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Appendix A. Proofs

Proof of Lemma 4.1 and Theorem 4.2. According to Eq (3.1), the Hessian matrix of πS (ps, k) can
be divided.

H1 =

(
−

2β
θ

1
θ

1
θ
−λ

)
(A.1)

Thus, πS (ps, k) is a concave function with ps and k only when λ > 1
2βθ . Let ∂πS

∂ps
= 0 and ∂πS

∂k = 0. We can
get the best response function of the supplier as summarized in Eqs (A.2) and (A.3).

ps(pl, e) =
(1 − e)rpc(βθλ − 1) + cm(βθλ − 1) + θ2λ + βθλpl − pl

2βθλ − 1
, (A.2)

k(pl, e) =
θ − β(1 − e)rpc − βcm − βpl

2βθλ − 1
. (A.3)

By taking the first-order derivative of Eqs (A.2) and (A.3) with respect to pl and e, we have
∂ps(pl,e)

∂e = −
rpc(βθλ−1)

2βθλ−1 , ∂ps(pl,e)
∂pl

=
βθλ−1
2βθλ−1

∂k(pl,e)
∂e =

βrpc
2βθλ−1 , and ∂k(pl,e)

∂pl
= −

β

2βθλ−1 .

As λ > 1
2βθ , it is easy to verify that (1) ∂k(pl,e)

∂e > 0 and ∂k(pl,e)
∂pl

< 0; (2) ∂ps(pl,e)
∂e < 0 when θ > 1

βλ
,

∂ps(pl,e)
∂e > 0 when θ < 1

βλ
; ∂ps(pl,e)

∂pl
> 0 when θ > 1

βλ
, ∂ps(pl,e)

∂pl
< 0 when θ < 1

βλ
.

Substituting Eqs (A.2) and (A.3) into Eq (3.2), the Hessian matrix of πL(pl, e) can be derived.

H2 =

 − 2β2λ

2βθλ−1
β2λrpc
2βθλ−1

β2λrpc
2βθλ−1 −γ

 (A.4)
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Thus, πL(pl, e) is a concave function with pl and e only when γ > β2λr2 s2

2(2βθλ−1) . Let ∂πL
∂pl

= 0 and ∂πL
∂e = 0. We

can get the optimal solutions p∗l e∗. Substituting p∗l and e∗ into Eqs (A.2) and (A.3), we can get p∗s and
k∗. �

Proof of Proposition 4.3 and Corollary 4.4. By computing the first-order deriva-
tive of the equilibrium solution under Scenario S with respect to pc, we have ∂pS ∗

l
∂pc

=

γr(2βθλ−1)(2βλrpc(θ−βcl−βcm)−β2λr2 p2
c−2γ(2βθλ−1))

(2γ(2βθλ−1)−β2λr2 p2
c)2 , ∂eS ∗

∂pc
=

βλr(β2λr2 p2
c (θ−βcl−βcm)−2γ(2βθλ−1)(2βrpc−(θ−βcl−βcm)))

(2γ(2βθλ−1)−β2λr2 p2
c)2 ,

∂pS ∗
s

∂pc
=

γr(1−βθλ)(2βλrpc(θ−βcl−βcm)−β2λr2 p2
c−2γ(2βθλ−1))

(2γ(2βθλ−1)−β2λr2 p2
c)2 , ∂kS ∗

∂pc
=

βγr(2βλrpc(θ−βcl−βcm)−β2λr2 p2
c−2γ(2βθλ−1))

(2γ(2βθλ−1)−β2λr2 p2
c)2 ,

∂DS ∗

∂pc
=

β2γλr(2βλrpc(θ−βcl−βcm)−β2λr2 p2
c−2γ(2βθλ−1))

(2γ(2βθλ−1)−β2λr2 p2
c)2 , ∂πS ∗

L
∂pc

=
βγλr(θ−βcl−βcm−βrpc)(βλrpc(θ−βcl−βcm)−2γ(2βθλ−1))

(2γ(2βθλ−1)−β2λr2 p2
c)2 ,

∂πS ∗
S

∂pc
=

βγ2λr(2βθλ−1)(θ−βcl−βcm−βrpc)(2βλrpc(θ−βcl−βcm)−β2λr2 p2
c−2γ(2βθλ−1))

(2γ(2βθλ−1)−β2λr2 p2
c)3 .

(1) As 2βθλ− 1 > 0, when γ > γ1, we have ∂pS ∗
l

∂pc
< 0, ∂pS ∗

s
∂pc

< 0, ∂kS ∗

∂pc
< 0, ∂DS ∗

∂pc
< 0, and ∂πS ∗

S
∂pc

< 0; when

γ < γ1, we have ∂pS ∗
l

∂pc
> 0, ∂pS ∗

s
∂pc

> 0, ∂kS ∗

∂pc
> 0, ∂DS ∗

∂pc
> 0, and ∂πS ∗

S
∂pc

> 0.

(2) When r > r1 and γ > γ2, or when r < r1 and γ < γ2, we have ∂eS ∗

∂pc
< 0; otherwise, we have

∂eS ∗

∂pc
> 0.

(3) When γ > γ3, we have ∂πS ∗
L

∂pc
< 0; when γ < γ3, we have ∂πS ∗

L
∂pc

> 0. �
Proof of Lemma 4.5 and Theorem 4.6. According to Eq (3.4), we can get the second-order

condition ∂2πK
∂k2 = −λ. Thus, πK is a concave function with k. If we let ∂πK

∂k = 0, then we can get the best
response function of the KOL as summarized in Eq (A.5).

k(ps) =
ξps

θλ
(A.5)

Substituting Eq (A.5) into Eq (3.3), we can get the second-order condition ∂2πS
∂(ps)2 = −

2(1−ξ)(βθλ−ξ)
θ2λ

. Thus,
πS (ps) is a concave function with ps only when λ > ξ

βθ
. If we let ∂πS

∂ps
= 0, then we can get the best

response function of the supplier as summarized in Eq (A.6).

ps(pl, e) =
−(e − 1)rpc(βθλ − ξ) + cm(βθλ − ξ) − f θλξφ + f θλφ − θ2λξ + θ2λ + βθλpl − ξpl

2(ξ − 1)(ξ − βθλ)
(A.6)

Substituting Eq (A.6) into Eq (A.5), we have

k(pl, e) =
ξ(−(e − 1)rpc(βθλ − ξ) + cm(βθλ − ξ) − f θλξφ + f θλφ − θ2λξ + θ2λ + βθλpl − ξpl)

2θλ(ξ − 1)(ξ − βθλ)
(A.7)

By taking the first-order derivative of Eqs (A.6) and (A.7) with respect to pl and e, we have
∂ps(pl,e)

∂e = −
rpc

2(1−ξ) < 0, ∂ps(pl,e)
∂pl

= 1
2(1−ξ) > 0, ∂k(pl,e)

∂e = −
ξrpc

2θλ(1−ξ) < 0, and ∂k(pl,e)
∂pl

=
ξ

2θλ(1−ξ) > 0.
Substituting Eqs (A.6) and (A.7) into Eq (3.2), the Hessian matrix of πL(pl, e) can be derived.

