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Appendix

For the cases v' <v* and V' >, the following lemmas can be derived about optimality conditions
of the restricted temporal decision:

Lemma 1: If ' <v* and cir_time-v' <Q, the optimal solution of the restricted temporal decision
satisfies:
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The minimized objective function value is:

=L —cir_time

]/‘t\n = L-i—c+cir_time-vl/v2
Proof: When ' <v*, the testing speed exceeds the sampling speed, and the testing institution
evidently experiences little backlog time. Under this condition, the objective function can be expressed
as:

ft, =1 +c+q, /v’ +max{0, fi,_ —at,}

n-1
Among them, the unknown terms comprise /,, ¢,,and /i, —at,. Considering different situations for
these variables, the proof of Lemma 1 is partitioned into four distinct cases:

Case 1), where /i, <at, and [, =L;

Case 2), where ft,,<at, and /,>L;

Case 3), where f,,>at, and [,=L;



Case 4), where fi,,>at, and [,>L.

For Case 1), the testing institution exhibits no backlog time when receiving the last batch of
samples. In addition, the time at which the last trip picks up samples at the collection point equals the
time at which the collection point finishes its sample collection. Thus, it must be satisfied that:

L—1 _, >cir_time
The objective function can be rewritten as:
min ff, :L+c+qn/v2 +0
Consider that the unknown terms comprise only ¢, ; the objective function is equivalent to:
min g,
Since
qn = (ln _lnfl ) .vl = (L _lnfl ) ' Vl
L—1I | =cir_time
q,2 cir _time-v'
This ensures that
min g, = cir _time-v'
Let
q," =cir_time-V'
Under these conditions, Case 1) achieves the optimal solution, which is denoted as
/

n—1

ft =L+c+cir_time-v'/v?

: :L—qn/v1 =L—cir _time

For Case 2), the testing institution also exhibits no backlog time when receiving the last batch of
samples. However, the time at which the last trip picks up samples at the collection point exceeds the
time at which the collection point finishes its sample collection. In the optimal solution of Case 2), this
scenario will happen only when

L-]

n—l1

<cir _time
In this case, the objective function can be rewritten as:

min ft, =1, +c+q, /v’ +0
Additionally, provided

1, _ﬁ ( ) (C] -4, )/ (1 L) ( ',11) l/V >(1 - )_(ln-l*_ln-l)
Since
L-1 " =cir_time

And the time interval between each pair of consecutive trips satisfies
[ =1 _, =cir_time

It can be obtained that
(4 =L)=(1,1"=1,1)20
ft, = fi,” >0
Consequently, any solution obtained in Case 2) is inferior to the optimal solution in Case 1). Figure 11
shows the comparison of timelines for Cases 1) and 2).
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Figure 11. Comparison of timelines for Case 1 and Case 2/Case 4.

For Case 3), the backlog time occurs for the testing institution when it receives the last batch of
samples. In addition, by the same reasoning as in Case 1), it is satisfied that
L—1 | >cir_time
The objective function can be rewritten as:
min f%, :L+c+qn/v2 +ft, ., —at,
Additionally, provided that
fo, =1 =q,-q, + fi,, —a,

Since
ft, —at, >0
q, =(L-L,_,)-v' >cir_time-v'
4,-q, 20
Therefore,
i, i >0

Consequently, any solution obtained in case 3) is inferior to the optimal solution in Case 1).

For Case 4), backlog time occurs for the testing institution when it receives the last batch of
samples. However, the time at which the last trip picks up samples at the collection point exceeds the
time at which the collection point finishes its sample collection. In this case,

fin—l > atn
Equivalently,
ﬁn—] > ln +c
By the same reasoning as Case 2), it is satisfied that
L-1 | <cir_time
In this case, the objective function can be rewritten as:
mjnﬁn :ﬁn—] +qn/v2
Compare /i, here with the optimal solution of Case 1):
fo = = fo —(L+c)+(q,-q,))V
Since
g, =min {Q,(L -1, )~v'}
(L—1_)-V' <cir_time-v' <Q
This ensures that, within the optimal solution of Case 4),
qn = (L_lnfl).v1
Additionally, provided that
St —(L+c)>1 +c—(L+c) =1,-L
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It can be obtained that
S = > L =L L=l =(L=1, )|V V=1 =0 (1, =1, )
As shown in Figure 11,
1, -1">1 -1/
Consider that
V' / Vv <1
Therefore,
a1
Jt, = fi,, >0
Consequently, any solution obtained in Case 4) is inferior to the optimal solution in Case 1).
In conclusion, when

