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Appendix 1.

Proof of Conclusion 3.2: Before proceeding, we aim to verify the second-order conditions, which
ensures that the first-order conditions characterize a maximum.The current-value Hamiltonian is strictly
concave with respect to the control Variables (i, k, h) provided that @ > 0, 8 > 0, and a; > axpm(v —1s).
Specifically, we have 2 6k2 =-—a<0,?%4 ahz = -8 <0, and % = —2a; + 2a,¢m(v — ¥s) < 0 (This
expression is for the special case where the network size is propotional to the output level. For the
general case, we naturally have ‘;27’; = —2a; < 0), and all cross-partial derivatives among the control

variables are zero. Hence, the Hessian matrix is negative definite, and the first-order conditions are
sufficient for an interior maximum. (i) from Condition 3.1, we deduce a + a,pvQ(¢t) + ur(t) — c(t) > 0.

9q(1) _ _ axpd0(0)2a1a,¢9Q(1)+(n—Dla+arpvQ(0)+ur(t)—c(O)]+2ai 1
Differentiating output level (3.9) w.r.t. s(¢) gives ol T DT < 0.

as@t) _ 0 fol $(z)dz
k() — k@)
we have 29 < (.

= —t < 0. Since the reaction of

Besides, differentiating equation (2.1) w.r.t. k(¢) obtains
9q() _ 0q(®) 9s(1)

k(t) to a change in ¢(?) is
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Appendix 2.

Proof of Conclusion 3.3: (i) from Condition 3.1, we deduce a + a>ouQ(t) + ur(t) — c(¢) > 0. Besides,
in Conclusion 3.2, we have obtained 22 < 0 and 22 < (. Differentiating output level (3.10) w.r.t. s(7)

Ok(t) Oh(t)
e I 2a1laap® Q) +pul+a) (n—1)la+arpu Q) +ur(n—c(1)] L ap@) _ 9p(o) ds) ap()
gives 505 = e T DO L < 0. Since kD = as) ok Ve have w0 0.
ro\ e . . . . 9 [ é(x)d . ..
(i1) Differentiating equation (2.2) w.r.t. effort h(¢) gives 328 = f%;((;) “ = -t <0, and differentiating
: op() _  ar+(=Ds@®) : op() _ 9p) dc(®)
the output level (3.10) w.r.t. c(f) gives 3D = dareisy 0. Since 0 = Fen W have
op(®
o < 0. O
Appendix 3.

Proof of Conclusion 3.4: From Condition 3.1, we deduce a + a,puQ(t) + ur(t) — c(t) > 0. Besides, in

. . 3s(1) ae(r)
Conclusion 3.2, we have obtained w0 < 0 and o < 0.

(i) Differentiating equation (3.11) w.r.t. s(¢#), and using Condition 3.1-(i), one can obtain aalsl((;;) =
_n_2a1a99300)+2a;pu+(n—Dlat+arpuQ(n)+ur(t)—c(®)] \ f 2(n—Dla+arp(u-3s() Q1) —pu(s()—rD)—c®)] | arpd(T+p)QO)+71 :
T“T{ [2a1+(n-1)s()]* i 2a1+(n=1)s() + T1p } > 0. Since,
oA1(t) _ 041(1) ds(1) oA (1)
k0 = asa) ak We have Zos <0.

Differentiating equations (3.12) and (3.13) w.r.t. s(t), respectively, we have %((t;)
m2a,a2¢9Q(O+2arp+(n— Diatapu@O+ur@-cOl} ) gnq 960 _ _ pel2aiaedQ0+2atn-Dla+rapuQ@+ur—cOll - .

(T-0)[2a;+(n-1Ds(OT* ds(1) (t+p)[2a1+(n—1)s(1)]? ’
. dA(t) _ dda(t) ds(r) () _ dA3(t) As(r) (D) aA3(1)
Slnc.(‘a k)~ dst) k() and k)~ as) dkw)’ W C have PO 0 and e+ > 0.