H3 =

 − βθλ−ξ

θ2λ(1−ξ)
rpc(βθλ−ξ)
2θ2λ(1−ξ)

rpc(βθλ−ξ)
2θ2λ(1−ξ) −γ

 (A.8)

Thus, πL(pl, e) is a concave function with pl and e only when γ > r2 p2
c (βθλ−ξ)

4θ2λ(1−ξ) . If we let ∂πL
∂pl

= 0 and
∂πL
∂e = 0, we can get the optimal solutions p∗l and e∗. Substituting p∗l and e∗ into Eqs (A.6) and (A.7), we

can get p∗s and k∗. �
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Proof of Proposition 4.7 and Corollary 4.8. By computing the first-order deriva-
tive of the equilibrium solution under Scenario KA with respect to f , we have ∂pKA∗

l
∂ f =

2γθ3λ2(1−ξ)2φ

(βθλ−ξ)(4γθ2λ(1−ξ)−r2 p2
c (βθλ−ξ)) > 0, ∂eKA∗

∂ f =
θλ(1−ξ)rφpc

4γθ2λ(1−ξ)−r2 p2
c (βθλ−ξ) > 0, ∂pKA∗

s
∂ f =

θλφ(3γθ2λ(1−ξ)−r2 p2
c (βθλ−ξ))

(βθλ−ξ)(4γθ2λ(1−ξ)−r2 p2
c (βθλ−ξ)) , ∂kKA∗

∂ f =

ξφ(3γθ2λ(1−ξ)−r2 p2
c (βθλ−ξ))

(βθλ−ξ)(4γθ2λ(1−ξ)−r2 p2
c (βθλ−ξ)) , ∂DKA∗

∂ f =
γθλ(1−ξ)φ

4γθ2λ(1−ξ)−r2 p2
c (βθλ−ξ) > 0, ∂πKA∗

L
∂ f =

γθλ(1−ξ)φ(θλ(1−ξ)( fφ+θ)−(βθλ−ξ)(cl+cm+rpc))
(βθλ−ξ)(4γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ)) ,
∂πKA∗

S
∂ f =

2γ2θ3λ2(1−ξ)2φ(θλ(1−ξ)( fφ+θ)−(βθλ−ξ)(cl+cm+rpc))
(βθλ−ξ)(4γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ))2 − T , ∂πKA∗
K
∂ f = Γ1

(βθλ−ξ)2(4γθ2λ(1−ξ)−r2 p2
c (βθλ−ξ))2 ,

Γ1 = 3γ2θ4λ3ξ(1 − ξ)2φ( fφ + θ)(2βθλ − 5ξ) + T (βθλ − ξ)2
(
4γθ2λ(1 − ξ) − r2 p2

c(βθλ − ξ)
)

2

−γθ2λ2ξ(1 − ξ)φ(βθλ − ξ)
(
2r2 p2

c( fφ + θ)(βθλ − 4ξ) + γθ(2βθλ + ξ) (cl + rpc)
)

+λξr2φp2
c(βθλ −

ξ)2
(
βγθ2λ (cl + rpc) − ξr2 p2

c( fφ + θ)
)
−γθ2λ2ξφcm(βθλ − ξ)

(
γθ(1 − ξ)(2βθλ + ξ) − βr2 p2

c(βθλ − ξ)
)
.

(1) As (βθλ − ξ)
(
4γθ2λ(1 − ξ) − r2 p2

c(βθλ − ξ)
)
> 0, we have ∂pKA∗

l
∂ f > 0, ∂eKA∗

∂ f > 0, ∂DKA∗

∂ f > 0.

(2) As βθλ − ξ > 0, when r < r2, we have ∂pKA∗
s
∂ f > 0 and ∂kKA∗

∂ f > 0; when r > r2, we have ∂pKA∗
s
∂ f < 0

and ∂kKA∗

∂ f < 0.

(3) When r < r3, we have ∂πKA∗
L
∂ f > 0, ∂πKA∗

S
∂ f > 0; when r > r3, we have ∂πKA∗

L
∂ f < 0, ∂πKA∗

S
∂ f < 0.

(4) When T > T1, we have ∂πKA∗
K
∂ f > 0; when T < T1, we have ∂πKA∗

K
∂ f < 0. �

Proof of Proposition 4.9 and Corollary 4.10. By computing the first-
order derivative of the equilibrium solution under Scenario KA with re-
spect to pc, we have ∂pKA∗

l
∂pc

=
2γθ2λ(1−ξ)r(2θλ(1−ξ)rpc( fφ+θ)−4γθ2λ(1−ξ)−rpc(βθλ−ξ)(2cl+2cm+rpc))

(4γθ2λ(1−ξ)−r2 p2
c (βθλ−ξ))2 ,

∂eKA∗

∂pc
=

r(4γθ2λ(1−ξ)(θλ(1−ξ)( fφ+θ)−(βθλ−ξ)(cl+cm+2rpc))+θλ(1−ξ)r2 p2
c ( fφ+θ)(βθλ−ξ)−r2 p2

c (cl+cm)(βθλ−ξ)2)
(4γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ))2 ,
∂pKA∗

s
∂pc

=
γθ2λr(−2θλ(1−ξ)rpc( fφ+θ)+4γθ2λ(1−ξ)+rpc(βθλ−ξ)(2cl+2cm+rpc))

(4γθ2λ(1−ξ)−r2 p2
c (βθλ−ξ))2 , ∂kKA∗

∂pc
=

γθξr(−2θλ(1−ξ)rpc( fφ+θ)+4γθ2λ(1−ξ)+rpc(βθλ−ξ)(2cl+2cm+rpc))
(4γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ))2 , ∂DKA∗

∂pc
=

γr(βθλ−ξ)(2θλ(1−ξ)rpc( fφ+θ)−4γθ2λ(1−ξ)−rpc(βθλ−ξ)(2cl+2cm+rpc))
(4γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ))2 ,
∂πKA∗

L
∂pc

=
γr((βθλ−ξ)(cl+cm+rpc)−θλ(1−ξ)( fφ+θ))(θλ(1−ξ)(4γθ−rpc( fφ+θ))+rpc(cl+cm)(βθλ−ξ))

(4γθ2λ(1−ξ)−r2 p2
c (βθλ−ξ))2 , ∂πKA∗

S
∂pc

=

2γ2θ2λ(1−ξ)r((βθλ−ξ)(cl+cm+rpc)−θλ(1−ξ)( fφ+θ))(2θλ(1−ξ)(2γθ−rpc( fφ+θ))+rpc(βθλ−ξ)(2cl+2cm+rpc))
(4γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ))3 , ∂πKA∗
K
∂pc

=

γθ2λξr(4γθ2λ(1−ξ)−(2θλ(1−ξ)rpc( fφ+θ)−rpc(βθλ−ξ)(2cl+2cm+rpc)))
(βθλ−ξ)(4γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ))3

×
(
βλr2 p2

c( fφ + θ)(βθλ − ξ) − γ ((βθλ − ξ)(2βθλ − ξ) (cl + cm + rpc) + θλ(1 − ξ)( fφ + θ)(2βθλ + ξ))
)
.

