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Appendix 

Proof of Table 3. (1) In Model T, 
డగಾሺ೛೟ሻ

డ௣೟
ൌ 𝑎 ൅ 𝑛𝜆 െ 2𝑎𝑝௧ , and 

డగమ
ಾሺ೛೟ሻ

డሺ௣೟ሻమ ൌ െ2𝑎 ൏ 0 . Thus, let 

డగಾሺ೛೟ሻ

డ௣೟
ൌ 0 , we get 𝑝௧ሺఒሻ ൌ ௔ା௡ఒ

ଶ௔
 . Replacing 𝑝௧ሺఒሻ ൌ ௔ା௡ఒ

ଶ௔
  into platform’s profit function, then the 

second-order and first-order derivative of 𝜆 are 
డగమ

ೀಷುሺഊሻ

డሺఒሻమ ൌ 𝑛ሺെ2 ൅ 𝛽ሻ ൏ 0, and 
డగೀಷುሺഊሻ

డఒ
ൌ ଵ

ଶ
𝑛ሺ2 െ

𝛽ሻሺ𝑓 െ 2𝜆ሻ െ ௔ఉ

ଶ
, respectively. Tus, let 

డగೀಷುሺഊሻ

డఒ
ൌ 0, we obtain 𝜆்∗ ൌ ଵ

ଶ
ሺ𝑓 െ ௔ఉ

௡ሺଶିఉሻ
ሻ. Replacing 𝜆்∗ 

into 𝑝௧ሺఒሻ , we can obtain 𝑝௧
்∗ ൌ ଵ

ସ
ሺ2 ൅ ௙௡

௔
െ ఉ

ଶିఉ
ሻ , 𝑑்∗ ൌ ଵ

ସ
ሺ𝑓𝑛 ൅ 𝑎ሺ3 െ ଶ

ଶିఉ
ሻሻ , 𝜋ெ

்∗ ൌ

ሺ௙௡ሺିଶାఉሻା௔ሺିସାଷఉሻሻమ

ଵ଺௔ሺିଶାఉሻమ , 𝜋ைி௉
்∗ ൌ 2𝑎ሺ ଵ

ିଶାఉ
൅ ଶ௙௡

ି௙௡ሺିଶାఉሻା௔ఉ
ሻ. To satisfy the constraints in model T that 
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𝜆்∗ ൐ 0 , 0 ൏ 𝑣ଵ ൏ 1 , 0 ൏ 𝑣ଶ ൏ 1 , 0 ൏ 𝑑௧ ൏ 1 , 𝑝௧ ൐ 0 , we obtain Region 1: െ ௔ఉ

ିଶ௡ା௡ఉ
ൌ 𝑓் ൏

𝑓 ൏ 𝑓
்

ൌ െ ଷ௔ఉ

ିଶ௡ା௡ఉ
. 

(2) The derivation of Model A is similar to Model T. To satisfy constraints that 𝜆஺∗ ൐ 0, 0 ൏ 𝑣ଵ ൏ 1, 

0 ൏ 𝑣ଶ ൏ 1 , 0 ൏ 𝑑௧ ൏ 1 , 𝑝௧ ൐ 0 , we obtain the Region 2: max ሼ0, ିଶାఉାଶఏ

ଶఏ
ሽ ൏ 𝑎 ൏ 1  and 

ఉሺିଵାఏି௔ఏሻ

௡ሺିଶାఉାଶሺଵି௔ሻఏሻ
ൌ 𝑓஺ ൏ 𝑓 ൏ 𝑓

஺
ൌ

min ሼ
ఉ൫଺ିଷఉାሺଵି௔ሻ൫௡ିଷሺସିఉሻ൯ఏି଺ሺଵି௔ሻమఏమ൯

௡ሺିଶାఉିଶሺିଵା௔ሻఏሻమ , ିସାఉିሺଵି௔ሻሺି଼ା௡ାఉሻఏିସሺିଵା௔ሻమఏమ

௡ሺିଶାఉିଶሺିଵା௔ሻఏሻ
ሽ.  

(3) In Model P, we obtain the first-order derivative of 𝜋ெሺ௣೟ሻ  with respect to 𝑝௧  and 𝑤௢  are 

డగಾሺ೛೟ሻ

డ௣೟
ൌ ିଵାఛିఉ௠೚ାଶሺଵାሺିଵାఉሻఛሻ௣೟ିଶఉ௪೚

ିଵାఛ
 , 

డగಾሺೢ೚ሻ

డ௪೚
ൌ

௡ఒା
ഁሺ೘೚షమഓ೛೟శమೢ೚ሻ

షభశഓ

ఛ
 . The Hessian matrix is given 

by Hൌ ቌ

ଶሺଵିሺଵିఉሻఛሻ

ିଵାఛ
ଶఉ

ଵିఛ

 

ଶఉ

ଵିఛ
ିଶఉ

ሺଵିఛሻఛ

ቍ, and the sequential principal minors of Hessian matrix H is 
ଶሺଵିሺଵିఉሻఛሻ

ିଵାఛ
൏

0, while |𝐻| ൌ ସఉ

ఛିఛమ ൐ 0, which deduces the Hessian matrix H is negative definite. Hence, if there 

exists a maximum, this maximum uniquely solves the first-order optimality conditions (FOCs): 
డగಾሺ೛೟ሻ

డ௣೟
ൌ 0 and 

డగಾሺೢ೚ሻ

డ௪೚
ൌ 0. Solving the above equations simultaneously, we have 𝑝௧ሺఒሻ ൌ ଵ

ଶ
ሺ1 ൅

𝑛𝜆ሻ and 𝑤௢ሺ௠೚,ఒሻ ൌ ఉఛା௡ఒሺଵାሺିଵାఉሻఛሻିఉ௠೚

ଶఉ
. Then, substituting 𝑝௧ሺఒሻ and 𝑤௢ሺ௠೚,ఒሻ into 𝜋ைி௉ሺ௠೚,ఒሻ, 

and 
డగమ

ೀಷುሺ೘೚,ഊሻ

డሺ௠೚ሻమ ൌ ఉ

ሺିଵାఛሻఛ
൏ 0 , which implies 𝜋ைி௉ሺ௠೚,ఒሻ  is concave on 𝑚௢ . Thus, according to 

డగೀಷುሺ೘೚,ഊሻ

డ௠೚
ൌ 0, we obtain 𝑚௢ሺఒሻ ൌ ሺ௙ఉିሺ௡ାఉሻఒሻሺିଵାఛሻ

ଶఉ
. Then, 

డగమ
ೀಷುሺഊሻ

డሺఒሻమ ൌ ሺ௡ିఉሻమିሺ௡మାଶ௡ሺଷିଶఉሻఉାఉమሻఛ

ସఉఛ
. 

To ensure 
డగమ

ೀಷುሺഊሻ

డሺఒሻమ ൏ 0 , ሺ𝑛 െ 𝛽ሻଶ െ ሺ𝑛ଶ ൅ 2𝑛ሺ3 െ 2𝛽ሻ𝛽 ൅ 𝛽ଶሻ𝜏 ൏ 0  should be satisified. In this 

context, we can obtain 𝜆௉∗ ൌ ఉሺଶఉఛା௙ሺఉିఉఛା௡ሺିଵିଷఛାଶఉఛሻሻሻ

ሺ௡ିఉሻమିሺ௡మାଶ௡ሺଷିଶఉሻఉାఉమሻఛ
 , replacing 𝜆௉∗  into response functions 

above, we can obtain the equilibrium results, as shown in Table 3. Among that, A=𝛽ସሺ1 െ 𝜏ሻሺ1 െ ሺ1 െ
𝛽ሻ𝜏ሻ െ 2𝑛𝛽ଷሺ1 െ 𝜏ሻሺ2 ൅ 6𝜏 െ 5𝛽𝜏 െ 𝑓𝛽ሺ1 െ ሺ1 െ 𝛽ሻ𝜏ሻሻ ൅ 𝑛ଶ𝛽ଶሺ6 ൅ 𝑓ଶ𝛽ሺ1 െ 𝜏ሻሺ𝛽 ൅ ሺ4 െ
𝛽ሻሺ1 െ 𝛽ሻ𝜏ሻ െ 2𝑓𝛽ሺ1 െ 𝜏ሻሺ3 ൅ 9𝜏 െ 8𝛽𝜏ሻ ൅ 𝜏ሺ20 െ 23𝛽 ൅ ሺ38 െ 𝛽ሺ73 െ 36𝛽ሻሻ𝜏ሻሻ ൅ 𝑛ସሺሺ1 െ
𝜏ሻଶ െ 2𝑓𝛽ሺ1 െ 𝜏ሻሺ1 ൅ 3𝜏 െ 2𝛽𝜏ሻ ൅ 𝑓ଶ𝛽ሺ𝛽 ൅ ሺ4 ൅ ሺ2 െ 3𝛽ሻ𝛽ሻ𝜏 െ ሺ1 െ 𝛽ሻሺ4 െ 𝛽ሺ9 െ 4𝛽ሻሻ𝜏ଶሻሻ ൅
2𝑛ଷ𝛽ሺ2ሺ1 െ 𝜏ሻሺെ1 െ 3ሺ1 െ 𝛽ሻ𝜏ሻ െ 𝑓ଶ𝛽ሺ1 െ 𝜏ሻሺ𝛽 െ ሺ1 െ 𝛽ሻሺ4 െ 3𝛽ሻ𝜏ሻ ൅ 𝑓𝛽ሺ3 ൅ 𝜏ሺ8 െ 9𝛽 ൅
ሺ21 െ 𝛽ሺ31 െ 12𝛽ሻሻ𝜏ሻሻሻ . To satisfy the constraints that 𝜆௉∗ ൐ 0 , 0 ൏ 𝑣ଵ ൏ 1 , 0 ൏ 𝑣ଷ ൏ 𝑣ଶ ൏ 1 , 

