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Appendix
9 2
Proof of Table 3. (1) In Model T, % a +nl— 2ap,, and % = —2a < 0. Thus, let
t
OTM@y) _ — _ atnd
Tom 0, we get pry = —— Replacmg Pe) = —a into platform’s profit function, then the

o on
second-order and first-order derivative of A4 are %1;(1) n(=2+p) <0,and ﬂ n(2 -

B(f —22) —= respectlvely Tus, let O—F;('D = 0, we obtain AT* = %(f ~ b’)) Replacing AT*
: : * 1 f B * 1 2 *
into pyy , we can obtain p;T = " 2+ ;n - ﬁ) , dT = " (fn+a(3 - ﬁ)) , mh=
(n(=2+p)+a(=4+36)* T _ 1 2fn . o

T6a(_2tB)? , Topp = 2a(_2+ﬁ + —fn(—2+/3)+aﬁ)' To satisfy the constraints in model T that



AT*>0,0<v, <1, 0<v,<1, 0<d, <1, p, >0, we obtain Region 1: —_2n+nﬁ =fT <
I _ 3aB
f<f T —2n+np’

(2) The derivation of Model A is similar to Model T. To satisfy constraints that 24* > 0, 0 < v; < 1,

0<v,<1, 0<d, <1, p,>0, we obtain the Region 2: max {0, 2+ﬁ+29

}<a<1 and

B(-1+6-al) 4 -4
n(—2+,8+2(1—a)9)_/: <f<f =

B(6-3B+(1-a)(n-3(4—B))6-6(1-a)?6?) —4+ﬁ—(1—a)(—8+n+ﬁ)0—4(—1+a)292}
n(=2+p-2(-1+a)6)?2 ! n(=2+p-2(-1+a)d) ’

min {

(3) In Model P, we obtain the first-order derivative of 7,y Wwith respect to p, and w, are

B(mo—21p+2wyp)

9 14— - - 9 ni+ . ...
Mpy) _ Z1HT-fmot 2+ (1) TIpe—2fwe  ITMwe) =1+7_ The Hessian matrix is given
ope -1+t ow, T
21-(1-p)r) 28
by H= _21;” :Z, , and the sequential principal minors of Hessian matrix H is w <
; (1—1)1’
0, while |H| = , which deduces the Hessian matrix H is negative definite. Hence, if there

exists a maximum, this maximum uniquely solves the first-order optimality conditions (FOCs):

] ] ) : .
% =0 and % = 0. Solving the above equations simultaneously, we have p.) = %(1 +
t [

nA) and Woan, 1) = Frtnd(+ (4P Mo ey, substituting pzy and Wo(m, 2y it Topp(m, 1),

2p
0 orp(mon) B SR . . :
and Sy v < 0, which implies Topp(m, 1) is concave on m,. Thus, according to
OmoFP(noA) _ (FB-(+B)D)(-147) 3”20FP(/1) _ (n-p)’-(m*+2n(3-2B)B+B*)t
Frou 0, we obtain m, ;) = Y . Then sy = Ve )

2
To ensure % <0, n—P)2—@m?*+2n3 —2B) + Bt < 0 should be satisified. In this

B2PT+f(B-PLr+n(—1-37t+2P7)))
(n—-p)*—(n2+2n(3-2p)p+p*)
above, we can obtain the equilibrium results, as shown in Table 3. Among that, A=8*(1 — 7)(1 — (1 —

B)v) —2np*(1—1)(2+ 61— 5t — fH(1— (1= B)n) +n?B*(6 + fPBA—T)(B + (4 —
B)(1—P)1) —2fB(1 —1)(3+ 97 —8B7) + (20 — 238 + (38 — (73 — 36))1)) + n*((1 —
1) =2fBA-D)(A+3t-20) + f2R(B+ (4 + (2 =3Bt — (1 - (4 - B9 —4F)TH) +
2°B2(1-D)(-1-31 - - fPA-DB-A-PE -3 + BB +1(8-9F +
(21 — B(31 — 12pB))1))). To satisfy the constraints that A** >0, 0 <v; <1, 0<v3<v, <1,

context, we can obtain AP* = , replacing AP* into response functions

0<di+d, <1 , p>0 , p,>0 , we obtain Region 3: 4_ﬁzﬁ <n<sp ,
n-2p n-p
max {—3n—2ﬁ’+2nﬁ' —3n+2nﬂ} = t<l1 ’ f<
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n?-2np+p?%-n?t-3nfr+2np?c —-n?+2nB-pZ+n’t+npr+2p2%1-6np?%t } and
2