(1) When γ > γ4, we have ∂pKA∗
l
∂pc

< 0, ∂pKA∗
s
∂pc

> 0, ∂kKA∗

∂pc
> 0, and ∂DKA∗

∂pc
< 0; when γ < γ4, we have

∂pKA∗
l
∂pc

> 0, ∂pKA∗
s
∂pc

< 0, ∂kKA∗

∂pc
< 0, and ∂DKA∗

∂pc
> 0.

(2) When r > r4 and γ > γ5, or when r < r4 and γ < γ5, we have ∂eKA∗

∂pc
< 0; otherwise, we have

∂eKA∗

∂pc
> 0.

(3) When r < r3 and γ < γ6, or when r > r3, we have ∂πKA∗
L
∂pc

> 0, ∂πKA∗
S
∂pc

> 0; when r < r3 and γ > γ6,

we have ∂πKA∗
L
∂pc

< 0, ∂πKA∗
S
∂pc

< 0.

(4) When γ6 < γ < γ7, we have ∂πKA∗
K
∂pc

> 0; when γ > γ7 or γ < γ6, we have ∂πKA∗
K
∂pc

< 0. �
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Proof of Lemma 4.11 and Theorem 4.12. According to Eq (3.6), the Hessian matrix of πK(x, k)
can be divided.

H4 =

(
−

2β
θ

1
θ

1
θ
−λ

)
(A.9)

Thus πK(x, k) is a concave function with x and k only when λ > 1
2βθ . Let ∂πK

∂x = 0 and ∂πK
∂k = 0, we can

get the best response function of the KOL as summarized in Eqs (A.10) and (A.11).

x(w, e, pl) =
−(e − 1)rpc(βθλ − 1) + θλ( fφ + θ + β(−w)) + pl(βθλ − 1)

2βθλ − 1
(A.10)

k(w, e, pl) =
β(e − 1)rpc + fφ + θ − βpl + β(−w)

2βθλ − 1
(A.11)

Substituting Eqs (A.10) and (A.11) into Eq (3.5), we can get the second-order consition ∂2πS
∂w2 = −

2β2λ

2βθλ−1 <

0. Thus, πS (w) is a concave function with w. If we let ∂πS
∂w = 0, we can get the best response function of

the supplier as summarized in Eq (A.12).

w(e, pl) =
β(e − 1)rpc + βcm + fφ + θ − βpl

2β
(A.12)

Substituting Eq (A.12) into Eqs (A.10) and (A.11), we have

x(e, pl) =
−(3βθλ − 2) (erpc − rpc − pl) − βθλcm + f θλφ + θ2λ

2(2βθλ − 1)
(A.13)

k(e, pl) =
βerpc − βcm − βrpc + fφ + θ − βpl

2(2βθλ − 1)
(A.14)

By taking the first-order derivative of Eqs (A.12) to (A.14) with respect to pl and e, we have
∂x(e,pl)
∂e = −

rpc(3βθλ−2)
2(2βθλ−1) , ∂x(e,pl)

∂pl
=

3βθλ−2
2(2βθλ−1) ,

∂k(e,pl)
∂e =

βrpc
2(2βθλ−1) ,

∂k(e,pl)
∂pl

= −
β

2(2βθλ−1) ,
∂w(e,pl)
∂e −

rpc
2 , ∂w(e,pl)

∂pl
= −1

2 ,
∂ps(e,pl)

∂e = −
rpc(βθλ−1)
2(2βθλ−1) , and ∂ps(e,pl)

∂pl
−

βθλ−1
2(2βθλ−1) .

As λ > 1
2βθ , (1) ∂k(pl,e)

∂e > 0; ∂k(pl,e)
∂pl

< 0; (2) ∂x(pl,e)
∂e < 0 when θ > 2

3βλ , ∂x(pl,e)
∂e > 0 when θ < 2

3βλ ;
∂x(pl,e)
∂pl

> 0 when θ > 2
3βλ , ∂x(pl,e)

∂pl
< 0 when θ < 2

3βλ ; and (3) ∂w(pl,e)
∂e > 0; ∂w(pl,e)

∂pl
< 0. (4) ∂ps(pl,e)

∂e < 0 when
θ > 1

βλ
, ∂ps(pl,e)

∂e > 0 when θ < 1
βλ

; ∂ps(pl,e)
∂pl

> 0 when θ > 1
βλ

, ∂ps(pl,e)
∂pl

< 0 when θ < 1
βλ

.
Substituting Eqs (A.12) to (A.14) into Eq (3.2), the Hessian matrix of πL(pl, e) can be derived.

H5 =

 − β2λ

2βθλ−1
β2λrpc

2(2βθλ−1)
β2λrpc

2(2βθλ−1) −γ

 (A.15)

Thus, πL(pl, e) is a concave function with pl and e only when γ > β2λr2 p2
c

4(2βθλ−1) . Let ∂πL
∂pl

= 0 and ∂πL
∂e = 0, we

can get the optimal solutions p∗l and e∗. Substituting p∗l and e∗ into Eqs (A.12) to (A.14), we can get w∗,
x∗ and k∗. �

Proof of Proposition 4.13 and Corollary 4.14. By computing the first-order derivative of the
equilibrium solution under Scenario KR with respect to f , we have ∂pKR∗

l
∂ f =

2γφ(2βθλ−1)
β(4γ(2βθλ−1)−β2λr2 p2

c) >

Journal of Industrial and Management Optimization Volume 22, Issue 6, 3088–3122.
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0, ∂eKR∗

∂ f =
βλrφpc

4γ(2βθλ−1)−β2λr2 p2
c
> 0, ∂wKR∗

∂ f =
γφ(2βθλ−1)

β(4γ(2βθλ−1)−β2λr2 p2
c) > 0, ∂xKR∗

∂ f =
φ(γ(5βθλ−2)−β2λr2 p2

c)
β(4γ(2βθλ−1)−β2λr2 p2

c) ,
∂pKR∗

s
∂ f =

φ(γ(7βθλ−3)−β2λr2 p2
c)

β(4γ(2βθλ−1)−β2λr2 p2
c) , ∂kKR∗

∂ f =
γφ

4γ(2βθλ−1)−β2λr2 p2
c
> 0, ∂DKR∗

∂ f =
βγλφ

4γ(2βθλ−1)−β2λr2 p2
c
> 0, ∂πKR∗

L
∂ f =

γλφ(θ−β(cl+cm+rpc)+ fφ)
4γ(2βθλ−1)−β2λr2 p2

c
> 0, ∂πKR∗

S
∂ f =

2γ2λφ(2βθλ−1)(θ−β(cl+cm+rpc)+ fφ)
(4γ(2βθλ−1)−β2λr2 p2

c)2 > 0, ∂πKR∗
K
∂ f =

γ2λφ(2βθλ−1)(θ−β(cl+cm+rpc)+ fφ)
(4γ(2βθλ−1)−β2λr2 p2

c)2 > 0.