0 ൏ 𝑑௧ ൅ 𝑑௢ ൏ 1 , 𝑝௧ ൐ 0 , 𝑝௢ ൐ 0 , we obtain Region 3: 
ఉ

ସିଶఉ
൏ 𝑛 ൑ 𝛽 , 

max ቄ ௡ିଶఉ

ିଷ௡ିଶఉାଶ௡ఉ
, ௡ିఉ

ିଷ௡ାଶ௡ఉ
ቅ  < 𝜏 ൏ 1 , 𝑓 ൏



3 

Journal of Industrial and Management Optimization  Volume 22, Issue 7, 3188–3218. 

max ቄ ௡మିଶ௡ఉାఉమି௡మఛିଷ௡ఉఛାଶ௡ఉమఛ

ଶ௡మିଶ௡ఉି௡మఉା௡ఉమାସ௡మఛି଺௡మఉఛାଶ௡మఉమఛ
, ି௡మାଶ௡ఉିఉమା௡మఛାଽ௡ఉఛାଶఉమఛି଺௡ఉమఛ

ଶ௡మିଶ௡ఉି௡మఉା௡ఉమାସ௡మఛି଺௡మఉఛାଶ௡మఉమఛ
ቅ , and 

ିଶఉఛ

ି௡ାఉିଷ௡ఛିఉఛାଶ௡ఉఛ
ൌ 𝑓௉ ൏ 𝑓 ൏ ି௡మାଷ௡ఉିଶఉమା௡మఛାଽ௡ఉఛାଶఉమఛି଺௡ఉమఛ

ସ௡మିଶ௡మఉାସ௡మఛି଺௡మఉఛାଶ௡మఉమఛ
 ; or 𝛽 ൏ 𝑛 ൏ 1  , 

max ቄ ௡మିଶ௡ఉାఉమ

௡మା଺௡ఉାఉమିସ௡ఉమ , ௡ିଶఉ

ିଷ௡ିଶఉାଶ௡ఉ
ቅ ൏ 𝜏 ൏ 1 , and 𝑓௉ ൏ 𝑓 ൏ ି௡మାଷ௡ఉିଶఉమା௡మఛାଽ௡ఉఛାଶఉమఛି଺௡ఉమఛ

ସ௡మିଶ௡మఉାସ௡మఛି଺௡మఉఛାଶ௡మఉమఛ
 , 

𝑓
௉

ൌ min{
ି௡మାଷ௡ఉିଶఉమା௡మఛାଽ௡ఉఛାଶఉమఛି଺௡ఉమఛ

ସ௡మିଶ௡మఉାସ௡మఛି଺௡మఉఛାଶ௡మఉమఛ
,  max{

௡మିଶ௡ఉାఉమି௡మఛିଷ௡ఉఛାଶ௡ఉమఛ

ଶ௡మିଶ௡ఉି௡మఉା௡ఉమାସ௡మఛି଺௡మఉఛାଶ௡మఉమఛ
 , 

ି௡మାଶ௡ఉିఉమା௡మఛାଽ௡ఉఛାଶఉమఛି଺௡ఉమఛ

ଶ௡మିଶ௡ఉି௡మఉା௡ఉమାସ௡మఛି଺௡మఉఛାଶ௡మఉమఛ
ሽ}, 𝜏௉ ൌ max ሼ ௡ିଶఉ

ିଷ௡ିଶఉାଶ௡ఉ
, ௡ିఉ

ିଷ௡ାଶ௡ఉ
, ௡మିଶ௡ఉାఉమ

௡మା଺௡ఉାఉమିସ௡ఉమሽ. 

(4) Similarly, in B=ሺ𝛽ସሺ1 െ 𝜏ሻሺ1 െ ሺ1 െ 8𝛽ሻ𝜏ሻ െ 2𝑛𝛽ଷሺ1 െ 𝜏ሻሺ2 ൅ 14𝜏 െ 4𝛽𝜏 ൅ 𝑓𝛽ሺെ1 െ 15𝜏 ൅
8𝛽𝜏ሻሻ ൅ 𝑛ସሺሺ1 െ 𝜏ሻଶ െ 2𝑓𝛽ሺ1 െ 𝜏ሻሺ1 ൅ 7𝜏 െ 4𝛽𝜏ሻ ൅ 𝑓ଶ𝛽ሺ𝛽 ൅ 2ሺ16 െ 9𝛽ሻ𝜏 െ ሺ32 െ 𝛽ሺ81 െ
16ሺ4 െ 𝛽ሻ𝛽ሻሻ𝜏ଶሻሻ ൅ 2𝑛ଷ𝛽ሺ2ሺ1 െ 𝜏ሻሺെ1 െ 7𝜏 ൅ 6𝛽𝜏ሻ െ 𝑓ଶ𝛽ሺ1 െ 𝜏ሻሺ𝛽 െ ሺ32 െ 3𝛽ሺ13 െ
4𝛽ሻሻ𝜏ሻ ൅ 𝑓𝛽ሺ3 ൅ 5𝜏ሺ2 ൅ 23𝜏ሻ െ 4𝛽𝜏ሺ3 ൅ 37𝜏 െ 12𝛽𝜏ሻሻሻ ൅ 𝑛ଶ𝛽ଶሺ6 െ 2𝑓𝛽ሺ1 െ 𝜏ሻሺ3 ൅ 21𝜏 െ
16𝛽𝜏ሻ ൅ 𝑓ଶ𝛽ሺ1 െ 𝜏ሻሺ𝛽 ൅ ሺ32 ൅ 𝛽ሺെ33 ൅ 8𝛽ሻሻ𝜏ሻ ൅ 2𝜏ሺ26 ൅ 99𝜏 െ 4𝛽ሺ5 ൅ 43𝜏 െ 18𝛽𝜏ሻሻሻሻ . To 

satisfy the constraints, we obtain Region 4: 
ఉ

ସିଶఉ
൏ 𝑛 ൑ 𝛽 , max ሼ ି௡ାଷఉ

଻௡ାଷఉିସ௡ఉ
, ି௡ାఉ

଻௡ାଷఉିସ௡ఉ
ሽ ൏ 𝜏 ൏ 1 , 

𝑓 ൏ max ሼሺ௡మାସ௡ሺହିଷఉሻఉାଷఉమሻఛିሺ௡ିఉሻమ

௡ሺଶିఉሻሺ௡ିఉିሺఉି௡ሺହିସఉሻሻఛሻ
, ሺ௡ିఉሻమିሺ௡మାସ௡ሺଶିఉሻఉାఉమሻఛ

௡ሺଶିఉሻሺ௡ିఉିሺఉି௡ሺହିସఉሻሻఛሻ
ሽ , and 

ସఉఛ

௡ାఉሺିଵାఛሻା௡ሺ଻ିସఉሻఛ
ൌ 𝑓ெ ൏

𝑓 ൏ ௡మሺିଵାఛሻାଷఉమሺିଵାఛሻାସ௡ఉሺଵାሺହିଷఉሻఛሻ

௡ሺିଶାఉሻሺఉሺିଵାఛሻା௡ሺିଷାሺିହାସఉሻఛሻሻ
 ; or 𝛽 ൏ 𝑛 ൏ 1 , max ሼ ௡ିଷఉ

ି଻௡ିଷఉାସ௡ఉ
, ሺ௡ିఉሻమ

௡మାଶ௡ሺ଻ିସఉሻఉାఉమሽ ൏ 𝜏 ൏

1 , and 𝑓ெ ൏ 𝑓 ൏ ௡మሺଵିఛሻାଷఉమሺଵିఛሻିସ௡ఉሺଵାሺହିଷఉሻఛሻ

௡ሺଶିఉሻሺఉሺିଵାఛሻା௡ሺିଷିሺହିସఉሻఛሻሻ
 , 𝑓

ெ
ൌ min{

௡మሺିଵାఛሻାଷఉమሺିଵାఛሻାସ௡ఉሺଵାሺହିଷఉሻఛሻ

௡ሺିଶାఉሻሺఉሺିଵାఛሻା௡ሺିଷାሺିହାସఉሻఛሻሻ
, 

max{
ିሺ௡ିఉሻమାሺ௡మାସ௡ሺହିଷఉሻఉାଷఉమሻఛ

௡ሺିଶାఉሻሺି௡ାఉାሺఉା௡ሺିହାସఉሻሻఛሻ
 , 

ሺ௡ିఉሻమାሺି௡మାସ௡ሺିଶାఉሻఉାఉమሻఛ

௡ሺିଶାఉሻሺି௡ାఉାሺఉା௡ሺିହାସఉሻሻఛሻ
ሽ }, 𝜏ெ ൌ

max ሼ ௡ିଷఉ

ି଻௡ିଷఉାସ௡ఉ
, ௡ିఉ

ି଻௡ାఉାସ௡ఉ
, ሺ௡ିఉሻమ

௡మାଶ௡ሺ଻ିସఉሻఉାఉమሽ. 