2n2-2nB-n2B+nP2+4n21-6n2fr+2n2p21t’ 2n2-2nf-n2B+np2+4n2t—6n2Br+2n2p2t

=fP<f<

rnax{

-2B7
—-n+pB-3nt—-Lr+2nft

—n?+3nB-2p%+n?t+Inpr+2p%t-6np%t
4n2-2n2B+4n21—-6n2p1+2n2 P21

; or f<n<l1 ,

-n?2+3np-2B%+n?t+9npr+2p%t-6np31
4n2-2n?B+4n2t—-6n2pr+2n2p2%t ?

n?-2npB+p>? n-2p } p
max {n2+6n,8+ﬁz—4n,82 " —3n-2B+2np <t<1, and ]_f < f <
—P —-n2+3np-2p%+n21+9npr+2p%r-6np3%1

F = min{ n?-2nB+p%-n?t-3npr+2npf?c
4n2-2n2B+4n21—6n2pt+2n2 B2t

2n?2-2nB-n2p+npB2+4n2t—-6n2pr+2n2p2t ’

,  max{

-n?+2nB-LZ+n’t+npr+2p2%1-6np?%t n-2p8 n—pg n?-2np+p>? }
2n2-2nB-n2+np2+4n271-6n2Bt+2n2p21 —3n-2p+2np’ —3n+2nB’ n2+enp+L2-4np2’’
(4) Similarly, in B=(8*(1 —1)(1 — (1 - 88)1) —2nB3(1 —1)(2 + 14t — 4Bt + fB(—1 — 157 +
8p1)) + n4((1 — T)Z -2ff(1 —1)(1 + 77t — 4p7) +fzﬁ(ﬁ +2(16 —96)t — (32— p(81 —
16(4 — P)ANTH) +2n°B2(A — 1)(-1 =7t + 6p7) — f2B(1 —T)(B — (32— 3B (13 —
48))t) + (3 +57(2 + 231) — 4Pt (3 + 37t — 12071))) + n2ﬁ2(6 —-2ff(1—1)(3 + 217 —
16f7) + fzﬁ(l -1+ (B2+pB(—33+8B))t) +21(26 + 99t — 4p(5 + 43t — 18P71)))) . To

3, 7 = max {

-n+3p -n+f

. ) ) _ g

satisfy the constraints, we obtain Region 4: T Sns B, max {7n+3ﬁ—4nﬁ' 7n+3ﬁ_4nﬁ} <t<l1,
2 _ 2Nr— (1 —R)2 —_R\2_(n2 _ 2

f < max {(" +4n(5-3B)B+3B%)1-(n-p)* (m—p)*-(n*+4n(2-p)B+B )T}, n 4Bt _ M

n2-p)(n-B-(B-n(5-4p))1) ' n2-p)(n-p-(B-n(5-4B))7)
n2(—1+7)+3p2(-1+1)+4nB(1+(5-3B)1) .
n(=2+B)(B(-1+1)+n(=3+(-5+48)1)) ’

n2(1-1)+3B2%2(1-1)-4nB(1+(5-3B)1) ]—CM — min{ n2(—1+1)+3B2(-14+1)+4nB(1+(5-3B)1)
n(2-p)(B(-1+0)+n(-3-(5-4p)1)) ’ n(=2+B)(B(~1+1)+n(=-3+(-5+48)1)) ’