(ii) Differentiating equations (3.11)-(3.13) w.r.t. ¢(¢) gives
o _ n {n(n—1)[a+a2tp(U—ﬂS(t))Q(t)—#(S(t)—r(t))—C(t)] +02<P19(T+P)Q(t)+w} >0 0L (1) _ n >
dct) ~— (t—o)[2a1+(n—1)s(0)] 2a1+(n—1)s(t) T+p > 0c(t) — (1-0)[2a+(n—1)s(r)]

M) _ n 0A,(t) 0Ax(t) 0A3(1)
0, and 2 = T a0l < 0. Then, we have ey < 0, < 0, and ) 0. O
Appendix 4.

Proof of Conclusion 3.5: Differentiating equations (3.14) and (3.15) w.r.t. s(¢), c(t), and r(¢), using
Condition 3.1-(i), we have
Ok(t -1 —9s()] Q) —uls(t)—r(t)]—c(t
00 = Dl BOROMLO OO 40, arpB Q1) + ] + (2n = Dla + axpuQ(1) + pr(D) = (D]} +
Lax (T +p) Q) +utI{2na1 [ar I Q()+ul+(n—Dla+ar Q@) +urt)—c(O1} >0

. a(t+p)[2a1 +(n—1)s()]? ’
Ok(t) _ 2n(n—Dia+areplv—9s()]Q0)—uls()—r®)]—c(®)} nlaxpd(r+p) Q) +u7] >0

[k(t) a[2a;+(n—)s(t)]? a(t+p)[2a1+(n—1)s(1)]

ok _ _ 2nu(n=Dlatarpv=9s1QO-puls®)=r(Dl-c()} _ n/x[azsoﬁ(Hp)Q(f)WT]} <0

ar(o) a2a1+(n-1)s(n)]? a(r+p)2a1+(n=1)s(0)] '

Oh() _ nm2a1a¢9Q0)+2aru+(n=Dlat+arpv QO +ur(®—cOl) >0

as(1) Bl2a+(n—1)s(n)]? ’

) _ n

oc) = pzarra-niy > - and

oy _ ____m____ () C

o)~ PR2a+(n-Ds@)]

Appendix 5.

Proof of Conclusion 3.6: Differentiating equations (3.14) and (3.15) w.r.t. n, we have
k@) _ _ [2ai=s0lla+arplv=8sO1QO—pls@O-r®)]—c()} {[n(2a1+1)—1][a+azso(v—ﬁS(t))Q(t)—#(S(t)—r(t))—C(t)] + @ (T+p) QO +uT }
on a2a;+(n—1)s(0]? 2a1+(n—1)s(t) T+p

, and
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O _ _ Rai—sla+arplv—9s01QO-puls(t)—rt)]-c(®)}
on Bl2a1+(n=1)s(n)]* ’ . '
Further, using Condition 3.1, we can obtain Z2 > (<)0 and 22 > (<)0 if and only if s() > (<
)2a;. O
Appendix 6.

Proof of Conclusion 3.7: Differentiating equations (3.16) and (3.17) w.r.t. s and c, respectively, and
using Condition 3.1, we have

Ok(s,0) — _ n2a1axp3 Q) +(n—DarpvQ(H)+a—c()]} { (n=Dlarp(v—9s(1)) Q(1)—c(r)+a] + A pd(T+p) Q(N+uT }
as a(t—o)[2a;+(n—1)s(1)] 2a1+(n—1)s(t) T+p
n(n—D{axplv—9s(0)]10(1)—c(®)+al{2a1a2¢9 Q(1)+(n—1)[a2pv () +a—c(t)]} <0
a(t—0)[2a;+(n—1)s(t)] ’
Ok(s.0) _ —-n {(n—l)[azw(v—ﬁb‘(t))Q(I)—C(l)+a] + azwﬁ(TﬂO)Q(I)WT} _ n((n=D){arglv—03s(0)] QD) —c()+a} <0
dc a(t—o)[2a;+(n—1)s(1)] 2a1+(n—1)s(t) T+p a(t—0)[2a; +(n=1)s(0)]? ?
Oh(s,0) _ _ m2a1a209Q0(0)+(n—DlarpvQ(1)+a—c(®)]}
ds B(x=0)[2a)+(n—1)s(n)]* <0,and
Oh(s,0) _ nmlaelv—9sn]0(N—c(n+a) _ -n <0 O
dc B(r-8)[2a;+(n—1)s(1)] B(r=6)[2a;+(n—1)s(1)]
Appendix 7.