Proof of Corollary 1. (1) 
డఒ೅∗

డ௙
ൌ ଵ

ଶ
൐ 0 ; 

డ௣೟
೅∗

డ௙
ൌ ௡

ସ௔
൐ 0 ; 

డௗ೟
೅∗

డ௙
ൌ ௡

ସ
൐ 0 ; 

డగಾ
೅∗

డ௙
ൌ ଵ

଼
𝑛ሺ3 ൅ ௙௡

௔
൅

ଶ

ିଶାఉ
ሻ ൐ 0 ; 

డగೀಷು
೅∗

డ௙
ൌ ௙௡ሺଶିఉሻା௔ఉ

ସ
൐ 0 ; (2)

డఒ೅∗

డ௡
ൌ െ ௔ఉ

ଶ௡మሺିଶାఉሻ
൐ 0 ; 

డ௣೟
೅∗

డ௡
ൌ ௙

ସ௔
൐ 0 ; 

డௗ೟
೅∗

డ௡
ൌ ௙

ସ
൐ 0 ; 

డగಾ
೅∗

డ௡
ൌ ଵ

଼
𝑛ሺ3 ൅ ௙௡

௔
൅ ଶ

ିଶାఉ
ሻ ൐ 0 ; 

డగೀಷು
೅∗

డ௡
ൌ ି௙మ௡మሺିଶାఉሻమା௔మఉమ

଼௡మሺିଶାఉሻ
൐ 0 ; (3) 

డఒ೅∗

డఉ
ൌ െ ௔

௡ሺିଶାఉሻమ ൏ 0 ; 

డ௣೟
೅∗

డఉ
ൌ െ ଵ

ଶሺିଶାఉሻమ ൏ 0 ; 
డௗ೟

೅∗

డఉ
ൌ െ ௔

ଶሺିଶାఉሻమ ൏ 0 ; 
డగಾ

೅∗

డఉ
ൌ ௔ሺସିଷఉሻି௙௡ሺିଶାఉሻ

ସሺିଶାఉሻయ ൏ 0 ; 
డగೀಷು

೅∗

డఉ
ൌ

െ
ሺ௔ି௙௡ሻమି రೌమ

ሺషమశഁሻమ

଼௡
൐ 0. 

Proof of Corollary 2. (1) 
డఒಲ∗

డ௙
ൌ ሺଵିሺଵି௔ሻఏሻሺଶିఉିଶሺଵି௔ሻఏሻ

ସିଶఉିሺଵି௔ሻሺ଼ି௡ିଶఉሻఏାସሺଵି௔ሻమఏమ ൐ 0; 
డ௣೟

ಲ∗

డ௙
ൌ ି௡ሺିଶାఉିଶሺିଵା௔ሻఏሻ

଼ିସఉሺଵିሺଵି௔ሻఏሻି
ଶሺଵି௔ሻఏሺ଼ି௡ିସఏାସ௔ఏሻ

൐

0 ; 
డௗ೟

ಲ∗

డ௙
ൌ ௡ሺଶିఉିଶሺଵି௔ሻఏሻሺଵିଶሺଵି௔ሻఏሻ

଼ିସఉሺଵିሺଵି௔ሻఏሻିଶሺଵି௔ሻఏሺ଼ି௡ିସఏାସ௔ఏሻ
 , Since the denominator is positive, we need to 

determine the sign of the numerator 𝑛ሺ2 െ 𝛽 െ 2ሺ1 െ 𝑎ሻ𝜃ሻሺ1 െ 2ሺ1 െ 𝑎ሻ𝜃ሻ, thus when െ ଵ

ଶ
൏ 𝑏 ൏
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0 , that is, 𝑎 ൐ ିଵାଶఏ

ଶఏ
 , 

డௗ೟
ಲ∗

డ௙
൐ 0 . 

డగಾ
ಲ∗

డ௙
ൌ

௡ሺିଶାఉାଶሺଵି௔ሻఏሻሺଵିሺଵି௔ሻఏሻሺିସିଶ௙௡ାଷఉା௙௡ఉାሺଵି௔ሻሺ଼ି௡ାଶ௙௡ିଷఉሻఏିସሺଵି௔ሻమఏమሻ

ଶሺିସାଶఉାሺିଵା௔ሻሺି଼ା௡ାଶఉሻఏିସሺିଵା௔ሻమఏమሻమ ൐ 0 ; 
డగೀಷು

ಲ∗

డ௙
ൌ

ି௙௡ሺିଶାఉିଶሺିଵା௔ሻఏሻమାఉሺିଶାఉା
ሺିଵା௔ሻሺିସା௡ାఉሻఏିଶሺିଵା௔ሻమఏమሻ

ଶሺିସାଶఉሺଵାሺିଵା௔ሻఏሻାሺିଵା௔ሻఏሺି଼ା௡ାସఏିସ௔ఏሻሻ
൐ 0. 

(2) i) 
డఒಲ∗

డ௡
ൌ

ሺଵିሺଵି௔ሻఏሻሺଶሺିଵା௔ሻ௙௡మఏሺଵିሺଵି௔ሻఏሻିଶሺఉିሺଵି௔ሻఉఏሻమା
ఉሺସିሺଵି௔ሻఏሺଵଶିଶ௡ି௙௡మିଶሺଵି௔ሻሺ଺ି௡ሻఏାସሺଵି௔ሻమఏమሻሻሻ

௡మሺଶሺିଶାఉሻାሺିଵା௔ሻሺି଼ା௡ାଶఉሻఏିସሺିଵା௔ሻమఏమሻమ , it is obvious that the denominator of 

డఒಲ∗

డ௡
  is positive. Next, let 𝑔ଵሺ௙ሻ ൌ ሺ1 െ ሺ1 െ 𝑎ሻ𝜃ሻሺ2ሺെ1 ൅ 𝑎ሻ𝑓𝑛ଶ𝜃ሺ1 െ ሺ1 െ 𝑎ሻ𝜃ሻ െ 2ሺ𝛽 െ ሺ1 െ

𝑎ሻ𝛽𝜃ሻଶ ൅ 𝛽ሺ4 െ ሺ1 െ 𝑎ሻ𝜃ሺ12 െ 2𝑛 െ 𝑓𝑛ଶ െ 2ሺ1 െ 𝑎ሻሺ6 െ 𝑛ሻ𝜃 ൅ 4ሺ1 െ 𝑎ሻଶ𝜃ଶሻሻሻ , 𝑔ଵሺ௙ሻ  is a 

linear function of 𝑓, where the coefficient of the first-order term is ሺ1 െ ሺ1 െ 𝑎ሻ𝜃ሻ ቀ൫ሺ1 െ 𝑎ሻ𝑛ଶ𝛽𝜃 ൅

2ሺെ1 ൅ 𝑎ሻ𝑛ଶ𝜃ሺ1 ൅ ሺെ1 ൅ 𝑎ሻ𝜃ሻ൯ቁ ൏ 0 , and the constant term is ሺ4𝛽 െ 12ሺ1 െ 𝑎ሻ𝛽𝜃 ൅ 2ሺ1 െ

𝑎ሻ𝑛𝛽𝜃 ൅ 2ሺ1 െ 𝑎ሻଶሺ6 െ 𝑛ሻ𝛽𝜃ଶ െ 4ሺ1 െ 𝑎ሻଷ𝛽𝜃ଷ െ 2ሺ𝛽 െ ሺ1 െ 𝑎ሻ𝛽𝜃ሻଶሻ ൐ 0 . Considering the 

range of values of 𝑓 , 
ିఉାఉఏି௔ఉఏ

ିଶ௡ା௡ఉାଶ௡ఏିଶ௔௡ఏ
൏ 𝑓 ൏

min ሼିସାఉାሺିଵା௔ሻሺି଼ା௡ାఉሻఏିସሺିଵା௔ሻమఏమ

௡ሺିଶାఉିଶሺିଵା௔ሻఏሻ
, ఉሺ଺ିଷఉିሺିଵା௔ሻሺ௡ାଷሺିସାఉሻሻఏା଺ሺିଵା௔ሻమఏమሻ

௡ሺିଶାఉିଶሺିଵା௔ሻఏሻమ ሽ , let 𝑏 ൌ ሺ1 െ 𝑎ሻ𝜃 , 

0 ൏ 𝑏 ൏ ଶିఉ

ଶ
, we obtain 𝑔

ଵሺ௙ୀ షഁశഁഇషೌഁഇ
షమ೙శ೙ഁశమ೙ഇషమೌ೙ഇ

ሻ
ൌ 𝛽ሺ1 െ 𝑏ሻଶ൫4 െ 2𝛽ሺ1 െ 𝑏ሻ െ 𝑏ሺ8 െ 𝑛 െ 4𝑏ሻ൯ ൐ 0, 

then 𝑔
ଵሺ௙ୀ௙

ಲ
ሻ

ൌ

൞

ሺ1 െ 𝑏ሻሺ𝛽 െ ሺ𝑛 ൅ 𝛽ሻ𝑏ሻሺ4 െ 2𝛽 െ ሺ8 െ 𝑛 െ 2𝛽ሻ𝑏 ൅ 4𝑏ሻ
ఉሺଵି௕ሻሺଶሺିଶାఉሻమି௕ሺଵ଺ା௡ିସఉሻሺଶିఉሻା

൫ସ଼ି௡మା௡ሺସିఉሻିଶሺଵଶିఉሻఉ൯௕మିଶሺଵ଺ା௡ିସఉሻ௕యା଼௕రሻ

ଶିఉିଶ௕

𝑓
஺

ൌ ఉାሺ଼ି௡ିఉሻ௕ିସ௕మିସ

௡ሺଶିఉିଶ௕ሻ

𝑓
஺

ൌ ఉሺ଺ିଷఉାሺ௡ିଷሺସିఉሻሻ௕ା଺௕మሻ

௡ሺଶିఉିଶ௕ሻమ

 , if 𝑛 ൐

ఉమ

ିଶାఉ
  and 𝑏 ൐ 𝑚𝑎𝑥ሼସା௡ିఉିඥ଼௡ା௡మିଶ௡ఉାఉమ

ସ
, ఉ

௡ାఉ
ሽ , 𝑔

ଵሺ௙ୀ௙ಲሻ
൐ 0 , then, if 𝑓 ൏

ଶఉሺଵି௕ሻሺିଶାఉିሺିସା௡ାఉሻ௕ିଶ௕మሻ

ି௡మ௕ሺଶିఉିଶ௕ሻ
, 𝑔ଵሺ௙ሻ ൏ 0. 