(1) As 4γ(2βθλ − 1) − β2λr2 p2
c > 0 and θ − β (cl + cm + rpc) + fφ > 0, we have ∂pKR∗

l
∂ f > 0, ∂eKR∗

∂ f > 0,
∂wKR∗

∂ f > 0, ∂kKR∗

∂ f > 0, ∂DKR∗

∂ f > 0, ∂πKR∗
L
∂ f > 0, ∂πKR∗

S
∂ f > 0, ∂πKR∗

K
∂ f > 0.

(2) As 5βθλ − 2 > 0, when r < r5, we have ∂xKR∗

∂ f > 0; when r > r5, we have ∂xKR∗

∂ f < 0.

(3) As 7βθλ − 3 > 0, when r < r6, we have ∂pKR∗
s
∂ f > 0; when r > r6, we have ∂pKR∗

s
∂ f < 0. �

Proof of Proposition 4.15 and Corollary 4.16. By computing the first-order deriva-
tive of the equilibrium solution under Scenario KR with respect to pc, we have ∂pKR∗

l
∂pc

=

2γr(2βθλ−1)(2βλrpc(θ−β(cl+cm)+ fφ)−β2λr2 p2
c−4γ(2βθλ−1))

(4γ(2βθλ−1)−β2λr2 p2
c)2 , ∂eKR∗

∂pc
=

βλr(β2λr2 p2
c (θ−β(cl+cm)+ fφ)+4γ(2βθλ−1)(−β(cl+cm+2rpc)+ fφ+θ))

(4γ(2βθλ−1)−β2λr2 p2
c)2 ,

∂wKR∗

∂pc
=

γr(2βθλ−1)(2βλrpc(θ−β(cl+cm)+ fφ)−β2λr2 p2
c−4γ(2βθλ−1))

(4γ(2βθλ−1)−β2λr2 p2
c)2 , ∂xKR∗

∂pc
=

γr(2−3βθλ)(2βλrpc(θ−β(cl+cm)+ fφ)−β2λr2 p2
c−4γ(2βθλ−1))

(4γ(2βθλ−1)−β2λr2 p2
c)2 ,

∂pKR∗
s
∂pc

=
γr(1−βθλ)(2βλrpc(θ−β(cl+cm)+ fφ)−β2λr2 p2

c−4γ(2βθλ−1))
(4γ(2βθλ−1)−β2λr2 p2

c)2 , ∂kKR∗

∂pc
=

βγr(2βλrpc(θ−β(cl+cm)+ fφ)−β2λr2 p2
c−4γ(2βθλ−1))

(4γ(2βθλ−1)−β2λr2 p2
c)2 ,

∂DKR∗

∂pc
=

β2γλr(2βλrpc(θ−β(cl+cm)+ fφ)−β2λr2 p2
c−4γ(2βθλ−1))

(4γ(2βθλ−1)−β2λr2 p2
c)2 , ∂πKR∗

L
∂pc

=
βγλr(θ−β(cl+cm+rpc)+ fφ)(βλrpc(θ−β(cl+cm)+ fφ)−4γ(2βθλ−1))

(4γ(2βθλ−1)−β2λr2 p2
c)2 ,

∂πKR∗
S
∂pc

=
2βγ2λr(2βθλ−1)(θ−β(cl+cm+rpc)+ fφ)(2βλrpc(θ−β(cl+cm)+ fφ)−β2λr2 p2

c−4γ(2βθλ−1))
(4γ(2βθλ−1)−β2λr2 p2

c)3 , ∂πKR∗
K
∂pc

=

βγ2λr(2βθλ−1)(θ−β(cl+cm+rpc)+ fφ)(2βλrpc(θ−β(cl+cm)+ fφ)−β2λr2 p2
c−4γ(2βθλ−1))

(4γ(2βθλ−1)−β2λr2 p2
c)3 .

(1) When γ < γ8, we have ∂pKR∗
l
∂pc

> 0, ∂wKR∗

∂pc
> 0, ∂kKR∗

∂pc
> 0, ∂DKR∗

∂pc
> 0, ∂πKR∗

L
∂pc

> 0, ∂πKR∗
S
∂pc

> 0, and
∂πKR∗

K
∂pc

> 0; when γ > γ8, we have ∂pKR∗
l
∂pc

< 0, ∂wKR∗

∂pc
< 0, ∂kKR∗

∂pc
< 0, ∂DKR∗

∂pc
< 0, ∂πKR∗

L
∂pc

< 0, ∂πKR∗
S
∂pc

< 0, and
∂πKR∗

K
∂pc

< 0.

(2) When r > r7 and γ > γ9, or when r < r7 and γ < γ9, we have ∂eKR∗

∂pc
< 0; otherwise, we have

∂eKR∗

∂pc
> 0.

(3) When λ < 2
3βθ and γ < γ8, or when λ > 2

3βθ and γ > γ8, we have ∂xKR∗

∂pc
>; otherwise, we have

∂xKR∗

∂pc
< 0.

(4) When λ < 1
βθ

and γ < γ8, or when λ > 1
βθ

and γ > γ8, ∂pKR∗
s
∂pc

> 0. otherwise, ∂pKR∗
s
∂pc

< 0. �

Proof of Proposition 5.1. As pS ∗
l − pKA∗

l = −
2βγ f θ3λ2(1−ξ)2φ(2γ(2βθλ−1)−β2λr2 p2

c)
β(βθλ−ξ)(2γ(2βθλ−1)−β2λr2 p2

c)(4γθ2λ(1−ξ)−r2 p2
c (βθλ−ξ))

+
βγr2 p2

c (βθλ−ξ)(2β2θ2λ2ξ−2βθλξ−βθλ+ξ)(cl+cm+rpc)

β(βθλ−ξ)(2γ(2βθλ−1)−β2λr2 p2
c)(4γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ)) +
4γ2θ3λ(1−ξ)ξ(βθλ−1)(2βθλ−1)+γθr2 p2

c(2β3θ3λ3(1−ξ)2−(2βθλ−1)(βθλ−ξ)2)
β(βθλ−ξ)(2γ(2βθλ−1)−β2λr2 p2

c)(4γθ2λ(1−ξ)−r2 p2
c (βθλ−ξ)) ,

pS ∗
l − pKR∗

l =
γ(2βθλ−1)(β2λr2 p2

c (θ−β(cl+cm+rpc))−2 fφ(2γ(2βθλ−1)−β2λr2 p2
c))