Proof of Proposition 3.8: Solving system (3.20) under the steady state conditions k(f) = h(t) = $(t) =
¢(t) = i(t) = 0, and denoting steady-state equilibrium by the superscript “f”, we have k¥/ = o/,

I A T BTN T RN e
WAy = ZEOBETER in which K = nao(r - 0)(r + pIB(T - )0 - DI, K, =
2nacBé(n—1)(1=8)(t—0o)(t+p)[2a,8(t—06)0+n]+n(n—1)ae3Q6* B (t — 6)*[(n—1)arpd(t+p)Q+nutl,
K3 = nao(t—o)(t+p)[2a:8(t — 6)6 + n)*+arp3QoB(t—0)n*[a,Nt+p)Q+utl[2a,8(t—6)d+n]+n(n—
D&t = 6)*[(2 - mapd(t +p) 0 — nutlla+apvQl, Ky = —n(n—1)(7 +p)[B(t — 6)6]°[a + arxpvQ]* -
BT — $)argd(x + p)Q + utIn?[2a,8( — 5)5 + nlla + arpu Q.
Now, we analyze the stability properties of {k/, h/, s/, ¢/, r/}. Let J/ denote the Jacobian matrix
associated with the canonical system (3.20), that is,
-0 0 X, X, —uX;
o 0 T—0 X3 X4 —,LlX3
J=geseh | -1 0 o 0 0
0 -1 0 o 0
0 0 p 0 —p
Note that, in above Jacobian matrix,
X1, X», X3, X, are given by, respectively, X; =

where Z =

(n-Dla+arp(w-08s) 0~/ [4a1n(apQ+)+(2n—)(a+azpvQ+ur/ =] n
a[2a; +(n—1)s/T>

[azgd(r+p)tprl[2nar (et Q)+ (1= DiavarpuQiur! ~eHl gy  _ 2n(=Dlatareu=9s")0-c'] | nlaredr+p)Qturl
a(r+p)[2a; +(n—1)s/1? » 2T a[2a;+(n—1)s/ a(t+p)[2a1+(n—1)s/] ’

_ nl2a1a2¢90+2a1+(n=)(a+arguQ+ur! —c1)] _ n
X3 = ,B[Za|+(n—l)sf]2 > 0, and X4 = ﬂ—[2u1+(n—1)sf] > 0.
To establish the saddle-point property, we need to demonstrate that the Jacobian matrix J/ of the
dynamic control system (3.20) has exactly one negative real eigenvalue. This requires satisfying two
conditions: (i) the determinant of Jacobian matrix J/ must be less than zero, i.e., DetJ/ < 0; (ii) the

trace of the Jacobian matrix J/ must be greater than zero, i.e., T(J/) > 0. From the Jacobian matrix J/,
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after careful calculation, we obtain 7(J/) = 2t — p and Det(J7) = p{X,X5(1 — u) — [X4 + (1 = 6)61[X; —
uX, + (1t — o))} < 0. Consequently, the steady-state equilibrium {k/, i/, s/, ¢/, r/} is stable (unstable)
in the saddle-point sense iff 27 — p > (<)0. O

Appendix 8.

Proof of Conclusion 3.11: Differentiating expressions (3.35) and (3.36) w.r.t. m, and using Condition
3.9, we have

Ok(s,c) — { arenla—c(t)] }{ 2utv—9s(1)]
om a(t—o)[2(a; —az<,pmv)+(2(12<pm19+n—l)s(t)J2 T+p

[a c(O)HA(arpIm+n—1)(v=95(1)+9(2(a; —arpmv)+(2ar pmI+n— l)s(t))]} 0:
2(a1 —azpmv)+Q2azpmi+n—1)s(t) ’

oh(s,c) _ 2axpnla—c(®)][v-9s(1)] > O O
om T B(r—6)[2(ar—aremu)+QRayemd+n—1)s(t)]?
Appendix 9.