డ௣೟
ಲ∗

డ௡
ൌ ሺଵିሺଵି௔ሻఏሻሺሺଵି௔ሻఉఏାଶ௙ሺିଶାఉାଶఏିଶ௔ఏሻమሻ

ଶሺଶሺିଶାఉሻାሺିଵା௔ሻሺି଼ା௡ାଶఉሻఏିସሺିଵା௔ሻమఏమሻమ ൐ 0 . 
డௗ೟

ಲ∗

డ௡
ൌ

ሺଵିሺଵି௔ሻఏሻሺଵିଶሺଵି௔ሻఏሻ
ሺሺଵି௔ሻఉఏିଶ௙ሺଶିఉିଶఏାଶ௔ఏሻమሻ

ଶሺିସାଶఉାሺିଵା௔ሻሺି଼ା௡ାଶఉሻఏିସሺିଵା௔ሻమఏమሻమ , and 
ሺଵାሺିଵା௔ሻఏሻሺିሺିଵା௔ሻఉఏାଶ௙ሺିଶାఉାଶఏିଶ௔ఏሻమሻ

ଶሺିସାଶఉାሺିଵା௔ሻሺି଼ା௡ାଶఉሻఏିସሺିଵା௔ሻమఏమሻమ ൐ 0 , thus, if 

𝑎 ൐ ିଵାଶఏ

ଶఏ
, 

డௗ೟
ಲ∗

డ௡
൏ 0.  
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డగಾ
ಲ∗

డ௡
ൌ

ሺଵିሺଵି௔ሻఏሻమሺସାଶ௙௡ିଷఉି௙௡ఉିሺଵି௔ሻሺ଼ିሺଵିଶ௙ሻ௡ିଷఉሻఏାସሺଵି௔ሻమఏమሻሺሺଵି௔ሻఉఏାଶ௙ሺఉାଶఏିଶ௔ఏିଶሻమሻ

ିଶሺିସାଶఉሺଵାሺିଵା௔ሻఏሻାሺିଵା௔ሻఏሺି଼ା௡ାସఏିସ௔ఏሻሻయ ൐ 0 ; 

డగೀಷು
ಲ∗

డ௡
ൌ

ሺଵିሺଵି௔ሻఏሻ൫௙௡ሺଶିఉିଶఏାଶ௔ఏሻିఉሺଵିఏା௔ఏሻ൯

ሺ௙௡ሺଶିఉିଶఏାଶ௔ఏሻమାఉሺଶିఉିሺଵି௔ሻሺସି௡ିఉሻఏାଶሺଵି௔ሻమఏమሻሻ

ଶ௡మሺିସାଶఉାሺିଵା௔ሻሺି଼ା௡ାଶఉሻఏିସሺିଵା௔ሻమఏమሻమ ൐ 0. 

Following a similar analytical procedure, the proofs of the subsequent corollaries are omitted for 
brevity, only the threshold conditions are presented. 

Corollary 3. 𝑓ଵ௉ ൌ min ሼെ ఉሺ௡ାఉሻఛ

௡ሺ௡ିఉሻሺିଵାሺିଵାఉሻఛሻ
, 𝑓௉ሽ ,  𝛽ଵெ ൌ ଵାሺହା௡ሻఛିඥଵାଵ଴ሺଵି௡ሻఛାሺଶହିሺଶି௡ሻ௡ሻఛమ

଺ఛ
 , or 

𝑓ଵெ ൌ min ሼ ି௡ఉఛିଷఉమఛ

ି௡మା௡ఉି௡మఛାହ௡ఉఛା௡మఉఛିଷ௡ఉమఛ
, 𝑓ெሽ, 𝛽ଵ ∈ ሼ𝛽ଵெ, 1ሽ, 𝑓ଵ ∈ ሼ𝑓ଵெ, 𝑓ଵ௉ሽ. 

Corollary 5. 𝜏ଵெ ൌ minሼ1, ௡మିଶ௡ఉାఉమ

௡మା଺௡ఉାఉమିସ௡ఉమሽ , 𝜏ଵ𝜖൛𝜏௉, 𝜏ଵெൟ ; 𝜏ଶ௉ ൌ

maxሼ0, ିሺ௡ିఉሻሺଷ௡ାఉሻ

ଶ௡ఉାఉమା௡మሺହିସఉሻ
ሽ , 𝜏ଶ𝜖ሼ𝜏ଶ௉, 𝜏ሽ ; 

𝑓ଶ𝜖ሼ ௡మሺିଵାఛሻିଶ௡ఉሺିଵାఛሻାఉమሺିଵାሺି଻ାସఉሻఛሻ

ሺଶିఉሻሺଶ௡ఉሺଵିఛሻାఉమሺଵିఛሻି௡మሺଷାሺହିସఉሻఛሻሻ
, ௡మሺିଵାఛሻିଶ௡ఉሺିଵାఛሻାఉమሺିଵାሺିଵହା଼ఉሻఛሻ

ሺଶିఉሻሺଶ௡ఉሺଵିఛሻାఉమሺଵିఛሻି௡మሺଷାሺଵଷି଼ఉሻఛሻሻ
ሽ. 

ii) 𝜏ଷ௉ ൌ ଶ௡యሺିଵାఉሻା௡మሺିସାఉሻఉାଶ௡ሺଷିଶఉሻఉమାఉర

ଶ௡యሺଵିఉሻା௡మሺସିఉሻఉାఉరିଶ௡ఉమሺହିଶሺଷିఉሻఉሻ
 , 𝑓ଷ௉ ൌ

ఉሺିଶ௡యሺିଵାఛሻାఉయሺିଵାఛሻି௡మఉሺହାଷఛሻାସ௡ఉమሺଵିሺିଷାఉሻఛሻሻ
௡ሺଶ௡యሺଵିఉሻሺଵିఛሻା௡మሺସିఉሻఉሺଵିఛሻିఉరሺଵିఛሻି

ଶ௡ఉమሺଷିଶఉାሺହିଶሺଷିఉሻఉሻఛሻሻ

 , 𝑓ଷெ ൌ

ఉሺିଶ௡యሺିଵାఛሻାఉయሺିଵାఛሻି௡మఉሺହାଵଵఛሻାସ௡ఉమሺଵାሺ଻ିଶఉሻఛሻሻ

௡ሺଶ௡యሺଵିఉሻሺଵିఛሻା௡మሺସିఉሻఉሺଵିఛሻିఉరሺଵିఛሻିଶ௡ఉమሺଷିଶఉାሺଵଷିଶఉሺ଻ିଶఉሻሻఛሻሻ
, 𝜏ଷ𝜖ሼ𝜏ଷ௉, 𝜏ଷெሽ, 𝑓ଷ𝜖ሼ𝑓ଷ௉, 𝑓ଷெሽ. 

Proof of Proposition 1. (1) 𝑑்∗ െ 𝑑ே∗ ൌ ଵ

ସ
ቀ𝑓𝑛 ൅ ௔ఉ

ିଶାఉ
ቁ . Given the constraint 𝑓 ൐ െ ௔ఉ

ିଶ௡ା௡ఉ
 , it 

follows that 𝑑்∗ ൐ 𝑑ே∗. Similarly, it can be verified that 𝑑௜∗ ൐ 𝑑ே∗, ሼ𝑖 ൌ 𝑇, 𝐴, 𝑃, 𝑀ሽ. 

(2) 
గಾ

೅∗

గಾ
ಿ∗ ൌ

൫௙௡ሺିଶାఉሻା௔ሺିସାଷఉሻ൯
మ

ସ௔మሺିଶାఉሻమ  . To determine the magnitude relationship, we compare the term 

௙௡ሺିଶାఉሻା௔ሺିସାଷఉሻ

ଶ௔ሺିଶାఉሻ
. Based on the constraint conditions, it is readily seen that 𝜋ெ

்∗ ൐ 𝜋ெ
ே∗. Similarly, it 

can be verified that 𝜋ெ
௜∗ ൐ 𝜋ெ

ே∗, ሼ𝑖 ൌ 𝑇, 𝐴, 𝑃, 𝑀ሽ. 

