = 

− + + − + − +

E B

r r

d k k     
 

        
, 

( ) ( ) ( )( )

( ) ( )( )

3 2

* *

3
2 2 2 2 4 2

1 2
0

2 2 2 3

+
− = 

− − + + +

− + − +
m m

M B
d k k      

 
      

, 

( )
( )

( ) ( )

( ) ( )

2

* *

22 2 2 2 2
0

1 21

2 2 2

 
− + + + − + − + 

 − + − + + −


=



B

r m

M d k k
   

   
       

, so 

* * * *  E B M B

r r m m    . 

G. Proof of Proposition 5.5: 

By comparison, we 

have
( )

22

* *

2
0

32 16

+ −
− = 

−
m m

M N
d k k 

 
 

;

( )
( ) ( )( )

( ) ( )( )

2
2 2

2* *

22
2

2 2 2 2

2 2 11 1

8
0

2
2

 
− − + + 

− + − − 
− − + + − 

= 

 

M B

m m d k k
    

   
 

     

;

( )
( )( )

( )( )

2
2

2* *

2
2 2

0
4 2 11

1
16 4 2

 
− + + − + − −

 
 + − +
 

= m

N E

m d k k
  

  
  

;

( ) ( )( )
( )

( ) ( )( ) ( )( )

2
22* * 2

2 2
2 2 22 2 2 2

0
21 2

2 1
8 4 22

 
− 

− + − − + + − 
 + − +− + + − 
 

= m m

B E d k k
  

     
       

;

( )
( ) ( )( )

( ) ( )( )

2
2 2

2* *

2
2

2 2 2 2

2 2 2 1
0

1
1

16
2

 
− − + + 

− + − − 
 − + + −




 

=m

N

m

B d k k
     

  

     

for 3 4 3 12− −   − and

0 7    , or 2 1 1−   where 7 is the third smallest real root of the cubic equation in x given 

by ( )

( ) ( )

6 6 2 6 4 4 4 4 2 4 4

2 2 2 2 2 4 2 2 3

2 6 4 12 2

12 16 20 8 16 8 0

− + + − + + −

+ − − + + − + + =

x

x x

           

        

. 
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H. Proof of Proposition 5.6: 

By comparison, we 

have
( ) ( )( )

( ) ( )( ) ( )( )

22 3

* *

2
2 2 2 2 2 2

2 1
0

4 2 4 2

+ − − + +
− = 

− + + − + − +

B E

r r

d k k


   


        
,

( ) ( )( ) ( )( )
( ) ( )( )

2 22 4

* *

2 2 2

2 4 1
0

4 2 4 2

+ − + + − +
− = 

− + − +
r r

E M
d k k     

 
    

,
( )

22

* *

216 8
0= 

+ −
−

−

M N

r r

d k k 
 

 
, 

so * * * *  M

r r

E

r

B N

r    . 

I. Proof of Proposition 5.7: 

By comparison, we 

have
( )( )

( )

2

* * *
7

16 1

+

−
= +

+ −
=N N N

s m r

d k k 
  


,

( ) ( )( ) ( ) ( ) ( )( ) ( )( )( )( )

( ) ( ) ( )( )

2 26 3 4 2 2

* * *

2
2

2 2 2 2

7 1 1 8 7 6 1 7 2 1 4 21 9 5

8 1 2

+ − − + + + + − + − + + + − + − + +

− − +

= + =

+ −
s

B B

m

B

r

d k k               
 





     

,

( ) ( ) ( )( )
( )( )

2 2

* * *

2

2 1 7

8 2 1

+ − − + + +

−
=

−
= +m

M M M

s r

d k k    
  

  
,

( ) ( ) ( )( ) ( )( )( )( )
( ) ( )( )

2 2 4 2 2

* * *

2
2 2

4 7 1 3 2 2 10 4 5

4 1 4 2

+ − + − + − + + − + − + +
=

− + −
+

+
=s m r

EE E
d k k         

  
   

, 

( ) ( ) ( )( ) ( )( ) ( )( )

( ) ( )( ) ( )( )

3 22 2 2 2 2 2 4 2 4 3

* *

2 22
2 2 2 2 2 2

6 2 2 2 8 5 5 4 2 1
0

8 2 4 2

+ − − + − + − + + − − + +
− 

− + + − + − +

=B

s

E

s

d k k


               


        

, 

( ) ( )( ) ( ) ( )( )
( ) ( )( )

2 36 2 2 4 3 4

* *

2
2 2 2

2 1 1 8 1 2 8 16 8
0

8 2 4 2

+ − − − + + + + + − − + +
− = 

− + − +

E

s s

M
d k k          

 
    

, 

( )
22

* *

2
0

3

32 16

+ −
−

−
= s

M N

s

d k k 
 

 
, so * * * *  M

s s

E

s

B N

s    . 
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