Proof of Proposition 3.12: Solving the system (3.37) under the steady state conditions k(t) = h(t) =
$(t) = ¢(t) = i(t) = 0, and denoting the steady-state equilibrium by the superscript ”f”, we have

o o oo — o an—[2ﬁ6(r—6)(a1—azgamv)+n]cf, f_ W 3 _y \4 2 1% 3
ko=osh, ho=6ch, sh =1 = e e > and ¢l = —ap ;NG G+

3_ 2
\/ Y & + (Y, where U = 3W‘f§;2 LV = 2N in which W) = (7 + p)(axpthm +
1

n—1)Qarpmd + n — 1)?6*(t — 6)3, W3 = noa(t— o) (7 +p) 2aremd +n—1)[n+2B6(t — 6)(a, — arpmv)],
and W, = —aca(t — o)(t + p)Larpemd + n — n>.

Let J/* denote the Jacobian matrix associated with the canonical system (3.37), namely,

T—0 0 Y] Y2 —/JYZ
0 T—0 Y3 Y4 —/.1Y3

1 O hys,el) . .
JI' = hscn = 0 o 0 0 where Y, Y», Y3, and Y, are given by, respectively,
0 -1 0 ¢ 0
0 0 p 0 —p
Y ﬂ{/J[Z(a|—aznpmv)+(2az<pmﬁ+n—1)sf/]+(a—cf/)][(2a2¢m19+n—1)]}{ 2(a2<p19m+n—1)(a—cf/) ﬁ} >0
! a [2(a1—azemv)+Qazemd+n—1)s/’ r Aar—arpmv)+Qazomd+n—1)s!’ T+p ’
_ n 2(arpIm+n—1 )(a—cf/ ) UT
Y2 - {a[2(a1—a2¢mu)+(2a24pmﬁ+n—l)vf'] }{ 2(a1 —arpmv)+Qargemd+n—1)s/’ + T+p} > O’
Y3 — n{ul2(a) —axemu)+Qaremi+n— l)sf ]+(2a2<pm1/9+2—n 1)(a— of )} > O and
Bl2(a1 —azemv)+Qazpmd+n—1)s/"]
Y, = 1 > 0.

Bl2(a1—arpmv)+(2azpmI+n—1)s/"]
From the above Jacobian matrix J/', one can obtain T(J/") = 2t — p, Det(J') = p{Y,Y5(1 — u) —
[Yy + (= 0)0][Y) — uY> + (r — 0)o]} < 0. Consequently, it appears that the steady-state equilibrium
(k" ,h'", s”, ¢!’ r/} is stable (unstable) in the saddle-point sense iff 217 — p > (<)0. o
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Appendix 10.

Proof of Proposition 4.1: The government’s Hamiltonian function of optimization problem (4.4) is

H = (n+ Dla + axp(v = 9s(1)) Q1) — u(s(t) — r()]q(1) — nc(t)g(r)
~2200a; + (n = Ds]g* (1) — Lk3(@0) = 51(1) + w (0)[k(t) + o5(1)] (A.1)
+wr(N[=h(1) + 6¢(1)] + w3(D[p(s(r) — r(1)]

From Hamiltonian function (A.1), first-order conditions and co-state equations are

:k—z) = —ak(t) —w(®) =0 (A.2)

fh—% = —Bh(t) — w(t) = 0 (A3)

w1(t) = Tw; (1) — ;—IZ) (A4)
= (r— () + 2 12)(” D) + 0+ Dl + axgd0w)la(o) - pos)

() = Ta(t) - ;—Z = (t — Swn(1) + ng(1) (A5)

@s(t) = Tws (1) - ;—Z) (7 + p)ws(t) — (1 + Dyag(e) (A.6)

where the transversally conditions are lim w1 (f)s(¢)e™™ = 0, lim w,(t)c(t)e™ = 0, and lim w3()r(t)e™™ =
t—o00 t—oo t—0oo
0. Now, solving differential equation (A.6) w.r.t. ws(f), and using transversally condition

lim w3 (H)r(t)e™™ = 0 gives ws(t) = %. From differential equations (A.2)-(A.6), and using
t—00

ws(t) = M and output level (3.30), we have

k(l‘) = (1 — O)k(r) — (2n+1)(n—1){u+a2<p[v ﬁs(t)]Q(l)—M[A(t) rnl- c(t)}

2a 2a1+(n—1) (A7)