n+pB(—1+1)+n(7-4p)t

n-3p4 (n—pB)?
—7n—-3B+4nB’ n2+2n(7-4B)B+p>

f< or f<n<1, max{ 1<t<

1, and fM<f<

—(m=B)2+(M%+4n(5-3B)f+3B%)t (n—ﬁ)2+(—n2+4n(—2+B)B+B2)r} M
max { n(=2+B)(—n+L+(B+n(-5+4p))1) ’ n(=2+B)(—n+B+(B+n(-5+4£))1) I z
n-38 n-p (n-B)?
max {—7n—3ﬁ+4nﬁ " —7n+B+4np’ n2+2n(7—4ﬁ)3+32}'
AT _ 1 .t _n L 9di" _n L omy 1 fn
Proof of Corollary 1. (1) T —2>0, oF —4a>0, aF —4>O, T —8n(3+ " +
2 onlye _ fn2—p)+ap C 0T ap .ol _ f odi" _ f
—2+B) > 9 4 >05 (2 an  2n2(-2+P) > on _4a>0’ an _4>O’
amy _ 1 fn 2 _onlrp _ —f?n?(=2+p)2+a?p? ) AT _ a )
an Sn(g + a + —2+ﬁ) >0 on 8n2(-2+p) >0 0 B~ n(-2+p)? <0;
it _ 1 . odalr _ __ a . omy _ a(4—3B)—fn(-2+p) . Ombpp _
o8 = 2pr 0 0 T T T <0 s T acarpy <05 S =
4q2
e > 0.
8n
arr (1-(1-a)0)(2-B-2(1-a)H) Capfr | —n(-2+B-2(-1+a)h)
Proof of Corollary 2. (1) f  4-2B—(1-a)(8-n—2B)0+4(1-a)262 0; af =~ 8-4p(1-(1-a)8)- >
2(1-a)f0(8—n—460+4ab)
aag n(2—p-2(1-a)6)(1-2(1-a)h)

0; o AP (-a)8) 2(1- )8 (B-n—46+4a0)° Since the denominator is positive, we need to

determine the sign of the numerator n(2 — f — 2(1 — a)8)(1 — 2(1 — a)8), thus when —% <b<
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_ * Ax*
0 , that is, q > 28 , LS . Omv _
20 of of
n(-2+p+2(1-a)8)(1-(1-a)8)(—4-2fn+3B+fnf+(1-a)(8—n+2fn—3p)0—4(1-a)?0?) >0 . mhrp _
2(—4+2B+(—1+a)(-8+n+2B)0—4(—1+a)262)2 i af

—fn(-2+p-2(-1+a)8)2+L(—2+L+
(—1+a)(—4+n+p)6-2(-1+a)?6?) >0
2(-4+2B(1+(-1+a)0)+(—1+a)0(—8+n+40—4ah)) ’

(1-(1-a)8)(2(-1+a)fn?0(1—-(1-a)0)-2(B-(1-a)B6)>*+
@) i) A Ba-(1-a)8(12—-2n—fn2—2(1-a)(6-n)0+4(1-a)262)))
an  n22(-2+B)+(—1+a)(—8+n+2B)0—4(-1+a)262)2

arfx

an

)0 + B4 - (1—-a)f(12 -2n—fn* - 2(1—a)(6 —n)0 + 4(1 —a)?6%))) , gi) is a

, it is obvious that the denominator of

is positive. Next, let g = (1 -1 —-a)0)(2(-1+ a)fn?0(1-(1-a)d)—2(B— (1 —

linear function of f, where the coefficient of the first-order termis (1 — (1 — a)8) (((1 —a)n?po +

2(-1+a)n?60(1 + (-1 + a)B))) <0, and the constant term is (48 —12(1 —a)B6 + 2(1 —

a)nf +2(1 —a)?(6 —n)BO? —4(1 —a)3pO3 —2(B— (1 —a)BB)?) >0 . Considering the

—-B+p0—-apo
—2n+nf+2n6-2anb

range of values of f , <f<

—4+B+(-1+a)(-8+n+B)0-4(-1+a)?0% B(6—3L—(—1+a)(n+3(-4+p))8+6(—1+a)?6?)