Proof of Proposition 2. (1) i) Let ℎଵ ൌ 𝜆஺∗ െ 𝜆்∗ =
ሺଵାሺିଵା௔ሻఏሻሺ௙௡ሺିଶାఉሻାఉାሺିଵା௔ሻሺିଶ௙௡ାఉሻఏሻ

௡ሺିସାଶఉሺଵାሺିଵା௔ሻఏሻାሺିଵା௔ሻఏሺି଼ା௡ାସఏିସ௔ఏሻሻ
െ

ଵ

ଶ
ሺ𝑓 ൅ ௔ఉ

௡ሺିଶାఉሻ
ሻ , then 

డ௛భ

డ௙
ൌ ିሺିଵା௔ሻ௡ఏ

ି଼ାସఉሺଵାሺିଵା௔ሻఏሻାଶሺିଵା௔ሻఏሺି଼ା௡ାସఏିସ௔ఏሻ
൏ 0 , thus ℎଵ  is a decreasing 

function of f, and f should satisfy 𝑓 ൐ ିఉାఉఏି௔ఉఏ

ିଶ௡ା௡ఉାଶ௡ఏିଶ௔௡ఏ
 , ℎ

ଵሺ௙ୀ షഁశഁഇషೌഁഇ
షమ೙శ೙ഁశమ೙ഇషమೌ೙ഇ

ሻ
ൌ

ሺିଵା௔ሻఉሺଶାఉሺିଵାఏሻାଶሺିଵା௔ሻఏሻ

ଶ௡ሺିଶାఉሻሺିଶାఉିଶሺିଵା௔ሻఏሻ
൏ 0. Since the function value of ℎଵ at the left endpoint of the domain is 

negative, then ℎଵ ൏ 0, 𝜆஺∗ ൏ 𝜆்∗. 

ii) Let ℎଶ ൌ 𝜆௉∗ െ 𝜆்∗=
ఉሺଶఉఛା௙ሺఉିఉఛା௡ሺିଵିଷఛାଶఉఛሻሻሻ

ሺ௡ିఉሻమିሺ௡మାଶ௡ሺଷିଶఉሻఉାఉమሻఛ
െ ௙

ଶ
൅ ௔ఉ

ଶ௡ሺଶିఉሻ
, ℎଶ is a linear function of f, and 

the constant term is 𝛽 ቀ ௔

ସ௡ିଶ௡ఉ
൅ ଶఉఛ

ሺ௡ିఉሻమିሺ௡మାଶ௡ሺଷିଶఉሻఉାఉమሻఛ
ቁ ൏ 0 , When 𝑛 ൏ 𝛽 , the coefficient 
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ሺ௡ିఉሻሺ௡ାఉሻሺିଵାఛሻ

ଶሺ௡ିఉሻమିଶሺ௡మାଶ௡ሺଷିଶఉሻఉାఉమሻఛ
൏ 0 , and vice versa. Therefore, when 𝑛 ൐ 𝛽  and 𝑓 ൐ 𝑓ସ௉ ൌ

ఉሺି௔ሺ௡ିఉሻమାସ௡ሺିଶାఉሻఉఛା௔ሺ௡మାଶ௡ሺଷିଶఉሻఉାఉమሻఛሻ

௡ሺିଶାఉሻሺି௡మାఉమሻሺିଵାఛሻ
, 𝜆௉∗ ൐ 𝜆்∗. 

Similarly, there is 𝑓ସெ, if 𝑓 ൐ 𝑓ସெ ൌ ఉሺ௔ሺ௡ିఉሻమା଼௡ሺଶିఉሻఉఛି௔ሺ௡మାଶ௡ሺ଻ିସఉሻఉାఉమሻఛሻ

௡ሺଶିఉሻሺ௡మିఉమሻሺଵିఛሻ
, 𝜆ெ∗ ൐ 𝜆்∗. Thus, if 

𝑛 ൐ 𝛽 and 𝑓 ൐ 𝑓ସ, 𝜆௜∗ ൐ 𝜆்∗; otherwise, 𝜆௜∗ ൏ 𝜆்∗ ሼ𝑖 ൌ 𝑃, 𝑀ሽ, where 𝑓ସ𝜖ሼ𝑓ସ௉, 𝑓ସெሽ.  

(2) i) 𝑑஺∗ െ 𝑑்∗ ൌ

௡ሺଶିఉሻఏሺସା௡ିଶఉିସሺଵି௔ሻఏሻ௙ିଵ଺ାଶሺଵ଴ିଷఉሻఉାସሺିଵା௔ሻሺି଼ା௡ሻఏାఉሺ௔ሺଷଶିଷ௡ି଺ఉሻା
ଶሺିଵ଼ା௡ାହఉሻሻఏାସሺିଵା௔ሻሺሺିଶାఉሻమା௔ሺିସାଷఉሻሻఏమ

ସሺିଶାఉሻሺିସାଶఉሺଵାሺିଵା௔ሻఏሻାሺିଵା௔ሻఏሺି଼ା௡ାସఏିସ௔ఏሻሻ
 , the 

denominator is positive. The numerator is a linear function of 𝑓 , 𝑛ሺ2 െ 𝛽ሻ𝜃ሺ4 ൅ 𝑛 െ 2𝛽 െ

4ሺ1 െ 𝑎ሻ𝜃ሻ ൐ 0 , and the constant term െ16 ൅ 2ሺ10 െ 3𝛽ሻ𝛽 ൅ 4ሺ1 െ 𝑎ሻሺ8 െ 𝑛ሻ𝜃 ൅ 𝛽൫𝑎ሺ32 െ

3𝑛 െ 6𝛽ሻ െ 2ሺ18 െ 𝑛 െ 5𝛽ሻ൯𝜃 െ 4ሺ1 െ 𝑎ሻ൫ሺ2 െ 𝛽ሻଶ െ 𝑎ሺ4 െ 𝛽ሻ൯𝜃ଶ ൏ 0 . Thus, 𝑑஺∗ ൐ 𝑑்∗  if 

𝑓 ൏ 𝑓ହ ൌ min ሼ𝑓
஺

,
ିଶሺଶିఉሻሺସିଷఉሻା൫௔ሺ଼ି௡ିଶఉሻሺିସାଷఉሻିଶሺଶିఉሻሺି଼ା௡ାହఉሻ൯ఏିସሺଵି௔ሻሺሺିଶାఉሻమା௔ሺିସାଷఉሻሻఏమ

௡ሺିଶାఉሻఏሺସା௡ିଶఉାସሺିଵା௔ሻఏሻ
}.  

ii) 𝑑௉∗ െ 𝑑்∗ ൌ ௛ర

ସሺఉିଶሻሺ௡మିଶ௡ఉାఉమି௡మఛି଺௡ఉఛିఉమఛାସ௡ఉమఛሻ
 , ℎସ ൌ 𝑛ሺ2 െ 𝛽ሻሺ𝑛 ൅ 𝛽ሻሺ𝑛 ൅ ሺ3 െ

2𝛽ሻ𝛽ሻሺ1 െ 𝜏ሻ𝑓 ൅ 𝛽ଶ൫2ሺ2 െ 𝛽ሻሺ1 െ 𝛽ሻ ൅ 𝑎ሺ4 െ 3𝛽ሻ൯ሺ1 െ 𝜏ሻ ൅ 𝑛ଶ൫4 െ 2𝛽 ൅ 𝑎ሺ4 െ 3𝛽ሻ൯ሺ1 െ

𝜏ሻ െ 2𝑛𝛽ሺ𝑎ሺ4 െ 3𝛽ሻሺ1 ൅ 3𝜏 െ 2𝛽𝜏ሻ ൅ ሺ2 െ 𝛽ሻሺ2 െ 𝛽 ൅ 6𝜏 െ 5𝛽𝜏ሻሻ , is a linear function about 𝑓 , 
and coefficient 𝑛ሺ2 െ 𝛽ሻሺ𝑛 ൅ 𝛽ሻሺ𝑛 ൅ ሺ3 െ 2𝛽ሻ𝛽ሻሺ1 െ 𝜏ሻ ൐ 0 . Due to the constraint 𝑓 ൐

ଶఉఛ

௡ିఉାଷ௡ఛାఉఛିଶ௡ఉఛ
 , ℎ

ସሺ௙ୀ మഁഓ
೙షഁశయ೙ഓశഁഓషమ೙ഁഓ

ሻ
ൌ

௡మሺିଵାఛሻାఉమሺିଵାఛሻାଶ௡ఉሺଵାሺଷିଶఉሻఛሻሻሺିఉሺଶሺିଶାఉሻሺିଵାఉሻା
௔ሺସିଷఉሻሻሺଵିఛሻିଶ௡ሺଶିఉሻሺଵାଷሺଵିఉሻఛሻା௔௡ሺସିଷఉሻሺଵାሺଷିଶఉሻఛሻ

ఉିఉఛି௡ሺଵାሺଷିଶఉሻఛሻ
൐ 0 , 

thus, 𝑑௉∗ ൐ 𝑑்∗ . Similarly, 𝑑ெ∗ െ 𝑑்∗ ൌ

௙௡యሺଶିఉሻሺଵିఛሻାఉమ൫ସିସ௔ିଵ଴ఉାଷ௔ఉାସఉమ൯ሺିଵାఛሻା௡మቀସିଶఉିସ௙ሺିଶାఉሻమఉା௔ሺିସାଷఉሻቁሺିଵାఛሻା

௡ఉሺିଶ௔ሺିସାଷఉሻሺିଵି଻ఛାସఉఛሻିሺିଶାఉሻሺସା௙ఉሺି଻ାସఉሻሺିଵାఛሻାଶ଼ఛିସఉሺଵାହఛሻሻሻ

ସሺିଶାఉሻሺ௡మିଶ௡ఉାఉమି௡మఛିଵସ௡ఉఛିఉమఛା଼௡ఉమఛሻ
൐ 0. 

