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A. Convergence in distribution of tree approach to Heston model

Fleming and Soner [15] proved weak convergence of discrete Markov chain approximations to one-
dimensional Hamilton—Jacobi—Bellman partial differential equations. The present appendix adapts this
framework to the binomial tree method studied in the main text and provides a corresponding proof of
weak convergence.

Consider the stochastic processes governed by the SDEs

dX = fx(X, Y, 0)dt + gx(X, ¥, 1)dWy,

(A.1)
dY = f(X, Y, )dt + gy(X, Y, )dWy,

where the Brownian motions Wy and Wy satisfy the correlation condition

dWXdWY = pdl

Let (X;, Y;) be the continuous stochastic process and (X,("), Yt(")) be the n-step binomial tree approxi-
mated stochastic process.

The proof consists of two steps. First, local weak convergence is proved. Then, the weak conver-
gence at expiry is proved using the Lévy continuity theorem.
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A.l. Local convergence in distribution

Consider the binomial tree approximation of the continuous stochastic process (X;, Y;), denoted as
(X", Y™). The change of the process (AX", AY") can take four possible states at each step:

(AXu,r’ AYI‘)’ (AXM,I’ AYl)a (AXd,r7 AYr)a (AXd,la AYI)’

where u, d refer to up and down steps, and r, [ refer to right and left jumps in the Y-component.
The characteristic function of the process e™X«+¥AYr can be expanded using a Taylor series as
follows:

2 2
eMAXur Y — ] LA, + ivAY, %(AXW)Z - %(AY,)Z
— uvAX, ,AY, + o(Ar), (A.2)

2 2
XYL | 4 iy AX | + ivAY) — %(Axw)2 - %(AYl)z
— wAX, AY; + o(AD), (A.3)

2 2
eiuAXd,,+ivAYr =1+ il/lAXd’r + iVAYr _ %(AXd,r)Z — %(AYr)z
— uvAX,,AY, + o(At), (A4)

2 2
MAXartAY = | 4y AXy, + ivAY, — %(Axd,l)2 - VE(AY,)Z
- LtVAXd,ZAYZ + o(Ar). (A.5)

Thus, the characteristic function of (X,("), Y t(”)) is given by the weighted sum of these expansions:

iUAX, ,+ivAY, iuAX,, iUAXy - +ivAY,

: () + (n)
E[@luAX’ +ivAY, ]: i +pd,le

iuAXd,, +ivAY)
)

J+iVAY) +pd e
Na

pu,re + Pu,le

where the probabilities p, ., pus, par, and pg; sum to 1.
Let fx, gx, fr, and gy denote the functions fx(X, Y, 1), gx(X, Y, 1), fy(X, Y, ), and gy(X, Y, ). Recalling
the assumption of the two dimensional binomial tree,

E[AX;] = pu,AXuy + puiAXuy + parAXar + paiAXay
= fyAt + o(Ab),
E[AX]] = pur(BXur)’ + pus(DXy)) + par(BDXap) + pas(DXas)
= gxAt + o(A1),
E[AY:] = pu,AY: + puAY; + pa,AY, + paiAY;
= fyAt + o(A?),
E[AY?] = pu(AY,)* + pui(AY)* + pa,(AY,)* + pai(AY))?
= gy At + o(Ab),
E(AX,AY)) = pu,AX,  AY, + puiAX  AY) + pa,AXg, AY, + paiAX gAY
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= pgx8yrAt + o(At);

thus,

2 2

. (n) | =« (n) . . u v
B[e™AX +AY T = 1 4 iufy +ivfy — 5g§( - Egi - WPngY) At + o(Ar). (A.6)

On the other hand, the Taylor series expansion of the characteristic function of the continuous form
is given by

— 1
E[e™¥X ) = B[] + (judX, + ivdY;) + E(iudXt + ivdY,))* + o(dr)]

1
=1+ iufyxdr + ivfydr + 3 (—uzgidt —vigidt - 2uvpgxgydl) + o(dr) (A7)
) 2
. . 2 2
=1+ iufx +ivfy — ng — EgY — uvpgxgy) dr + o(dp).