min { }, let b=(1—-a)b,

n(-2+L-2(-1+a)h) ! n(-2+B-2(-1+a)h)?
0<b<2Ff weobtain g .  _prge-aps . = B(1 — b)?(4—28(1 —b) —b(8 —n — 4b)) > 0,
2 1(f_—2n+n,8+2118—2an9)
then _A =
917"
A-b)—Mm+pL)b)(4—2—-(8—n—2L)b+ 4b) ]—CA _ B+(8-n-p)b-4b>—4
B(1-b)(2(-2+B)2-b(16+n-4B)(2-B)+ n(2—f-2b) T
(48-n%+n(4-B)-2(12-B)B)b?—2(16+n-4B)b3+8b*) ]7A __ B(6—=3B+(n—3(4—B))b+6b?%) ’
2—B-2b - n(2—f—2b)?2
B2 4+n—p—,/8n+n?-2np+p* B L .
21p and b > max{ ” ,n+ﬁ} , g1(f=fA)>0 , then, if f<
2B(1-b)(-2+B—(—4+n+B)b—2b?)
Zb2—p-2b) > 9100 < 0.
apf _  (1-(1-a)8)((1-a)BO+2f(-2+f+20-2a8)?) >0 aaf _
an  22(-2+B)+(—1+a)(-8+n+2B)0—4(-1+a)262)2 : an
(1-(1-a)8)(1-2(1-a)6)

((1-a)BO-2f(2—B—-26+2a6)?) d A+(-1+a)8)(—(-1+a)BO+2f (-2++20—-2a0)?) > 0. thus. if

2(—4+2B+(-1+a)(—8+n+2B)0-4(—1+a)262)2’ 2(—4+2B+(—1+a)(—8+n+2B)0-4(—1+a)202)?2 ’ ’
-1420 ddi*

a>—29 s on < 0.
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oniy _ (1-(1-a)8)2(4+2fn—3p-fnf-(1-a)(8—(1-2f)n—-3B8)0+4(1-a)202)((1-a) BO+2f (B+20-2a0—-2)?) >
an —2(—4+2B(1+(~1+a)0)+(-1+a)0(-8+n+46—4ah))3

0o

(1-(1-a)0)(fn(2—-p-20+2a6)-B(1-6+ah))
mhrp _ (fn(2-B-26+2a6)2+B(2—B—-(1—a)(4—n—PB)0+2(1-a)?62)) 0
an 2n2(—4+2B+(—1+a)(-8+n+28)0—4(—1+a)262)2 :

Following a similar analytical procedure, the proofs of the subsequent corollaries are omitted for
brevity, only the threshold conditions are presented.

i B(m+B)T p _ 14+(5+n)1—/1+10(1-n)T+(25—(2—n)n)72
Corollary 3. f;p = min { n(n—ﬁ)(—1+(—1+ﬁ)r)’£ }, Biv = - , or
. -npr-3B%t M
fim = min {—nz+n[>’—n2‘r+5n,8‘r+n2[:’r—3n,82‘r’i Y. B1 € {Bim, 1}, f1 € {fim, f1p}-
2_ 2
Corollary 5. T1m = min{1, n2np+h } , Tle{zp,rlM} ; Typ =

n2+é6nf+p2—4np?

~(n-B)(3n+p) )

max{0, BB A (5t , T2€{T2p, T} 8
nZ(—1+1)-2nB(—1+1)+ B2 (-1+(=7+4L)1) n?(—-1+1)-2nB(-1+1)+B2(~1+(-15+8p)T)
(2-B)(2nB(1-D)+p?(1-1)-n2(3+(5-4B)1)) " (2-B)(2nB(1-D)+B2(1-1)-n?(3+(13-8B)1))

2n3(—1+B)+n?(—4+p)B+2n(3-2p)B*+p*

i) T3P = S -py+n2(a—p)p+Br—2np2(5-2(-B)B) ’ fsp =

f2€{ 1.

B(—2n3(—1+1)+B3(~1+1)-n?B(5+31)+4nB?(1-(-3+p)7)) _
n(2n3(1-p)1-1)+n?(4-F)B1-1)-p*(1-1)- ’ fam =
2np?(3-2B+(5-2(3-B)B)1))

B(—2n3(—1+1)+B3(-1+1)-n?B(5+117)+4nB?(1+(7-2L)1))
n(2n3(1-B)(A-1)+n?(4-)B(1-1)-B*(1-1)-2np2(3-2B+(13-2B(7-2p))7))’

73€6{T3p, Tam}, f3€{f3p, f3m}-

af i
-2n+np’

Proof of Proposition 1. (1) d™ — dV* = %(fn + _Zfﬁ). Given the constraint f > —

follows that d”* > d¥*. Similarly, it can be verified that d** > d"*,{i = T, A, P, M}.