β(4γ(2βθλ−1)−β2λr2 p2
c)(2γ(2βθλ−1)−β2λr2 p2

c) , pKA∗
l −

pKR∗
l =

2γ(βθλ−1)( fφ+θ)(r2 p2
c(β2θ2λ2(1−ξ2)+ξ(βθλ−1)(2βθλ−ξ))−4γθ2λξ(1−ξ)(2βθλ−1))

β(βθλ−ξ)(4γ(2βθλ−1)−β2λr2 p2
c)(4γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ))
−

2βγr2 p2
c (βθλ−1)(βθλ−ξ)(βθλξ+βθλ−ξ)(cl+cm+rpc)

β(βθλ−ξ)(4γ(2βθλ−1)−β2λr2 p2
c)(4γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ)) , and it is easy to verify that 2γ(2βθλ − 1) − β2λr2 p2
c > 0.

There are thresholds fpl1, fpl2, and fpl3 such that the following hold. (1) When f > fpl1 we have
pS ∗

l < pKA∗
l ; otherwise, when f < fpl1, we have pS ∗

l > pKA∗
l . (2) When f > fpl2 we have pS ∗

l < pKR∗
l ;

otherwise, when f < fpl2 we have pS ∗
l > pKR∗

l . (3) When r > r8 and f > fpl3, or when r < r8 and
f < fpl3, we have pKA∗

l > pKR∗
l ; otherwise, when r > r8 and f < fpl3 , or when r < r8 and f > fpl3, we
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have pKA∗
l < pKR∗

l . �

Proof of Proposition 5.2. As eS ∗ − eKA∗ =
2γrpc(2β2θ2λ2ξ−2βθλξ−βθλ+ξ)(cl+cm+rpc)+2γθ2λ(1−ξ)rpc

(2γ(2βθλ−1)−β2λr2 p2
c)(4γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ))
−

f θλ(1−ξ)rφpc(2γ(2βθλ−1)−β2λr2 p2
c)+βθλξr3 p3

c (βθλ−1)

(2γ(2βθλ−1)−β2λr2 p2
c)(4γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ)) , eS ∗ − eKR∗ =
βλrpc(2γ(2βθλ−1)(θ−βcl−βcm−βrpc)− fφ(2γ(2βθλ−1)−β2λr2 p2

c))
(2γ(2βθλ−1)−β2λr2 p2

c)(4γ(2βθλ−1)−β2λr2 p2
c) ,

eKA∗ − eKR∗ =
rpc(βθλ−1)( fλφ(4γθ(1−ξ)+βξr2 p2

c)+4γθ2λ(1−ξ)−4γ(βθλξ+βθλ−ξ)(cl+cm+rpc)+βθλξr2 p2
c)

(4γ(2βθλ−1)−β2λr2 p2
c)(4γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ)) , there are thresholds fe1,

fe2, and fe3 such that the following hold. (1) When f < fe1, we have eS ∗ > eKA∗; otherwise, when
f > fe1, we have eS ∗ < eKA∗. (2) When f < fe2, we have eS ∗ > eKR∗; otherwise, when f > fe2, we have
eS ∗ < eKR∗. (3) When f < fe3, we have eKA∗ < eKR∗; otherwise, when f > fe3, we have eKA∗ > eKR∗. �

Proof of Proposition 5.3. As kS ∗ − kKA∗ =
(−γ)θr2 p2

c (βθλ−ξ)2−ξ( fφ+θ)(2γ(2βθλ−1)−β2λr2 p2
c)(3γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ))
(βθλ−ξ)(2γ(2βθλ−1)−β2λr2 p2

c)(4γθ2λ(1−ξ)−r2 p2
c (βθλ−ξ))

+
4γ2θ3λ(1−ξ)(βθλ−ξ)+γ(βθλ−ξ)(cl+cm+rpc)(βr2 p2

c (βθλξ+βθλ−ξ)−2γθ(2βθλ−ξ))
(βθλ−ξ)(2γ(2βθλ−1)−β2λr2 p2

c)(4γθ2λ(1−ξ)−r2 p2
c (βθλ−ξ)) , kS ∗ − kKR∗ =

γ(2γ(2βθλ−1)(θ−βcl−βcm−βrpc)− fφ(2γ(2βθλ−1)−β2λr2 p2
c))

(2γ(2βθλ−1)−β2λr2 p2
c)(4γ(2βθλ−1)−β2λr2 p2

c) , there are thresholds fk1 and fk2 such that the fol-

lowing hold. (1) When r < r2 and f < fk1, or when r > r2 and f > fk1, we have kS ∗ > kKA∗; otherwise,
when r < r2 and f > fk1, or when r > r2 and f < fk1, we have kS ∗ < kKA∗. (2) When f < fk2, we have
kS ∗ > kKR∗; otherwise, when f > fk2, we have kS ∗ < kKR∗. �

Proof of Proposition 5.4. As pS ∗
s − pKA∗

s = −
βθλ( fφ+θ)(2γ(2βθλ−1)−β2λr2 p2

c)(3γθ2λ(1−ξ)−r2 p2
c (βθλ−ξ))

β(βθλ−ξ)(2γ(2βθλ−1)−β2λr2 p2
c)(4γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ))
−
βγ(βθλ−ξ)(cl+cm+rpc)(2γθ2λ(2βθλξ−2ξ+1)−r2 p2

c (βθλξ+βθλ−ξ))
β(βθλ−ξ)(2γ(2βθλ−1)−β2λr2 p2

c)(4γθ2λ(1−ξ)−r2 p2
c (βθλ−ξ)) +

θ(βθλ−ξ)(3βγθλ+β2λ(−r2)p2
c−γ)(4γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ))
β(βθλ−ξ)(2γ(2βθλ−1)−β2λr2 p2

c)(4γθ2λ(1−ξ)−r2 p2
c (βθλ−ξ)) , pS ∗

s −

pKR∗
s =

2γ2(1−βθλ)(2βθλ−1)(θ−β(cl+cm+rpc))− fφ(2γ(2βθλ−1)−β2λr2 p2
c)(γ(7βθλ−3)−β2λr2 p2

c)
β(2γ(2βθλ−1)−β2λr2 p2

c)(4γ(2βθλ−1)−β2λr2 p2
c) , and it is easy to verify that

7βγθλ + β2λ
(
−r2

)
p2

c − 3γ > 0, there are thresholds fps1 and fps2 such that we have the following.
(1) When r < r2 and f < fps1, or when r > r2 and f > fps1, we have pS ∗

s > pKA∗
s ; otherwise, when r < r2

and f > fps1, or when r > r2 and f < fps1, we have pS ∗
s < pKA∗

s . (2) When f < fps2 we have pS ∗
s > pKR∗

s ;
otherwise, when f > fps2, we have pS ∗

s < pKR∗
s . �

Proof of Proposition 5.5. As DS ∗ − DKR∗ =
βγλ(2γ(2βθλ−1)(θ−β(cl+cm+rpc))− fφ(2γ(2βθλ−1)−β2λr2 p2

c))
(2γ(2βθλ−1)−β2λr2 p2

c)(4γ(2βθλ−1)−β2λr2 p2
c) ,

DS ∗ −DKA∗ =
γ(− f θλ(1−ξ)φ(2γ(2βθλ−1)−β2λr2 p2

c)+2γθ2λ(1−ξ)+2γ(2β2θ2λ2ξ−2βθλξ−βθλ+ξ)(cl+cm+rpc)−βθλξr2 p2
c (βθλ−1))