The characteristic function and the distribution function are uniquely related. When the charac-
teristic function of the binomial tree converges to the continuous form, (AX,(”),AYI(")) converges in
distribution to (AX;, AY;).

A.2. Convergence in distribution at expiry

To establish the convergence in distribution of (X(T"), Y;”)) in the binomial tree model to the
continuous-time model, the characteristic function method is employed. Let ¢xxm aym(u,v) denote
the joint characteristic function of the increments AX®™ and AY®™ in the binomial tree model. Under
the assumption of local convergence, the characteristic function of each increment can be approximated
as

i ) L iyAY™
¢AX(”),AY<") (u’ v) = E [elMAX +ivAY' ]

w o, v
28X

(A.8)

~1+ (iqu + vy — g - uvpgxgy) At + o(At).

For the terminal time 7', the joint characteristic function of (X7, Y7) in the binomial tree model is
given by the product of the characteristic functions of the increments

n
¢X(T”>,Y$” (u,v) = 1—[ ¢AX§">,AY§”>a(”’ V).
i=1

Taking the logarithm and summing over all increments yields
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n
In gy yn(t,) = > In

2
1+ (iu F X7 Y7 )+ v (X, Y, ) — ”5 (X", Y™, 1)
i=1

2
- %g%/(Xl(n)9 Yl'(n)9 tl) - I/legx(Xl.(n), Yi(n)9 ti)gY(Xl'(n)’ an)’ tl))At + O(nAt)

n 2

u
~ [(zu Fe XD, Y 1) + ivfr (X7, Y™ 1) - Egi(X,‘"), Y™, 1)
i=1

2
= 22X, Y™ 1) — uvpgx (X", Y, 1)gy (X", Y, t,-))At + o(Af)| + o(nAt).

2

(A.9)

Note that In(1 + €) = € + o(¢€), and At = T /n; thus, o(nAt) = o(T) = o(1). Asn — oo and Ar — 0, the
sum converges to an integral:

T T
In gyin yon(at, v) = i f (X, Y, ) dt + iv f (X, Y, 1) dt
0 0

e A.10
-5 | @E T+ PG T (A10)
0

+ 2uvng(Xta YI’ t)gY(Xt’ Yta t))dt

Exponentiation of both sides yields precisely the joint characteristic function of (X7, Y7) in the
continuous-time model. By Lévy’s continuity theorem, the convergence of characteristic functions
implies the convergence in distribution of (X7, Y7) in the binomial tree model to the continuous-time
model.

A.3. Convergence in option pricing

Given (§™, y™) 4 (S,v), let S be the terminal asset price nodes of the tree model, F,(x) be the
distribution of S, and F(x) be the distribution of S 7.

By moment matching, we have E[S (T”)] = Soe'T such that lim,_,« E[S (T")] = Soe
European call option, the option pricing is given by

T < . Fora

v(S,0) = e "TE[max{S — K,0}] = ™" f m(x — K)dF(x).
K

The convergence of call option pricing from tree approach is given by

o) K
e_’T[ f (x — K)dF,(x) — f (x — K)dF,,(x)]
0 0

lim

n—oo

e’ f Oo(x — K)dF,(x)

= lim
K n—oo

) K
< lim e—’T[ f xdF,(x) — K| + f (x — K)an(x)]
n—oo 0 0
K
= lim e-’T[ Soel — K‘ + f (x — K)dF,(x) ] < 00.
n—oo 0
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The convergence of put option pricing from tree approach is given by

lim

n—oo

< 00

K
e’ f (K — x)dF,(x)
0

because it is a finite integral of a finite function.

A.4. Asymptotic error induced by the censorship mechanism

Appendix A.2 establishes weak convergence of the tree approximation under the moment-matching
construction in the absence of censorship. The following analysis focuses on characterizing the set
of states for which the transition probabilities remain within their admissible range so that no trunca-
tion is required. This characterization specifies when the proposed tree construction operates without
activating the censorship mechanism.