2 i _ (Fa(=2+)+a(=4+38)°
YA 4a2(-2+pB)?

. To determine the magnitude relationship, we compare the term

fn(-2+B)+a(—4+3B)
2a(-2+pB)

can be verified that mi; > nly*, {i = T, A, P, M}.
Proof of Proposition 2. (1) i) Let h; = A4* — AT*=

. Based on the constraint conditions, it is readily seen that w1, > ml*. Similarly, it

(1+(-14+@)0) (fn(-2+B)+f+(-1+a)(-2fn+p)0)
n(—4+2B(1+(—-1+a)0)+(—1+a)6 (—8+n+46—4ahd))

1 ap % _ —(-1+a)né . .
2 U+ n(—2+/3))’ then af  —-8+4B(1+(-1+a)0)+2(~1+a)6(—8+n+46—4abd) <0, thus h, is a decreasing
function of f, and f should satisfy f > —B+B9-aps , h —B+BO-ape

—-2n+nf+2nf-2anfd 1(f=—2n+n[i‘+2n6—2an0)

(—1+a)B(2+B(~1+0)+2(~1+a)8)
2n(—2+f)(—2+f—2(-1+a)8)
negative, then h; < 0, A4* < AT*,

. _ gPx _ gTs_PQ@BTHf(B-BTin(-1-31+2B0)) _f  _ aB
if) Let hy = 4 A (n-B)2-(m2+2n(3-28)B+B%)r 2  2n(2-B)

< 0. Since the function value of h; at the left endpoint of the domain is

h, is a linear function of f, and

a + 2Bt
an-2nf  (n—-B)2-(m2+2n(3-2p)p+L3)1

the constant term is ,8( )< 0, When n < f, the coefficient
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(n-p)(n+B)(-1+71)
2(n—-B)2-2(n2+2n(3-2B)B+B3)t

ﬁ(—a(n—ﬁ)z+4n(—2+3)3r+a(n2+2n(3—2ﬁ)[s’+[5’2)r) AP* > /1T*
n(=2+B)(-n?+p*)(-1+7) ’ '

<0, and vice versa. Therefore, when n>pf and f > fip =

- : : _ Bla(n-B)2+8n(2—B)Br—a(n®+2n(7—-48)B+B2T) 1 Mx — T+ .
Similarly, there is fyp, if f > fay = ) (D) , A > A", Thus, if

n>f and f > f;, A > AT*; otherwise, A"* < AT* {i = P, M}, where fi€{fap, fam}-

n(2-R)0(4+n-28-4(1-a)0)f—16+2(10-38)B+4(—1+a)(—8+n)0+L(a(32-3n—68)+
2(-18+n+58))0+4(-1+a)((-2+B)%+a(—4+3p))6?
4(=2+B)(—4+2B(1+(-1+a)0)+(—1+a) 0 (—8+n+460—4ah)) ’

2) i) d4—dT" = the

denominator is positive. The numerator is a linear function of f, n(2—-p)8(4+n—2p —
4(1—-a)f) >0, and the constant term —16 +2(10—-3B8)B +4(1 —a)(8 —n)8 + ﬁ(a(BZ —
3n—68)—2(18—n—-5B))0 —4(1—a)((2—-B)? —a(4—B))0? <0 . Thus, d4* >d™* if

-2(2-B)(4-3p)+(a(8—n-2B)(—4+3B)-2(2—B)(-8+n+5B))0—4(1—a)((—-2+B)%+a(—4+3p))6?
n(-2+p3)0(4+n-2p+4(-1+a)0)

hy =n2-p)n+p)(n+ (8-

f<fs=min{f, ;.

ii) d d 4(B-2)(n2-2np+p2-n2t—6nPr—PB2rt+4np?t) °’