(2γ(2βθλ−1)−β2λr2 p2
c)(4γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ)) , DKA∗ −

DKR∗ =
γ(βθλ−1)( fλφ(4γθ(1−ξ)+βξr2 p2

c)+4γθ2λ(1−ξ)−4γ(βθλξ+βθλ−ξ)(cl+cm+rpc)+βθλξr2 p2
c)

(4γ(2βθλ−1)−β2λr2 p2
c)(4γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ)) , there are thresholds fD1, fD2,

and fD3 such that the following hold. (1) When f < fD1, we have DS ∗ > DKA∗; otherwise, when f > fD1,
we have DS ∗ < DKA∗. (2) When f < fD2, we have DS ∗ > DKR∗; otherwise, when f > fD2, we have
DS ∗ < DKR∗. (3) When f < fD3, we have DKA∗ < DKR∗; otherwise, when f > fD3, we have DKA∗ > DKR∗.
�

Proof of Proposition 5.6. (1) As πS ∗
L − π

KA∗
L = −

γθλ(1−ξ)φ(2 f(θ2λ(1−ξ)−(βθλ−ξ)(cl+cm+rpc))+ f 2θλ(1−ξ)φ)
2(βθλ−ξ)(4γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ))
+
−γθλ(cl+cm+rpc)(2γθ(1−ξ)−βξr2 p2

c (βθλ−1))−γ2(2β2θ2λ2ξ−2βθλξ−βθλ+ξ)(cl+cm+rpc)2

(2γ(2βθλ−1)−β2λr2 p2
c)(4γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ))
+

2γ2θ4λ2(1−ξ)(2βθλξ−3ξ+1)+γθ2λξr2 p2
c (βθλ−1)(βθλξ−2βθλ+ξ)

2(βθλ−ξ)(2γ(2βθλ−1)−β2λr2 p2
c)(4γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ)) , we let πS ∗
L − πKA∗

L = 0 and we can get

fπl1 =
(θ−βcl−βcm−βrpc)

√
λ(βθλ−ξ)(2γ(2βθλ−1)−β2λr2 p2

c)(4γθ2λ(1−ξ)−r2 p2
c (βθλ−ξ))

θλ(1−ξ)φ(2γ(2βθλ−1)−β2λr2 p2
c) −

θλ(1−ξ)φ(θ2λ(1−ξ)−(βθλ−ξ)(cl+cm+rpc))
θ2λ2(1−ξ)2φ2 , fπl2 =

−
(θ−βcl−βcm−βrpc)

√
λ(βθλ−ξ)(2γ(2βθλ−1)−β2λr2 p2

c)(4γθ2λ(1−ξ)−r2 p2
c (βθλ−ξ))

θλ(1−ξ)φ(2γ(2βθλ−1)−β2λr2 p2
c) −

θλ(1−ξ)φ(θ2λ(1−ξ)−(βθλ−ξ)(cl+cm+rpc))
θ2λ2(1−ξ)2φ2 . Thus,

there are thresholds fπl1, fπl2, and f > fπl3 such that when f < fπl2 or f > fπl1, we have πS ∗
L < πKA∗

L ;
otherwise, when fπl2 < f < fπl1, we have πS ∗

L > πKA∗
L .
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(2) As πS ∗
L − πKR∗

L =
γλ(2γ(2βθλ−1)(θ−βcl−βcm−βrpc)2−(2γ(2βθλ−1)−β2λr2 p2

c)(2 fφ(θ−βcl−βcm−βrpc)+ f 2φ2))
2(2γ(2βθλ−1)−β2λr2 p2

c)(4γ(2βθλ−1)−β2λr2 p2
c) , we let

πS ∗
L − πKR∗

L = 0 and we can get fπl3 = −

(θ−β(cl+cm+rpc))

1−
√

β4λ2r4 p4
c +2γ(2βθλ−1)(4γ(2βθλ−1)−3β2λr2 p2

c)
2γ(2βθλ−1)−β2λr2 p2

c


φ

, fπl4 =

−

(θ−β(cl+cm+rpc))


√

β4λ2r4 p4
c +2γ(2βθλ−1)(4γ(2βθλ−1)−3β2λr2 p2

c)
2γ(2βθλ−1)−β2λr2 p2

c
+1


φ

. As fπl4 < 0, thus when f > fπl3, we have πS ∗
L < πKR∗

L ;
otherwise, when f < fπl3, we have πS ∗

L > πKR∗
L . �

Proof of Proposition5.7. (1) As πS ∗
S − πKA∗

S =
A1 f 2+A2 f +A3

2(βθλ−ξ)(2γ(2βθλ−1)−β2λr2 p2
c)2(4γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ))2 ,

in which A1 = −2γ2θ4λ3(1 − ξ)3φ2
(
−4βγθλ + β2λr2 p2

c + 2γ
)

2, A2 =

2
(
−4βγθλ + β2λr2 p2

c + 2γ
)

2
(
2γ2θ3λ2(1 − ξ)2φ

(
(βθλ − ξ) (cl + cm + rpc) − θ2λ(1 − ξ)

)
+T (βθλ − ξ)

(
4γθ2λ(1 − ξ) − r2 p2

c(βθλ − ξ)
)

2
)
, A3 = 8γ4θ6λ3(1 −

ξ)2(2βθλ − 1)(2βθλξ − 3ξ + 1) + γ2λ(βθλ − ξ)
(
2β2θ2λ2ξ − 2βθλξ − βθλ + ξ

)
(cl + cm + rpc) 2

(
β2r4 p4

c(βθλ − ξ) − 8γ2θ2(1 − ξ)(2βθλ − 1)
)

+ 2βγ2θλr4 p4
c(βθλ − ξ)(

2β3θ3λ3ξ2 − 4β3θ3λ3ξ + 4β2θ2λ2ξ + β2θ2λ2 − 2βθλξ2 − 2βθλξ + ξ2
)