=1L, ~1.")V'/v 20

v <y
cir _time-v' <Q
The optimal decision solution on the temporal dimension can be obtained as:
=1

—

anl = lnfl*
q, = qn*
i, =1

To satisfy the constraints of Case 1), multiple strategies can be adopted, one of which is provided here:
q,; = max {Qavz/vl 'qp+]}
Vpe{p|2£p§n—1}

q :G_qu
p=2

I =q, / %
Ly =1, +(q,0—4,) )V
Lemma 2: If v' >V and cir_time-Vv' <Q, then the optimal solution for the restricted decision on
the temporal dimension satisfies
ZA1 = cir_time-vz/vl
IA2 =cir_time-(l+v2/v1)
The minimized objective function value is
ft\n =cir _time-v* V' + ¢ +G/V?
Proof: When ' >»*, the sampling speed exceeds the testing speed, and the testing institution
evidently experiences little idle time. Under this condition, the objective function can be expressed as:

ft, =1 +c+G/v’ +max {O, > (at, - fi, )}

ieP,i>1
Among them, the unknown terms comprise /4, ¢,, and idle time max {O, Y (at, —ﬁil)}. Since V' >V*,
ieP,i>1
provided that
lp —lpflﬁqpfl/v2 peP
Equivalently,
qp/vl < qpfl/vz
Alternatively expressed as
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Lo=1,<(L,=1,,)v'/)v
This ensures that
at, < ftpf1
Consequently, the proof of Lemma 2 is partitioned into two distinct cases:
Case 1), where YpeP q,V'<q, /v ;
Case 2), where 3 €P makes qp/v1 > 61,,_1/V2 occur.

For Case 1), the testing institution exhibits no idle time after receiving the first batch of samples.
The objective function can be expressed as
min ft =1 +c+G/v?
where [/ ] is the only variable. Accordingly, the objective function min f#, can be rewritten as:
min /,
Consider that
L1 <(1,-0)-v'/v’
For two consecutive trips, we have:
L, =1, = cir _time
Therefore,
[ > cir_time-vl/v2
To minimize the objective function, let
1" =cir_time-v'[v?
Under these conditions, Case 1) achieves the optimal solution, denoted as:
L :cir_time-(1+v1/v2)
ft =cir_time-v'/v* +c+G/v?

In the optimal solution of Case 1), the testing institution maintains no idle time after at’ =1"+c.
However, in Case 2), since 3 € P makes ¢, / Vi>gq,, / v? occur, the idle time necessarily occurs after
at, =1, +c, Therefore, achieving /, </ is only feasible when fi, < /i, .

Let
L <1

That is,

I <cir_time-v'[v*
Accounting for the temporal consumption of drone trips,

L, =1 =cir_time

We derive

=1 >(f,—0)-v'/v’
At this point,

ft=l+c+q =l +c+l V')V
at,=lL+c=1l+c+(l,—1)
at, > fi,

The objective function can be rewritten as:
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min ff,

-tovesG-a)/vemasfo 3 (-

ieP,i>2

=L +c+G/V =1 V)V +max{0, > (at, —ﬁ”)}

P
Evidently, /¢, constitutes a lower bound f':
ft! =L +c+ GV =V
Moreover, the optimal solution f¢,” from Case 1) can be rewritten as:
7 =L +c+ GV =1V )V
Compare f¢' to St

M == (11* _11)"’1/"2 _(lz* _lz)

As shown in Fig. 3.8, since
L' —1" =cir_time

L, =1, = cir _time

L =1, <1 =1,
Also,
vl/v2 >1
Therefore,
(b7 =1) /v =(L"=1,)>0
This proves that

ﬁn > ﬁ}’l' > ﬁn*
Consequently, any solution obtained in Case 2) is inferior to the optimal solution in Case 1). Figure 12
shows the comparison of timelines for Case 1) and Case 2).

> cIr_time
1, 1 5

o S
= CcIr_time

Figure 12. Timeline comparison between Case 1 and Case 2.

In conclusion, under the following conditions:
V>
cir _time-v' <Q
Case 1) achieves the optimal solution for the decision on the temporal dimension:
lAl =1
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L=l
foo= A
The condition /,,, -/, S(l,, —lp_l)'vl/ v' required for Case 1) is relatively attainable. For instance, by
adopting
[, =min {lp +cir_time,L} VpeP,p>2
we can achieve
Lo=1,=1,~1_<(1, 1)V}
Multiple methodologies exist to satisfy this condition, and the specific implementation approach does
not affect the optimality of the solution.
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