2P —Df + (22 -HA =) +a4 -3))A —1) +n*(4 - 28 +a(4—38))A -

7) —2nf(a(4—-3B8)(1+3t—-2B71)+ (2—-L)(2— B + 6T —5p7)), is a linear function about f,
and coefficient n(2—-B)(n+pB)(n+ B -2B)B)(1—7)>0 . Due to the constraint f >
n2(—1+1)+B%(-1+1)+2nB(1+(3-28)1)) (- L2 (-2+B) (- 1+B)+

2Bt _ a(4-3B)(1-1)-2n(2—-L)(1+3(1-L)1)+an(4-3L)(1+(3-2L)1) >0
n-p+3nt+pr-2npt’ 4(f=n—ﬁ+f;r—2nﬁr) N B-Bt—-n(1+(3-2p)1) ’
thus, dP* > dT* . Similarly, dM* —d™ =

F13(2-B)(1-1)+F2(4-4a-108+3af+45%) (- 1+7)+n?(4-2f—4f (—2+f)? f+a(-4+3p) ) (-1+7)+
nB(=2a(=4+3B)(~1=-7T+4B7)—(=2+B)(4+fB(=7+4B) (—=1+7)+287—4B (1+57)))

4(-2+B)(n2-2nB+p2-n271-14nBt—L27+8nL21) > 0.
Proof of Proposition 3. (1) i) ™% — 1 = s
oot of Froposttion 5. (1)1 rl T (fn(=2+B)+a(—4+3B))2(—4+2B+(~1+a)(~8+n+2B)0—4(-1+a)262)2’

hs = Aif>+Bif+C, , and A; = (—1+ a)n*(-2+B)*(4(-2+B)*—4(-2+B)(-8+n—
a(=6+pB)+28)0 — (—1+a)(96 +n? + 4n(—4+ B) + 16a(—3 + B) + 4(—12 + B)B)O? +
8(—1+a)>(-8+2a+n+2p)03%—-16(—1+a)36*) <0 ; B, =2(-1+a)an(-2 +

B)O(—(=1+ a)n(—4 +38)0 — 8n(=1 + B)(1 + (=1 + a)8) (=2 + B + 26 — 2ah) + 8B (1 +

(—1+a)8)2(=2+ B +20 —2a0)) <0 ; C =a(-2(4-3B8)2@4+a—2B)(-2+p) - (-1+

aQ)(—4+3B)(a(—8 +n+28)(—4 +3B) —4(—=2+ B)?(=20 + 2n + 9B))0 + 4(—1 +
a)’(a(4—3B)2 + (-2 + B)?(160 + n? + 12n(—2 + B) + 9B(—16 + 3B)))0% + 4(—1 +
a)3 (=2 + B)?(160 + n? + 6n(—4 + B) — 968 + 92)0% — 32(-1 + a)*(—-2 + B)*(-10 +n +

38)0* + 64(—1+ a)*(—2 + B)?6°) > 0. Thus, if f < fi and hscpmin) < 0, then mjy" > my/.
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Tt > Ty if f<fe=
2V(a-(1-a)af)(-8+108-3B2—(2—B)(—8+n+3B)0+a(—8+6B)0—4(—1+a)(—2+B)0%)(—4+2B(1+(-1+a)P)—(1-a)f
(—8+n+40-4ab))+ab((1—a)n?(-4+3B)6+8n(1-B)(1-(1-a)8)(—2+B+20-2a8)+8B(1—-(1-a)8)%(-2+B+260—2ab)))
n(2—p)(4(2-p)2-4(2-p)(8-n-a(6—-pf)—-2p)0—(1-a)(96+n?—4n(4—f)— ’
16a(3—-p)—4(12—B)B)0%2+8(1—-a)?(8—2a—-n—2p)03+16(1—a)36%)

0<6,= ;:zgiﬁz and a > a;, where a; is the first root of (=2 + B)?B%(—1+6)* —(-2+
B)Y(6B%*(7 —50)+ B3(—9+6) —16B(—4+0)(—1+0) +32(—1+ 6)*) (-1 + B)a —
49(—(4—3B)*(—2+pB) + (=64 + (96 + B(—47 + 7B)))O + 8(—2 + B)?6%)a? + 402(—(4 —
38)2 + 4(=2 + B)*0)a® = 0.