(cl + cm + rpc) + 16γ3θ3λ2(1 −

ξ)(2βθλ − 1)(βθλ − ξ) (cl + cm + rpc)
(
γθξ − γθ + β2θλξr2 p2

c + βξ
(
−r2

)
p2

c

)
+ γ2θ2λr4 p4

c(
2β4θ4λ4ξ3 − 6β4θ4λ4ξ2 + 6β4θ4λ4ξ − 6β3θ3λ3ξ − β3θ3λ3 + 6β2θ2λ2ξ2 + 3β2θ2λ2ξ − 2βθλξ3 − 3βθλξ2 + ξ3

)
+

8γ3θ4λ2(1 − ξ)ξr2 p2
c(βθλ − 1)(2βθλ − 1)(βθλξ − 2βθλ + ξ), we let πS ∗

S − π
KA∗
S = 0 and we can get

fπs1 =
T (βθλ−ξ)(4γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ))2

2γ2θ4λ3(1−ξ)3φ2 −
θ2λ(1−ξ)−(βθλ−ξ)(cl+cm+rpc)

θλ(1−ξ)φ +

√
(βθλ−ξ)∆1(−4γθ2λξ+4γθ2λ−βθλr2 p2

c+ξr2 p2
c)

γ2θ4λ3(1−ξ)3φ2(4βγθλ−β2λr2 p2
c−2γ) ,

fπs2 =
T (βθλ−ξ)(4γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ))2

2γ2θ4λ3(1−ξ)3φ2 −
θ2λ(1−ξ)−(βθλ−ξ)(cl+cm+rpc)

θλ(1−ξ)φ −

√
(βθλ−ξ)∆1(−4γθ2λξ+4γθ2λ−βθλr2 p2

c+ξr2 p2
c)

γ2θ4λ3(1−ξ)3φ2(4βγθλ−β2λr2 p2
c−2γ) , in

which ∆1 = 2β2γ3θ4λ4(1 − ξ)3φ
(
γφ (cl + cm + rpc) 2 + 8θr2T p2

c

)
(2βθλ − 1) + 4γ2θ3λ2(1 − ξ)2φ

(cl + cm + rpc)
(
T (βθλ − ξ)

(
−4βγθλ + β2λr2 p2

c + 2γ
)

2 − βγ2θ2λ2(1 − ξ)φ(2βθλ − 1)
)

+ (1 −

ξ)3 φ
(
2γ2γ2θ6λ4φ(2βθλ − 1) − 4β4γ2θ5λ5r4T p4

c − 16γ4θ5λ3T (2βθλ − 1)2
)

+ T 2(βθλ − ξ)(
−4βγθλ + β2λr2 p2

c + 2γ
)

2
(
−4γθ2λξ + 4γθ2λ − βθλr2 p2

c + ξr2 p2
c

)
2. Since A1 < 0, there are

thresholds fπs1 and fπs2 such that when f < fπs2 or f > fπs1, we have πS ∗
S < πKA∗

S ; otherwise, when
fπs1 < f < fπs1, we have πS ∗

S > πKA∗
S .

(2) As πS ∗
S − π

KR∗
S =

γ2λ(2βθλ−1)(θ−β(cl+cm+rpc))2(8γ2(2βθλ−1)2−β4λ2r4 p4
c)

2(2γ(2βθλ−1)−β2λr2 p2
c)2(4γ(2βθλ−1)−β2λr2 p2

c)2 −
γ2λφ(2βθλ−1)(2 f (θ−β(cl+cm+rpc))+ f 2φ)

(4γ(2βθλ−1)−β2λr2 p2
c)2 , we

let πS ∗
S − π

KR∗
S = 0 and we can get fπs3 =

(θ−β(cl+cm+rpc))(
√

2(4γ(2βθλ−1)−β2λr2 p2
c)−2(2γ(2βθλ−1)−β2λr2 p2

c))
2φ(2γ(2βθλ−1)−β2λr2 p2

c) , fπs4 =

−
(θ−β(cl+cm+rpc))(2(2γ(2βθλ−1)−β2λr2 p2

c)+
√

2(4γ(2βθλ−1)−β2λr2 p2
c))

2φ(2γ(2βθλ−1)−β2λr2 p2
c) . Since fπs4 < 0, when f > fπs3, we have πS ∗

S <

πKR∗
S ; otherwise, when f < fπs3, we have πS ∗

S > πKR∗
S . �
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Appendix B. Thresholds

All threshold values used in this paper are summarized in Table B1 and Table B2.

Table B1. Threshold values of γ and r.

Notation Definition Notation Definition

γ1
2βλrpc(θ−βcl−βcm)−β2λr2 p2

c
2(2βθλ−1) r1

θ−βcl−βcm
2βpc

γ2
β2λr2 p2

c (θ−βcl−βcm)
2(2βθλ−1)(2βrpc−(θ−βcl−βcm)) r2

θ
√

3γλ(1−ξ)
pc
√
βθλ−ξ

γ3
βλrpc(θ−βcl−βcm)

2(2βθλ−1) r3
θλ(1−ξ)( fφ+θ)−(cl+cm)(βθλ−ξ)

pc(βθλ−ξ)

γ4
2θλ(1−ξ)rpc( fφ+θ)−rpc(βθλ−ξ)(2cl+2cm+rpc)

4θ2λ(1−ξ) r4
(cl+cm)(βθλ−ξ)−θλ2(1−ξ)( fφ+θ)

2pc(βθλ−ξ)

γ5
r2 p2

c (cl+cm)(βθλ−ξ)2−θλ(1−ξ)r2 p2
c ( fφ+θ)(βθλ−ξ)

4θ2λ(1−ξ)(θλ(1−ξ)( fφ+θ)−(βθλ−ξ)(cl+cm+2rpc)) r5

√
γ(5βθλ−2)

βpc
√
λ

γ6
θλ(1−ξ)rpc( fφ+θ)−rpc(cl+cm)(βθλ−ξ)

4θ2λ(1−ξ) r6

√
γ(7βθλ−3)

βpc
√
λ

γ7
βλr2 p2

c ( fφ+θ)(βθλ−ξ)
(βθλ−ξ)(2βθλ−ξ)(cl+cm+rpc)+θλ(1−ξ)( fφ+θ)(2βθλ+ξ) r7

θ−β(cl+cm)+ fφ
2βpc

γ8
2βλrpc(θ−β(cl+cm)+ fφ)−β2λr2 p2

c
4(2βθλ−1) r8

√
4γθ2λξ(1−ξ)(2βθλ−1)

pc

√
β2θ2λ2(1−ξ2)+ξ(βθλ−1)(2βθλ−ξ)