Because the transition probabilities of the w-tree and the v-tree correspond one-to-one under the
transformation w, = 2 4/v,/¢, it suffices to analyze the w-tree formulation. The purpose of this section
is to identify conditions under which censorship does not occur and to describe how these conditions
depend on the discretization parameter. Note that the transition probability g; ; admits the correspond-
ing representation in the w-tree formulation, namely

g = Elwis | w; = wij] — wig,j-1 ’ (A11)

Wiyl,j+1 — Wit1,j-1

where Wi, j21 = w;; = VAt. Under the Euler—-Maruyama discretization,
Elwir | wi = wij] = w;j + m(w; ;) At + o(Ar) (A.12)
such that the condition ¢g; ; € (0, 1) is equivalent to
Im(w; )IAr < VAL (A.13)
In particular, the case g; ; > 1 is equivalent to
m(w; At > VAt (A.14)
as At — 0. For simplicity, we write w; := w; j = wy + j VAt for all j in the following proofs.

Lemma 4. Let wf”) denote the n-step tree approximation of w,. If wy € U, (k VAt (k +1/2) \/A_t] ,
and 2«6 > §2, then
P(wi”) < 0) — 0 asn— oo. (A.15)

Proof. Define ¢ := inf{k € Z : w; > 0}. Then, 0 < w, < VAz/2. By the definition of the drift term,

m(w,) :(2—K9—1) L«

As n — oo, thus At — 0,
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Because 0 < w,; < VAt/2 such that

and by 2«0 > &2, we thus obtain

Multiplying by At gives
m(we)At > VAt + o VAD).

Therefore, for sufficiently small Az,
m(we)At > V.

From the characterization of the transition probability, this implies that the upward transition probabil-
ity from w, converges to 1 as At — 0. O

Consider a fixed initial value wy > 0 and because At = T/n, suppose that kVAr < wy <
(k + 1/2) VAt. Substituting At = T'/n yields

k\/§<w0S(k+%)\/§,

12T (k+ 17T
> <n < —_—

which is equivalent to

Wy Wy
Define
KT (k+ 3T
ay = K bk = 5
wy wy
Then,
k+32?—k*  k+1
bk—ak:( 22 T = 24T.
w w

0
Because b, — a; grows linearly in k, there exists ky such that

bk—ak>1 fOI'aHka().
Hence, for sufficiently large k, the interval (ay, b;] contains at least one natural number. Define
ny .= Lka .

Then, for all k£ > kg, one has
a, < ng < bk

so that the corresponding time step At = T'/n, satisfies
kAL < wg < (k + %) VAL
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Therefore, there exists a subsequence {n;} of N that can be constructed such that the condition of
Lemma 4 holds along this subsequence. Nevertheless, even when the positivity condition is not strictly
guaranteed outside this subsequence, the numerical experiments demonstrate stable convergence be-
havior of the proposed censored scheme, as shown in Section 4.2.

Lemma 5. Let
¢ = inf{k e N : w; > 0}

2 1
K = Lg—— + 1.
£ 2

If 2k6 > £, then there exists Aty > 0 such that for all At < Aty and all j > € + K,

and define the integer

m(w ;)| At < VAL (A.16)
jm(w))|

In particular, the transition probabilities are not censored for all j > € + K.

Proof. For all j > ¢ + K, it holds that
(,()jZ(J)[+K\/EZK\/E.

Using the definition of the drift term,

which implies

Because w; > K VAt,
2k6 1\ VAt
|m(a)j)At| < ‘(? - E) 7 + o( VA?).

By the definition of K, it follows that
Im(w At < VAt

as At — 0. O

Appendix A.2 establishes weak convergence of the uncensored tree approximation under the
moment-matching construction. Lemma 4 shows that positivity of the volatility tree can be ensured
along a subsequence, and Lemma 5 shows that censorship, if it occurs, is confined to a boundary
neighborhood of width proportional to VAt.

Consequently, the region in which censorship may be activated forms a boundary layer whose
Lebesgue measure vanishes as Ar — 0. Although numerical approximation errors may still arise
due to censorship at finite discretization levels, such effects are treated as part of the finite-step nu-
merical error rather than as a theoretical obstruction to the implementation of the proposed scheme.
The asymptotic convergence result for the uncensored tree is not claimed to fully characterize the
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censored construction. Instead, the overall performance of the proposed methodology is assessed pri-
marily through the numerical results reported in Section 4.4, where convergence behavior and pricing
accuracy are demonstrated to be stable across discretization levels.
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