Ax
.. T[OFP _ _ h6 — —
11) n(T,}P 1= (fn(=2+B)—af)2(-4+2B(1+(-1+a)8)+(-1+a)8 (—8+n+46—4ah))’ and ( 4+ 2'8(1 T ( 1+

a)0) + (—1+a)0(—8+n+40 —4ah)) <0, hg=Ayf?+Bof +C,, Ay = (—1+ a)n?(-2 +
BO(—(2+pB)(n+2B)+4(-1+a)p8) >0 , B, = 2(-1+a)n(—2+ ,8)[3(—4 +26(1 +

(-1+a))+60(B8—8a—2n+an—4(-1+a)?0)) <0 , C,=-2(-1+a®)(-2+p)p?*—

(—1+a)2(4 +a?(—4+B) —2B)B* +n(—16 + B(16 + (—4 + a®)B)))O + 2(—1 +
a)?(—2(-8+n)n+ (—12+n)nf + 2(-1+a? + n)B? + 362 —8(—1 + a)>n(-2+ p)O3 <
3apf
-2n+np

0. In view of the maximum value of f is — , then substituting f,,,, into hg, and we find

Ax
R6(fnar) < 0, thus, Zzﬁ < 1 always holds.

Px

™ 14 _ hs
(2) In Model P, n[j 1= (fa(=2+B)+a(-4+3B))2(n2(-1+1)+B2(-1+1)+2nB(1+(3-2p)1))2’

Bsa+ C; , where A; =a?(4—-3B8)?(n%*(—1+1)+p%(—-1+1)+2np(1+ (3 -28)1))?<0,

h7 == A3a2 +

C; =—f*n?Q2 - B)Z(nz(—l +17)+ p3(-1+1)+2n(1+ (3 — Zﬁ)r))z < 0, according to a <
1, we next discuss the value of hy=1)y = (=1 +7)((n — B)*B(=8 + 58) — (n — B)*B(n*(—8 +

58) + B*(8 + B(—11 + 4p)) — 2nf(24 + f(=35 + 12B)))t — f*n* (=2 + B)*(n + B)(—(n —
38)(n—B)? + (n® +n?(11 —8B)L + F?(16 + B(—19 + 4B)) + nf(16 + B(—25 + 12B)))T) +
2fan = B)2 - P)(*(4 =3B (A —1) —np*(4+ B+ (12— (A7 - 4B)ND) + B> (4 — B +

(12 = B(15 — 4B)T) — n?B(4(1 + 77) — B(5 + 437 — 16f7)))) > 0, thus, there must have a
threshold regarding a, when a<a,p, h; <0, combine the definition domain, a,p =

max{a, the first root of — (fn(2 — ) + a(4 — 35))2(n2(1 -1+ p*(1—-1)-2np(1+ (3 -

2,8)1))2 +4a2-B)*P*A -1 -A=-P)1)+2np3(—-1+1)(2+ 6T — 57+ fB(—1+

(—1+ B +n?p2(6 - f2B(-1+ DB+ (4 - A - 1) - 2ff(1 —T)B + 97— 8fT) +
(20 — 238 + (38 — B(73 — 368))1)) + n*((1 — )2 — 2fB(1 — 1)(1 + 37 — 2B7) + f2B(B +
(4+ @2 =3P+ (-1+ A+ L9 +46)T*) - 2n°f2(1 - DA +3(1 - f)T) —
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fABA-DB+ Q- -3+ BB +1(8 98 + (21 — f(31 — 12f))1)))) = 0}. When
a < a,p, Z—’? <1

M=
Similarly, in Model M, when a < a,y, Z—"Tl <1, a,y = max{a,the first root of — (fn(—2 +
M

B)+a(—4+3B)*n*(—1+1) +B3(-1+1)+2nB(1 + (7 — 4B)1))? + 4a(—2 +

B (—B*(-1+1)(1+ (—1+8B)71) + 2nB3(—1 +17)(2 + 141 — 4B7 + fB(—1 — 157 + 8B7)) +
n*((-1+1)2 = 2fB(-1+1)(-1 =7t +4B7) + f?B(B +2(16 —9B)Tt + (—32 + B(81 +
16(—4 + B)B)Tt?) + 2n3p(—2(-1+1)(—-1 -7t + 6B7) — f2B(-1+T)(—B + (32 +