γ9
β2λr2 p2

c (θ−β(cl+cm)+ fφ)
4(2βθλ−1)(β(cl+cm+2rpc)− fφ−θ)
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Table B2. Threshold values about f .
Notation Definition

fpl1
βr2 p2

c (βθλ−ξ)(2β2θ2λ2ξ−2βθλξ−βθλ+ξ)(cl+cm+rpc)
2βθ3λ2(1−ξ)2φ(2γ(2βθλ−1)−β2λr2 p2

c) +
4γθ3λ(1−ξ)ξ(βθλ−1)(2βθλ−1)+θr2 p2

c(2β3θ3λ3(1−ξ)2−(2βθλ−1)(βθλ−ξ)2)
2βθ3λ2(1−ξ)2φ(2γ(2βθλ−1)−β2λr2 p2

c)
fpl2

β2λr2 p2
c (θ−β(cl+cm+rpc))

2φ(2γ(2βθλ−1)−β2λr2 p2
c)

fpl3
βr2 p2

c (βθλ−ξ)(βθλξ+βθλ−ξ)(cl+cm+rpc)
φ(r2 p2

c(β2θ2λ2(1−ξ2)+ξ(βθλ−1)(2βθλ−ξ))−4γθ2λξ(1−ξ)(2βθλ−1)) −
θ
φ

fps1 −
βγ(βθλ−ξ)(cl+cm+rpc)(2γθ2λ(2βθλξ−2ξ+1)−r2 p2

c (βθλξ+βθλ−ξ))
βθλφ(2γ(2βθλ−1)−β2λr2 p2

c)(3γθ2λ(1−ξ)−r2 p2
c (βθλ−ξ)) −

βθ2λ(2γ(2βθλ−1)−β2λr2 p2
c)(3γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ))
βθλφ(2γ(2βθλ−1)−β2λr2 p2

c)(3γθ2λ(1−ξ)−r2 p2
c (βθλ−ξ))

+
θ(βθλ−ξ)(3βγθλ+β2λ(−r2)p2

c−γ)(4γθ2λ(1−ξ)−r2 p2
c (βθλ−ξ))

βθλφ(2γ(2βθλ−1)−β2λr2 p2
c)(3γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ))
fps2

2γ2(1−βθλ)(2βθλ−1)(θ−β(cl+cm+rpc))
φ(2γ(2βθλ−1)−β2λr2 p2

c)(7βγθλ+β2λ(−r2)p2
c−3γ)

fe1
2γθ2λ(1−ξ)+2γ(2β2θ2λ2ξ−2βθλξ−βθλ+ξ)(cl+cm+rpc)−βθλξr2 p2

c (βθλ−1)
θλ(1−ξ)φ(2γ(2βθλ−1)−β2λr2 p2

c)
fe2

2γ(2βθλ−1)(θ−βcl−βcm−βrpc)
φ(2γ(2βθλ−1)−β2λr2 p2

c)
fe3

−4γθ2λ(1−ξ)+4γ(βθλξ+βθλ−ξ)(cl+cm+rpc)−βθλξr2 p2
c

λφ(4γθ(1−ξ)+βξr2 p2
c)

fk1
(4γ2θ3λ(1−ξ)(βθλ−ξ)+γ(βθλ−ξ)(cl+cm+rpc)(βr2 p2

c (βθλξ+βθλ−ξ)−2γθ(2βθλ−ξ)))−γθr2 p2
c (βθλ−ξ)2

ξφ(2γ(2βθλ−1)−β2λr2 p2
c)(3γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ)) − θ
φ

fk2
2γ(2βθλ−1)(θ−βcl−βcm−βrpc)
φ(2γ(2βθλ−1)−β2λr2 p2

c)
fD1

2γθ2λ(1−ξ)+2γ(2β2θ2λ2ξ−2βθλξ−βθλ+ξ)(cl+cm+rpc)−βθλξr2 p2
c (βθλ−1)

θλ(1−ξ)φ(2γ(2βθλ−1)−β2λr2 p2
c)

fD2
2γ(2βθλ−1)(θ−β(cl+cm+rpc))
φ(2γ(2βθλ−1)−β2λr2 p2

c)
fD3

−4γθ2λ(1−ξ)+4γ(βθλξ+βθλ−ξ)(cl+cm+rpc)−βθλξr2 p2
c

λφ(4γθ(1−ξ)+βξr2 p2
c)

fπs1
T (βθλ−ξ)(4γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ))2

2γ2θ4λ3(1−ξ)3φ2 −
θ2λ(1−ξ)−(βθλ−ξ)(cl+cm+rpc)

θλ(1−ξ)φ +

√
(βθλ−ξ)∆1(−4γθ2λξ+4γθ2λ−βθλr2 p2

c+ξr2 p2
c)

γ2θ4λ3(1−ξ)3φ2(4βγθλ−β2λr2 p2
c−2γ)

fπs2
T (βθλ−ξ)(4γθ2λ(1−ξ)−r2 p2

c (βθλ−ξ))2

2γ2θ4λ3(1−ξ)3φ2 −
θ2λ(1−ξ)−(βθλ−ξ)(cl+cm+rpc)

θλ(1−ξ)φ −

√
(βθλ−ξ)∆1(−4γθ2λξ+4γθ2λ−βθλr2 p2

c+ξr2 p2
c)

γ2θ4λ3(1−ξ)3φ2(4βγθλ−β2λr2 p2
c−2γ)

fπs3
(θ−β(cl+cm+rpc))

(√
2(4γ(2βθλ−1)−β2λr2 p2

c)−2(2γ(2βθλ−1)−β2λr2 p2
c)

)
2φ(2γ(2βθλ−1)−β2λr2 p2

c)

fπl1
(θ−βcl−βcm−βrpc)

√
λ(βθλ−ξ)(2γ(2βθλ−1)−β2λr2 p2

c)(4γθ2λ(1−ξ)−r2 p2
c (βθλ−ξ))

θλ(1−ξ)φ(2γ(2βθλ−1)−β2λr2 p2
c) −

θλ(1−ξ)φ(θ2λ(1−ξ)−(βθλ−ξ)(cl+cm+rpc))
θ2λ2(1−ξ)2φ2

fπl2 −
(θ−βcl−βcm−βrpc)

√
λ(βθλ−ξ)(2γ(2βθλ−1)−β2λr2 p2

c)(4γθ2λ(1−ξ)−r2 p2
c (βθλ−ξ))

θλ(1−ξ)φ(2γ(2βθλ−1)−β2λr2 p2
c) −

θλ(1−ξ)φ(θ2λ(1−ξ)−(βθλ−ξ)(cl+cm+rpc))
θ2λ2(1−ξ)2φ2

fπl3 −
(θ−β(cl+cm+rpc))

φ

(
1 −
√
β4λ2r4 p4

c+2γ(2βθλ−1)(4γ(2βθλ−1)−3β2λr2 p2
c)

2γ(2βθλ−1)−β2λr2 p2
c

)
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