Proof of Proposition 3. (1) i) 
గಾ

ಲ∗

గಾ
೅∗ െ 1 ൌ ௛ఱ

ሺ௙௡ሺିଶାఉሻା௔ሺିସାଷఉሻሻమሺିସାଶఉାሺିଵା௔ሻሺି଼ା௡ାଶఉሻఏିସሺିଵା௔ሻమఏమሻమ, 

ℎହ ൌ 𝐴ଵ𝑓ଶ ൅ 𝐵ଵ𝑓 ൅ 𝐶ଵ , and 𝐴ଵ ൌ ሺെ1 ൅ 𝑎ሻ𝑛ଶሺെ2 ൅ 𝛽ሻଶሺ4ሺെ2 ൅ 𝛽ሻଶ െ 4ሺെ2 ൅ 𝛽ሻሺെ8 ൅ 𝑛 െ
𝑎ሺെ6 ൅ 𝛽ሻ ൅ 2𝛽ሻ𝜃 െ ሺെ1 ൅ 𝑎ሻሺ96 ൅ 𝑛ଶ ൅ 4𝑛ሺെ4 ൅ 𝛽ሻ ൅ 16𝑎ሺെ3 ൅ 𝛽ሻ ൅ 4ሺെ12 ൅ 𝛽ሻ𝛽ሻ𝜃ଶ ൅
8ሺെ1 ൅ 𝑎ሻଶሺെ8 ൅ 2𝑎 ൅ 𝑛 ൅ 2𝛽ሻ𝜃ଷ െ 16ሺെ1 ൅ 𝑎ሻଷ𝜃ସሻ ൏ 0 ; 𝐵ଵ ൌ 2ሺെ1 ൅ 𝑎ሻ𝑎𝑛ሺെ2 ൅

𝛽ሻ𝜃൫െሺെ1 ൅ 𝑎ሻ𝑛ଶሺെ4 ൅ 3𝛽ሻ𝜃 െ 8𝑛ሺെ1 ൅ 𝛽ሻሺ1 ൅ ሺെ1 ൅ 𝑎ሻ𝜃ሻሺെ2 ൅ 𝛽 ൅ 2𝜃 െ 2𝑎𝜃ሻ ൅ 8𝛽ሺ1 ൅

ሺെ1 ൅ 𝑎ሻ𝜃ሻଶሺെ2 ൅ 𝛽 ൅ 2𝜃 െ 2𝑎𝜃ሻ൯ ൏ 0 ; 𝐶ଵ ൌ 𝑎ሺെ2ሺ4 െ 3𝛽ሻଶሺ4 ൅ 𝑎 െ 2𝛽ሻሺെ2 ൅ 𝛽ሻ െ ሺെ1 ൅

𝑎ሻሺെ4 ൅ 3𝛽ሻሺ𝑎ሺെ8 ൅ 𝑛 ൅ 2𝛽ሻሺെ4 ൅ 3𝛽ሻ െ 4ሺെ2 ൅ 𝛽ሻଶሺെ20 ൅ 2𝑛 ൅ 9𝛽ሻሻ𝜃 ൅ 4ሺെ1 ൅
𝑎ሻଶሺ𝑎ሺ4 െ 3𝛽ሻଶ ൅ ሺെ2 ൅ 𝛽ሻଶሺ160 ൅ 𝑛ଶ ൅ 12𝑛ሺെ2 ൅ 𝛽ሻ ൅ 9𝛽ሺെ16 ൅ 3𝛽ሻሻሻ𝜃ଶ ൅ 4ሺെ1 ൅
𝑎ሻଷሺെ2 ൅ 𝛽ሻଶሺ160 ൅ 𝑛ଶ ൅ 6𝑛ሺെ4 ൅ 𝛽ሻ െ 96𝛽 ൅ 9𝛽ଶሻ𝜃ଷ െ 32ሺെ1 ൅ 𝑎ሻସሺെ2 ൅ 𝛽ሻଶሺെ10 ൅ 𝑛 ൅

3𝛽ሻ𝜃ସ ൅ 64ሺെ1 ൅ 𝑎ሻହሺെ2 ൅ 𝛽ሻଶ𝜃ହሻ ൐ 0 . Thus, if 𝑓 ൏ 𝑓ଵ଴  and ℎହሺ௙௠௜௡ሻ ൏ 0 , then 𝜋ெ
஺∗ ൐ 𝜋ெ

்∗ . 
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𝜋ெ
஺∗ ൐ 𝜋ெ

்∗  if 𝑓 ൏ 𝑓଺ ൌ
ሺଶ√ሺ௔ିሺଵି௔ሻ௔ఏሻሺି଼ାଵ଴ఉିଷఉమିሺଶିఉሻሺି଼ା௡ାଷఉሻఏା௔ሺି଼ା଺ఉሻఏିସሺିଵା௔ሻሺିଶାఉሻఏమሻሺିସାଶఉሺଵାሺିଵା௔ሻఏሻିሺଵି௔ሻఏ
ሺି଼ା௡ାସఏିସ௔ఏሻሻା௔ఏሺሺଵି௔ሻ௡మሺିସାଷఉሻఏା଼௡ሺଵିఉሻሺଵିሺଵି௔ሻఏሻሺିଶାఉାଶఏିଶ௔ఏሻା଼ఉሺଵିሺଵି௔ሻఏሻమሺିଶାఉାଶఏିଶ௔ఏሻሻሻ

௡ሺଶିఉሻሺସሺଶିఉሻమିସሺଶିఉሻሺ଼ି௡ି௔ሺ଺ିఉሻିଶఉሻఏିሺଵି௔ሻሺଽ଺ା௡మିସ௡ሺସିఉሻି
ଵ଺௔ሺଷିఉሻିସሺଵଶିఉሻఉሻఏమା଼ሺଵି௔ሻమሺ଼ିଶ௔ି௡ିଶఉሻఏయାଵ଺ሺଵି௔ሻయఏరሻ

 , 

𝜃 ൏ 𝜃ଵ ൌ ଶିଷఉାఉమ

ଶିଶఉାఉమ  and 𝑎 ൐ 𝑎ଵ , where 𝑎ଵ  is the first root of ሺെ2 ൅ 𝛽ሻଶ𝛽ଶሺെ1 ൅ 𝜃ሻଶ െ ሺെ2 ൅

𝛽ሻሺ6𝛽ଶሺ7 െ 5𝜃ሻ ൅ 𝛽ଷሺെ9 ൅ 𝜃ሻ െ 16𝛽ሺെ4 ൅ 𝜃ሻሺെ1 ൅ 𝜃ሻ ൅ 32ሺെ1 ൅ 𝜃ሻଶሻሺെ1 ൅ 𝜃ሻ𝑎 െ
4𝜃ሺെሺ4 െ 3𝛽ሻଶሺെ2 ൅ 𝛽ሻ ൅ ሺെ64 ൅ 𝛽ሺ96 ൅ 𝛽ሺെ47 ൅ 7𝛽ሻሻሻ𝜃 ൅ 8ሺെ2 ൅ 𝛽ሻଶ𝜃ଶሻ𝑎ଶ ൅ 4𝜃ଶሺെሺ4 െ
3𝛽ሻଶ ൅ 4ሺെ2 ൅ 𝛽ሻଶ𝜃ሻ𝑎ଷ ൌ 0. 

ii) 
గೀಷು

ಲ∗

గೀಷು
೅∗ െ 1 ൌ ௛ల

ሺ௙௡ሺିଶାఉሻି௔ఉሻమሺିସାଶఉሺଵାሺିଵା௔ሻఏሻାሺିଵା௔ሻఏሺି଼ା௡ାସఏିସ௔ఏሻሻ
 , and ൫െ4 ൅ 2𝛽ሺ1 ൅ ሺെ1 ൅

𝑎ሻ𝜃ሻ ൅ ሺെ1 ൅ 𝑎ሻ𝜃ሺെ8 ൅ 𝑛 ൅ 4𝜃 െ 4𝑎𝜃ሻ൯ ൏ 0 , ℎ଺ ൌ 𝐴ଶ𝑓ଶ ൅ 𝐵ଶ𝑓 ൅ 𝐶ଶ , 𝐴ଶ ൌ ሺെ1 ൅ 𝑎ሻ𝑛ଶሺെ2 ൅

𝛽ሻ𝜃ሺെሺെ2 ൅ 𝛽ሻሺ𝑛 ൅ 2𝛽ሻ ൅ 4ሺെ1 ൅ 𝑎ሻ𝛽𝜃ሻ ൐ 0 , 𝐵ଶ = 2ሺെ1 ൅ 𝑎ሻ𝑛ሺെ2 ൅ 𝛽ሻ𝛽൫െ4 ൅ 2𝛽ሺ1 ൅

ሺെ1 ൅ 𝑎ሻ𝜃ሻ ൅ 𝜃ሺ8 െ 8𝑎 െ 2𝑛 ൅ 𝑎𝑛 െ 4ሺെ1 ൅ 𝑎ሻଶ𝜃ሻ൯ ൏ 0 , 𝐶ଶ ൌ െ2ሺെ1 ൅ 𝑎ଶሻሺെ2 ൅ 𝛽ሻ𝛽ଶ െ

ሺെ1 ൅ 𝑎ሻሺ2ሺ4 ൅ 𝑎ଶሺെ4 ൅ 𝛽ሻ െ 2𝛽ሻ𝛽ଶ ൅ 𝑛ሺെ16 ൅ 𝛽ሺ16 ൅ ሺെ4 ൅ 𝑎ଶሻ𝛽ሻሻሻ𝜃 ൅ 2ሺെ1 ൅
𝑎ሻଶሺെ2ሺെ8 ൅ 𝑛ሻ𝑛 ൅ ሺെ12 ൅ 𝑛ሻ𝑛𝛽 ൅ 2ሺെ1 ൅ 𝑎ଶ ൅ 𝑛ሻ𝛽ଶ ൅ 𝛽ଷሻ𝜃ଶ െ 8ሺെ1 ൅ 𝑎ሻଷ𝑛ሺെ2 ൅ 𝛽ሻ𝜃ଷ ൏

0. In view of the maximum value of 𝑓 is െ ଷ௔ఉ

ିଶ௡ା௡ఉ
, then substituting 𝑓௠௔௫ into ℎ଺, and we find 

ℎ଺ሺ௙೘ೌೣሻ ൏ 0, thus, 
గೀಷು

ಲ∗

గೀಷು
೅∗ ൏ 1 always holds. 