3(—13 +4B)1) + fB(3 + 57(2 + 237) + 4B1(—3 — 3771 + 12p7))) + n?p%(6 — 2fB(—1 +
)(—3 — 217t + 16B7) — f2B(—1+ 1)(B + (32 + B(—33 + 8B))7T) + 27(26 + 997 + 4B (-5 —
437 + 18P71)))) = 0}, ae{azp, azy}-

The proofs of the subsequent propositions follow similar analysis and are thus omitted; only the
threshold conditions are presented.

ﬁ(TH_\/EJ(2(—2+B)+(1—a)(8—n—2,8)6—4(1—a)2Gi)z(:—l;(z—ﬁ)z+ﬁ4+2n(2—B)B(Z—B—29+2a9)))

—n(-2+B)(n+2B)—-4(-1+a)nBo » Tap =

Proposition 5. f,p =

—%, fr€{fop, fom}s Ta € {Tap, Tam}, M = (n—B)?B* +2(-1+ a)(n3(—2 +B) + B* —n*(—4+
BIB(=7 +68) = nB2(2+ B + 452))0 + (1 — @)% (n* — 8n3(1 — B)2 + B* — Bn(B? + B*) —
2n2f(56 — B(47 — 86)) ) 62 + 4(1 — a)*n(n® + 2n(7 — 4B)f + 2)6° — 2fnB((n— f)(2 -

B +p)+ 1 —a)(np? — (4 - BB +n*(4 + 6 —461))0 — 2(1 — a)*(n — F(n + £)6?) +

fa2(2-pPm+p)? -21-a)2-PER*+n*2 - A +28) —2n(2 - B +
200 +4(1 —a)*(n* + 2+ 2np(1+ 3 -28)A)O%) , N =2fnf(n—p)2—-Pn+p) -
1-a)2n2-B)+ (@A - PO —2(1 —a)’(n+ )0?) + f?n*(—(2 - f)*(n+ p)* +2(1 -
)2 - p)M*(2 - p) +2n(2 - BB +2%)0 —4(1 — a)>(n* + 2n(1 — B)B + B*)6%) + (n —
B)?2A-a)np(1—(1-a))—-(B—-1-a)pd)?>—-(1—-a)nb(4—(1—-a)f(8—n—4(1—
a)d)),

(n—B)%2(n?(31-14B)B+7B3—-4n3(3-2B)+2n((19-12B)B%+

_ J16n*(2—B)%—8n3(2—B)B%+32(2—B)2B*+8n(2—B) B3 (4+B)+n?B2(64—(32—-B)B))).
- 24n(3-2B)B*+7B°—4n>(7—-4B)—-n*B(137-4(49-16B) )+ >
2n2B3(77-94B+32B2)+4n3B2(47-2L(29-8p))

Proposition 9. 75

(n-B)°(an+7p)-2(n—L)3(4n3+n?(47-308) f+2n(19-128) L% +783)t+(n—B)(4n>+87n* f+4(103-15n)n3 %+
_ 2(93-284n)n? B3 +4n(18+n(-55+48n))f*+(7+16n(—3+4n))B5)r?
fs = n((n—p)*(7(2-B)B+n(14-3B))—2(n-p)*(7(2-p)p3+n3(14-38 (5-2B)) +n? (82— F(61-6p))+
nB2(82-B(85—24P)))T+(7(2—B)B5+2n3B2(3-2B)(58—-418)+n5(14—27B+128%)+
np*(150-167B8-48B2)+n*B(150—L(323—(244—64B)B))+2n23(174—267B+2(75-165)2))12)

© 2026 the Author(s), licensee AIMS Press. This is an open access
MS AJMS Press  article distributed under the terms of the Creative Commons
L Attribution License (https://creativecommons.org/licenses/by/4.0)

Journal of Industrial and Management Optimization Volume 22, Issue 7, 3188-3218.