(n+1) a+a2¢>[v 195(1)]Q D—pls@)—rn)]—c()
[,Ll +a gDﬂQ([) T+p]{ 2a1+(n—1)s(t) }

h(t) = (v — 6)(r) — 4 F d2lv — /;ESI) ]JrQ((;)__ ﬁ&i(tt))] = (] - e) (A.8)

Combining differential equations (2.1)-(2.3) and (A.7)-(A.8) gives

i 2n+1)(n—1 X )—uls(t 1]—

k(t) = (t — o)k(r) — ( "+221(" ){a+a2<p v— ;(;)_'—Q(;zlﬂbé()) (1) é(l)}
(ﬂ+1)[lu + azgoﬁQ(t) P/l ]{a+a2<p[u 19S(I)]+Q(£ll _1'l)l£gt()t) r(t)]- C(l)}

h(l) = (1 = O)h(t) - n{a+ayplv— 19x(t)]Q(t)—y[v(t) r(H]-c(®)}

Bl2a1+(n=1)s(1)] (A.9)
$(t) = —=k(®) + os(¢)
() = =h(t) + 6c(r)
(1) = pls(t) — r(0)]

Solving system (A.9) under steady state conditions k(t) = A(f) = §(t) = ¢(t) = i(t) = 0, and

29 9

denoting the steady-state equilibrium by superscript ’g”, we have k¢ = o8, h® = 6cs, r8 = s8 =
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B M / M / M ¢ — _ nlatarg@-9s9)0] _ 3FF-F;
+\/ + ) +( ) +\/ ) +( ) ¢ (B(r—6)d[2a1 +(n— l)ngn},whereM T 3F2

N = MORBLIIE: G hich Fy = (1 — 0)oBR8n— DA =62, Fy = (n — 1BS(r — 8){2(t —

27F?
)erl2a,B5(c — 8) + ] - PNV i hgsr — 5) i+ argBQ — £o)asd¢Q), Fy = Ln—1)(a +

apQUBSH (T = 6120 + 1) + (n+ D + a2pQ — £5)] = [2a186(7 = 6) + n]BS(7 ~ 5)a2ﬁ¢Q[(n+l)(ﬂ N
“”ﬁQ‘E”*(T )o12a6(r = 8) + nlP, Fy = Bo(r=0)(a+axp Qu[ "= -+ 00 0~ £5)] 21 86—
0) +n] — BS(t — 6)(a + arpQu) (2”“)(” @rtl)n-D)y

Let J¢ denote the Jacobian matrlx associated with the canonical system (A.9), that is,

T—0 0 Z] 22 —,LLZZ
T—0 Z3 Z4 —/,LZ3
-1 0 o O 0
0 -1 0 ¢ 0
0 0O p 0 —p

o Ok, h,5,¢1)
Bl a(k7h7s’c’r) B

_ (_ @ntD(n-Dlatarp(v-0s¥)Q—c¥] (n+l) {2a;1 a2 0+2a pu+(n—1)[a+arpuQ+urs —c81} _
where Zl = { [2a1+(n—1)s8] [/J—I—a ‘pﬂQ T+p]}{ [2a1+(n—1)sé ] }, ZZ -
Qn+1)(n—1) ; a+arp(v—9s8)0—c8 (n+l) a+arp(u—19s8)Q _ n[2ajap90+2a u+(n—1)(a+arpuQ+uré—c?)]

a { 2a;+(n—1)s8 } + ['u ta "DﬂQ ‘r+ ]{ 2a;+(n—1)s8 } Zy = Bl2a;+(n—1)s2)? ’
n

Zy = —2——.
Bl2a;+(n—1)s8]
From ]the Jacobian matrix J¢, we have T'(J®) = 21 — p, Det(J?) = p{Z,Z5(1 — u) — [Z4 + (1 — 0)01[Z; —
Uz, + (r —o)o]} < 0. It appears that the steady-state equilibrium {k¢, h%, s¢, c8, 8} is stable (unstable) in
the saddle-point sense iff 27 — p > (<)0. O

0

Appendix 11.