(2) In Model P, 
గಾ

ು∗

గಾ
೅∗ െ 1 ൌ ௛ళ

ሺ௙௡ሺିଶାఉሻା௔ሺିସାଷఉሻሻమሺ௡మሺିଵାఛሻାఉమሺିଵାఛሻାଶ௡ఉሺଵାሺଷିଶఉሻఛሻሻమ , ℎ଻ ൌ 𝐴ଷ𝑎ଶ ൅

𝐵ଷ𝑎 ൅ 𝐶ଷ , where 𝐴ଷ ൌ 𝑎ଶሺ4 െ 3𝛽ሻଶሺ𝑛ଶሺെ1 ൅ 𝜏ሻ ൅ 𝛽ଶሺെ1 ൅ 𝜏ሻ ൅ 2𝑛𝛽ሺ1 ൅ ሺ3 െ 2𝛽ሻ𝜏ሻሻଶ ൏ 0 , 

𝐶ଷ ൌ െ𝑓ଶ𝑛ଶሺ2 െ 𝛽ሻଶ൫𝑛ଶሺെ1 ൅ 𝜏ሻ ൅ 𝛽ଶሺെ1 ൅ 𝜏ሻ ൅ 2𝑛𝛽ሺ1 ൅ ሺ3 െ 2𝛽ሻ𝜏ሻ൯
ଶ

൏ 0 , according to 𝑎 ൏

1 , we next discuss the value of ℎ଻ሺ௔ୀଵሻ ൌ ሺെ1 ൅ 𝜏ሻሺሺ𝑛 െ 𝛽ሻସ𝛽ሺെ8 ൅ 5𝛽ሻ െ ሺ𝑛 െ 𝛽ሻଶ𝛽ሺ𝑛ଶሺെ8 ൅

5𝛽ሻ ൅ 𝛽ଶሺ8 ൅ 𝛽ሺെ11 ൅ 4𝛽ሻሻ െ 2𝑛𝛽ሺ24 ൅ 𝛽ሺെ35 ൅ 12𝛽ሻሻሻ𝜏 െ 𝑓ଶ𝑛ଶሺെ2 ൅ 𝛽ሻଶሺ𝑛 ൅ 𝛽ሻሺെሺ𝑛 െ
3𝛽ሻሺ𝑛 െ 𝛽ሻଶ ൅ ሺ𝑛ଷ ൅ 𝑛ଶሺ11 െ 8𝛽ሻ𝛽 ൅ 𝛽ଶሺ16 ൅ 𝛽ሺെ19 ൅ 4𝛽ሻሻ ൅ 𝑛𝛽ሺ16 ൅ 𝛽ሺെ25 ൅ 12𝛽ሻሻሻ𝜏ሻ ൅
2𝑓𝑛ሺ𝑛 െ 𝛽ሻሺ2 െ 𝛽ሻሺ𝑛ଷሺ4 െ 3𝛽ሻሺ1 െ 𝜏ሻ െ 𝑛𝛽ଶሺ4 ൅ 𝛽 ൅ ሺ12 െ 𝛽ሺ17 െ 4𝛽ሻሻ𝜏ሻ ൅ 𝛽ଷሺ4 െ 𝛽 ൅
ሺ12 െ 𝛽ሺ15 െ 4𝛽ሻሻ𝜏ሻ െ 𝑛ଶ𝛽ሺ4ሺ1 ൅ 7𝜏ሻ െ 𝛽ሺ5 ൅ 43𝜏 െ 16𝛽𝜏ሻሻሻሻ ൐ 0 , thus, there must have a 
threshold regarding 𝑎 , when 𝑎 ൏ 𝑎ଶ௉ , ℎ଻ ൏ 0 , combine the definition domain, 𝑎ଶ௉ ൌ

𝑚𝑎𝑥ሼ𝑎, 𝑡ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 𝑟𝑜𝑜𝑡 𝑜𝑓 െ ൫𝑓𝑛ሺ2 െ 𝛽ሻ ൅ 𝑎ሺ4 െ 3𝛽ሻ൯
ଶ

൫𝑛ଶሺ1 െ 𝜏ሻ ൅ 𝛽ଶሺ1 െ 𝜏ሻ െ 2𝑛𝛽ሺ1 ൅ ሺ3 െ

2𝛽ሻ𝜏ሻ൯
ଶ

൅ 4𝑎ሺ2 െ 𝛽ሻଶሺ𝛽ସሺ1 െ 𝜏ሻሺ1 െ ሺ1 െ 𝛽ሻ𝜏ሻ ൅ 2𝑛𝛽ଷሺെ1 ൅ 𝜏ሻሺ2 ൅ 6𝜏 െ 5𝛽𝜏 ൅ 𝑓𝛽ሺെ1 ൅

ሺെ1 ൅ 𝛽ሻ𝜏ሻሻ ൅ 𝑛ଶ𝛽ଶሺ6 െ 𝑓ଶ𝛽ሺെ1 ൅ 𝜏ሻሺ𝛽 ൅ ሺ4 െ 𝛽ሻሺ1 െ 𝛽ሻ𝜏ሻ െ 2𝑓𝛽ሺ1 െ 𝜏ሻሺ3 ൅ 9𝜏 െ 8𝛽𝜏ሻ ൅
𝜏ሺ20 െ 23𝛽 ൅ ሺ38 െ 𝛽ሺ73 െ 36𝛽ሻሻ𝜏ሻሻ ൅ 𝑛ସሺሺ1 െ 𝜏ሻଶ െ 2𝑓𝛽ሺ1 െ 𝜏ሻሺ1 ൅ 3𝜏 െ 2𝛽𝜏ሻ ൅ 𝑓ଶ𝛽ሺ𝛽 ൅
ሺ4 ൅ ሺ2 െ 3𝛽ሻ𝛽ሻ𝜏 ൅ ሺെ1 ൅ 𝛽ሻሺ4 ൅ 𝛽ሺെ9 ൅ 4𝛽ሻሻ𝜏ଶሻሻ െ 2𝑛ଷ𝛽ሺ2ሺ1 െ 𝜏ሻሺ1 ൅ 3ሺ1 െ 𝛽ሻ𝜏ሻ െ
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𝑓ଶ𝛽ሺ1 െ 𝜏ሻሺ𝛽 ൅ ሺ1 െ 𝛽ሻሺ4 െ 3𝛽ሻ𝜏ሻ ൅ 𝑓𝛽ሺ3 ൅ 𝜏ሺ8 െ 9𝛽 ൅ ሺ21 െ 𝛽ሺ31 െ 12𝛽ሻሻ𝜏ሻሻሻሻ ൌ 0ሽ . When 

𝑎 ൏ 𝑎ଶ௉, 
గಾ

ು∗

గಾ
೅∗ ൏ 1. 

Similarly, in Model M, when 𝑎 ൏ 𝑎ଶெ , 
గಾ

ಾ∗

గಾ
೅∗ ൏ 1 , 𝑎ଶெ ൌ 𝑚𝑎𝑥ሼ𝑎, 𝑡ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 𝑟𝑜𝑜𝑡 𝑜𝑓 െ ሺ𝑓𝑛ሺെ2 ൅

𝛽ሻ ൅ 𝑎ሺെ4 ൅ 3𝛽ሻሻଶሺ𝑛ଶሺെ1 ൅ 𝜏ሻ ൅ 𝛽ଶሺെ1 ൅ 𝜏ሻ ൅ 2𝑛𝛽ሺ1 ൅ ሺ7 െ 4𝛽ሻ𝜏ሻሻଶ ൅ 4𝑎ሺെ2 ൅
𝛽ሻଶሺെ𝛽ସሺെ1 ൅ 𝜏ሻሺ1 ൅ ሺെ1 ൅ 8𝛽ሻ𝜏ሻ ൅ 2𝑛𝛽ଷሺെ1 ൅ 𝜏ሻሺ2 ൅ 14𝜏 െ 4𝛽𝜏 ൅ 𝑓𝛽ሺെ1 െ 15𝜏 ൅ 8𝛽𝜏ሻሻ ൅
𝑛ସሺሺെ1 ൅ 𝜏ሻଶ െ 2𝑓𝛽ሺെ1 ൅ 𝜏ሻሺെ1 െ 7𝜏 ൅ 4𝛽𝜏ሻ ൅ 𝑓ଶ𝛽ሺ𝛽 ൅ 2ሺ16 െ 9𝛽ሻ𝜏 ൅ ሺെ32 ൅ 𝛽ሺ81 ൅
16ሺെ4 ൅ 𝛽ሻ𝛽ሻሻ𝜏ଶሻሻ ൅ 2𝑛ଷ𝛽ሺെ2ሺെ1 ൅ 𝜏ሻሺെ1 െ 7𝜏 ൅ 6𝛽𝜏ሻ െ 𝑓ଶ𝛽ሺെ1 ൅ 𝜏ሻሺെ𝛽 ൅ ሺ32 ൅
3𝛽ሺെ13 ൅ 4𝛽ሻሻ𝜏ሻ ൅ 𝑓𝛽ሺ3 ൅ 5𝜏ሺ2 ൅ 23𝜏ሻ ൅ 4𝛽𝜏ሺെ3 െ 37𝜏 ൅ 12𝛽𝜏ሻሻሻ ൅ 𝑛ଶ𝛽ଶሺ6 െ 2𝑓𝛽ሺെ1 ൅
𝜏ሻሺെ3 െ 21𝜏 ൅ 16𝛽𝜏ሻ െ 𝑓ଶ𝛽ሺെ1 ൅ 𝜏ሻሺ𝛽 ൅ ሺ32 ൅ 𝛽ሺെ33 ൅ 8𝛽ሻሻ𝜏ሻ ൅ 2𝜏ሺ26 ൅ 99𝜏 ൅ 4𝛽ሺെ5 െ
43𝜏 ൅ 18𝛽𝜏ሻሻሻሻ ൌ 0ሽ, 𝑎ଶ𝜖ሼ𝑎ଶ௉, 𝑎ଶெሽ. 
The proofs of the subsequent propositions follow similar analysis and are thus omitted; only the 
threshold conditions are presented. 

Proposition 5. 𝑓଻௉ ൌ
ఉሺ௡ା√ଶටሺమሺషమశഁሻశሺభషೌሻሺఴష೙షమഁሻഇషరሺభషೌሻమഇమሻሺ೙మሺమషഁሻమశഁరశమ೙ሺమషഁሻഁሺమషഁషమഇశమೌഇሻሻ

షమశഁ
ሻ

ି௡ሺିଶାఉሻሺ௡ାଶఉሻିସሺିଵା௔ሻ௡ఉఏ
 , 𝜏ସ௉ ൌ

െ ே

ெ
 , 𝑓଻𝜖ሼ𝑓଻௉, 𝑓଻ெሽ , 𝜏ସ ∈ ሼ𝜏ସ௉, 𝜏ସெሽ , 𝑀 ൌ ሺ𝑛 െ 𝛽ሻଶ𝛽ଶ ൅ 2ሺെ1 ൅ 𝑎ሻ൫𝑛ଷሺെ2 ൅ 𝛽ሻ ൅ 𝛽ସ െ 𝑛ଶሺെ4 ൅

𝛽ሻ𝛽ሺെ7 ൅ 6𝛽ሻ െ 𝑛𝛽ଶሺ2 ൅ 𝛽 ൅ 4𝛽ଶሻ൯𝜃 ൅ ሺ1 െ 𝑎ሻଶ ቀ𝑛ସ െ 8𝑛ଷሺ1 െ 𝛽ሻଶ ൅ 𝛽ସ െ 8𝑛ሺ𝛽ଶ ൅ 𝛽ସሻ െ

2𝑛ଶ𝛽൫56 െ 𝛽ሺ47 െ 8𝛽ሻ൯ቁ 𝜃ଶ ൅ 4ሺ1 െ 𝑎ሻଷ𝑛ሺ𝑛ଶ ൅ 2𝑛ሺ7 െ 4𝛽ሻ𝛽 ൅ 𝛽ଶሻ𝜃ଷ െ 2𝑓𝑛𝛽ሺሺ𝑛 െ 𝛽ሻሺ2 െ

𝛽ሻሺ𝑛 ൅ 𝛽ሻ ൅ ሺ1 െ 𝑎ሻ൫𝑛𝛽ଶ െ ሺ4 െ 𝛽ሻ𝛽ଶ ൅ 𝑛ଶሺ4 ൅ 6𝛽 െ 4𝛽ଶሻ൯𝜃 െ 2ሺ1 െ 𝑎ሻଶሺ𝑛 െ 𝛽ሻሺ𝑛 ൅ 𝛽ሻ𝜃ଶሻ ൅

𝑓ଶ𝑛ଶሺሺ2 െ 𝛽ሻଶሺ𝑛 ൅ 𝛽ሻଶ െ 2ሺ1 െ 𝑎ሻሺ2 െ 𝛽ሻሺ2𝛽ଶ ൅ 𝑛ଶሺ2 െ 𝛽ሻሺ1 ൅ 2𝛽ሻ െ 2𝑛ሺ2 െ 𝛽ሻ𝛽ሺ1 ൅
2𝛽ሻሻ𝜃 ൅ 4ሺ1 െ 𝑎ሻଶሺ𝑛ଶ ൅ 𝛽ଶ ൅ 2𝑛𝛽ሺ1 ൅ ሺ3 െ 2𝛽ሻ𝛽ሻሻ𝜃ଶሻ , 𝑁 ൌ 2𝑓𝑛𝛽ሺ𝑛 െ 𝛽ሻሺሺ2 െ 𝛽ሻሺ𝑛 ൅ 𝛽ሻ െ
ሺ1 െ 𝑎ሻሺ2𝑛ሺ2 െ 𝛽ሻ ൅ ሺ4 െ 𝛽ሻ𝛽ሻ𝜃 െ 2ሺ1 െ 𝑎ሻଶሺ𝑛 ൅ 𝛽ሻ𝜃ଶሻ ൅ 𝑓ଶ𝑛ଶሺെሺ2 െ 𝛽ሻଶሺ𝑛 ൅ 𝛽ሻଶ ൅ 2ሺ1 െ
𝑎ሻሺ2 െ 𝛽ሻሺ𝑛ଶሺ2 െ 𝛽ሻ ൅ 2𝑛ሺ2 െ 𝛽ሻ𝛽 ൅ 2𝛽ଶሻ𝜃 െ 4ሺ1 െ 𝑎ሻଶሺ𝑛ଶ ൅ 2𝑛ሺ1 െ 𝛽ሻ𝛽 ൅ 𝛽ଶሻ𝜃ଶሻ ൅ ሺ𝑛 െ
𝛽ሻଶሺ2ሺ1 െ 𝑎ሻ𝑛𝛽𝜃ሺ1 െ ሺ1 െ 𝑎ሻ𝜃ሻ െ ሺ𝛽 െ ሺ1 െ 𝑎ሻ𝛽𝜃ሻଶ െ ሺ1 െ 𝑎ሻ𝑛𝜃ሺ4 െ ሺ1 െ 𝑎ሻ𝜃ሺ8 െ 𝑛 െ 4ሺ1 െ
𝑎ሻ𝜃ሻሻ,  

Proposition 9. 𝜏ହ ൌ

ሺ௡ିఉሻమሺ௡మሺଷଵିଵସఉሻఉା଻ఉయିସ௡యሺଷିଶఉሻାଶ௡ሺሺଵଽିଵଶఉሻఉమା

ඥଵ଺௡రሺଶିఉሻమି଼௡యሺଶିఉሻఉమାଷଶሺଶିఉሻమఉరା଼௡ሺଶିఉሻఉయሺସାఉሻା௡మఉమሺ଺ସିሺଷଶିఉሻఉሻሻሻ
ଶସ௡ሺଷିଶఉሻఉరା଻ఉఱିସ௡ఱሺ଻ିସఉሻି௡రఉሺଵଷ଻ିସሺସଽିଵ଺ఉሻఉሻା

ଶ௡మఉయሺ଻଻ିଽସఉାଷଶఉమሻାସ௡యఉమሺସ଻ିଶఉሺଶଽି଼ఉሻሻ

; 

𝑓 ൌ

ሺ௡ିఉሻఱሺସ௡ା଻ఉሻିଶሺ௡ିఉሻయሺସ௡యା௡మሺସ଻ିଷ଴ఉሻఉାଶ௡ሺଵଽିଵଶఉሻఉమା଻ఉయሻఛାሺ௡ିఉሻሺସ௡ఱା଼଻௡రఉାସሺଵ଴ଷିଵହ௡ሻ௡యఉమା
ଶሺଽଷିଶ଼ସ௡ሻ௡మఉయାସ௡ሺଵ଼ା௡ሺିହହାସ଼௡ሻሻఉరାሺ଻ାଵ଺௡ሺିଷାସ௡ሻሻఉఱሻఛమ

௡ሺሺ௡ିఉሻరሺ଻ሺଶିఉሻఉା௡ሺଵସିଷఉሻሻିଶሺ௡ିఉሻమሺ଻ሺଶିఉሻఉయା௡యሺଵସିଷఉሺହିଶఉሻሻା௡మఉሺ଼ଶିఉሺ଺ଵି଺ఉሻሻା
௡ఉమሺ଼ଶିఉሺ଼ହିଶସఉሻሻሻఛାሺ଻ሺଶିఉሻఉఱାଶ௡యఉమሺଷିଶఉሻሺହ଼ିସଵఉሻା௡ఱሺଵସିଶ଻ఉାଵଶఉమሻା

௡ఉరሺଵହ଴ିଵ଺଻ఉିସ଼ఉమሻା௡రఉሺଵହ଴ିఉሺଷଶଷିሺଶସସି଺ସఉሻఉሻሻାଶ௡మఉయሺଵ଻ସିଶ଺଻ఉାଶሺ଻ହିଵ଺ఉሻఉమሻሻఛమሻ

. 
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