Proof of Proposition 4.2: 'The government’s Hamiltonian function of optimization problem (4.8) is

= (n+ Dla — u(s(t) = r()1q(®) — EL[a; — azpm(v — 9s(1))
+(n — 1)s(t)]g*(t) — nc(Dq(t) - “k2<r> — LR + W' 1 (D[-k() + T s(D)] (A.10)
+',(D[=h(D) + (D] + ' 3(D[p(s(?) — 1(D))]

From Hamiltonian function (A.10), we can get following first-order conditions and co-state equations

:k—z) = —ak(t) — wi(t) =0 (A.11)

Thes = D) = 650 =0 (A12)

Wi (1) = Twl(l‘)—aa—z) (A.13)
= (= 9010 + 2D langmd + (1= DI + 0+ Dpg(t) ~ a0

Wy (1) = TwH(t) — ac(t) = (1 — O)W5(1) + nq(1) (A.14)

A = T6(0) = 51 = (T IO 1+ Dy (A15)
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7

where the accompanying set of transversally conditions are lim w/(f)s(f)e™™ = 0, lim w’(H)c(t)e™™ = 0,
t—o0 —o00
and lim w}(H)r(f)e”™ = 0. Now, solving differential equation (A.15) w.r.t. w}(?), and using transversally
—00 =

condition lim w}(H)r(t)e™™ = 0 gives wj(t) = %. From above differential equations (A.11)-
—00

(A.15), and use output level (3.9) and w}(?) = %, then given the output level (3.30), that is,

— a—puls()—=r®]-c@®
q(t) T 2(a1—arpmu)+QRayemd+n—1)s(t)’

one can obtain, respectively,

j (e _ @n+DlaspmI+(n-1)] a—pls@O—r(t)]—c(®) 2
k(t) - (T O-)k(t) 2a {2(a1—achmv)+(2agcpmz9+n—1)s(t)} (A 16)
_(n+ I)HT{ a—p[s()—r)]—c() } .

a(t+p) 2(a;—arpmu)+Q2aremd+n—1)s(t)
ma — uls(®) — r(t)] — c()}
Bl2(a; — apmv) + QLapem® + n — 1)s(t)]
Combining differential equations (2.1)-(2.3) and (A.16)-(A.17) gives following control system:

h(t) = (t = O)h(1) ~

(A.17)

i _ Cn+1)[arpmd+(n—1)] a—pl[s@®)—r(t)]—c(r) 2
k(t) - (T - O-)k(t) - 2a {Z(al—achmu)+(2a24pmﬁ+n—l)s(t)}
_ (Dt { a—p[s)—r®]-c(®) }
a(t+p) 2(a; —a2<pnw)+(2{azgam[ﬁ(+)n—1())5'](1) o)
. _ _ _ n{a—uls(t)—r(H)]—c(t
h(t) - (T 6)h(t) Bl2(a1 —azpmv)+(2azemi+n—1)s(t)] (Alg)

§(t) = =k(t) + os(t)
c(t) = —h(t) + oc(t)
(1) = pls(r) - r()]

Solving the system (A.18) under the steady state conditions k) = h(t) = s¢t) = ¢@®) =
i(f) = 0, and denoting the steady state equilibrium by the superscript "g’”, we have k¢ = os*,

g — 508 & — p¢ QuiDlagmd+(n=-DI@=0’6" - ¢\2 | (tD@=wts o o _ Vo | _E EN2 L (RY3
h = 6c%, s =r ) () + o ¢ =~y + >t \/(2) +(3) +

3 2 3 3V, V3-V2 VIOV Vo V3+2TV2V, . .
\/—§ - &+ (&), where E = 13312 2 R = =2 ‘;V? =, in which V| = B(t + p)(2n +

DQRarpm® + n — D[axpmd + n — 1](t = 6)°6>, Vo = 2ButQarpemd + n — 1)(n + 1)(r — 6)*6°,
V3 =20a(t + p)(t — 0)[2(a; — axpmu)(t — 6)B6 + nl, V4 = —2naca(t + p)(t — o).
The Jacobian matrix J¢ associated with the canonical system (A.18) is given by

T—0 0 D] D2 —,UDZ
0 71-6 D3 Dy —uD;

ok, h, $,¢, 7
Jg, = W = -1 0 g 0 0
9 b S’ C’ r
0 -1 0 o 0
0 0 p 0 -p
where D1 — Cn+1)[arpmd+(n—1)] {,u[l(al—uchmu)+(2a24pmﬁ+n—1)sg +(2a2<pm19/+;1—1)(u—cg )}{ (a—c%) .
« Bl2(a1—azemv)+Qaypmd+n—1)s8’ ] 2(ay—azpmu)+(2azpmi+n—1)s¢
(n+1)y‘r} — ,u{(2n+1)[a2¢,0m19+(n—l)](a—cg/)+(n+1)‘r} D: = n{,u[2(a1—agcpmu)+(2a2(,om19+n—1)sg,]+(2a2cpmz9+n—1)(a—c)} >0
a(r+p) 1 2 a(t+p)[2(a1 —azpmv)+Qaypomi+n—1)s¢']’ B2(a1—aromv)+Qargmd+n—1)s8' 1* ’
D, Lk

= Bl2(a1 —azemv)+QRaromd+n—1)s8'1" ) ) )

From above Jacobian matrix J¢, we have T(J¢) = 2t — p, Det(J®) = p{D,Ds(1 — u) — [D4 +
(Tt —0)][Dy — uDy + (t — o)o]} < 0, from which we can obtain that the steady-state equilibrium
(k&' h8’, 58", c8’, r8’} is stable (unstable) in the saddle-point sense iff 27 — p > (<)O0. O
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Appendix 12. Supplementary numerical results
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Figure A.1. Comparisons of steady-state innovation levels under firm decision-making and
government regulation in the neighborhood of baseline value of consumer memory parameter, p.
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Figure A.2. Comparisons of steady-state innovation levels under firm decision-making and
government regulation in the neighborhood of baseline value of network externality intensity, ¢.

Appendix 13. The benchmark modelling without reference effects

The problem faced by the multi-product monopolist is given by

M= max [ e ™3 [a—agin) + axpv - 95O — st) T q,(0) — c0lgi(t) - 5K - Ero))dr
qi(),k(1),h(1) i=1 J#i

o { §(t) = —k(t) + os(t)
T e(®) = —h(1) + 6c(2)
(A.19)
The corresponding Hamiltonian function writes

H = anl la — a1gi(1) + axp(v = Fs(1)) Qi(1) — 5(1) § q;(1) = c(D1gi(t) — $K3(t) — Sh*(2) (A.20)
i= J#i .
+ w(O[—k(2) + o5()] + W ([—h(t) + dc(1)]

Imposing symmetric condition g;(f) = g;(t) = q(1), the first-order conditions and co-state equations
are:

I — ()= q—c@)-2a, + (n— 1s@@) — aron[v — Is(t =0
5 = 0= = () = 2ay + (2= Ds() = azgnl = S50 A
=4 (1) = Yar+ (= Ds()—argniv—9s(D]]

OH w (1)

— =0= —ak(t) —w () =0=k"(t) = —

e (A.22)
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OH _ B B _ N _ _a)z(l)
(T(t) =0= -Bh(t)—w,(t) =0= h'(¢) = 3 (A.23)
. aH 2
w (1) = Tw (1) - 350 = (1 — o)wi(t) — ng" (Haxpnd — (n — 1)] (A.24)
OH
WH (1) = Twy(t) — 8_ = (1 — d)wy(t) + nq(t) (A.25)
c(1)

Using the optimal strategies and imposing stationary conditions on co-state dynamics, one can
acquire the following algebra system determining the steady-state equilibrium:

E _ Bé(r—0) E
q =—7--c _
E _ a—cE
q = 2{a1+(n—1)sE—a2<pn[U519sE]}
ao(t — o)st = n(g") [n -1 - aypnv] (A.26)
kE = ost
hE = 6cF

which is irrelevant with the reference effects regarding the perceptions of horizontal differentiation.
Compared with the benchmark model without reference effects, the steady-state solution in the baseline
model depends on the parameters governing the reference adjustment process. This confirms that the
reference effects influence steady-state outcomes through the dynamic system, even though the reference
gap vanishes in steady state.
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