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Appendix

Proof for Proposition 1 Refer to the solution of optimal control. From Equation (3), we can
obtain the optimal control problem of the supply chain as

Jo(z,t) = max J‘:e“"{(ﬂM +75)[6(9 — 9s) +775—o-z]—%kRs2 —%kM g°}dt
=e” max fe’p‘x’t){(ﬂM +73)[0(g —ps) +ns— o] —% Kes® —%kM g°Jdx . (A1)
The total profit function is V\z(2) , so we let
Vi (2) = nggxfoe"’(x“){(ﬂM +75)[0(g —@s) +7s —az]—% KgS? —%kM g°}dx (A.2)
The optimal control problem of the supply chain is transformed into
ISz, ="V (2) . (A.3)

At this point, the optimal control problem in the supply chain is satisfied by the following HIB
equation forall z>0

1 1 e
Py (2) = max {(ﬂM +7)[0(9 —g8) + 715 —02] =S kes® ~ Sk 0 +Vig Z} : (A4)

Ve =V 10z is the marginal value of the state, and ; is the state change rate given by
Equation (2). Multiplying them gives the instantaneous change in the optimal value due to the
evolution of consumer skepticism, which is a standard component of the HJB equation in
continuous-time optimal control.

Expand Equation (A.4), we have

M (2) = rggx{(nm +75)[0(9 —(ps)ms—az]—%kRsz —%kM@f +vM°R((a—é)z—yg—6s)}. (A.5)



Calculating the Hessian matrix with respectto s and 9 for Equation (A.5), we have

L[k 0
0 —ky

By calculating the principal minor, it can be known that the Hessian matrix is negative definite.
Thus, the variables sand 9 in Equation (A.5) can reach their maximum values. From the
first-order condition, we can obtain

¢ _(n=0p)(my +7) Ny

5 n - (A.6)
c _O(my +73) _7VN(I:Fl€
¢ = kM - (A.7)
By substituting Equation (A.6) and Equation (A.7) into Equation (A.5), we have
€ (T (o gy K [(7 = 00) (7 +770) =NV +Ke [0 +7) = Mo’
M (D) =N (a=8)—o(ry +7:)]z+ 2k, ks . (A8)

By simplifying the structure of Equation (A.8), we can observe that the solution of the HIB
equation can be expressed as a linear function of z . Thus, we set the specific expression of V\(2)
Vo (2)= fiz+f,. (A.9)
Among them, fiand f, are constants. Comparing Equation (A.8) and Equation (A.9), we
have
f = (a-9)f —o(my +73)

- : (A.10)
k — 6 ~5f 7 +ky[0 G
pf, = w [(7 = 0p) (7 +73) 2k1:||( +ke[0(my +75) —7 1] . (All)
From Equation (A.10), we have
fl*:M_ A.12
a-g=p ( )

By substituting the first derivative of Equation (A.9) into Equation (A.6) and Equation (A.7),
we can obtain the solutions of s and 9 as
c_ (77_‘9¢)(”M +”R)_5f1 _ (ﬂ-M +7Z'R)[(7]—0§0)(0l—§—p)—50]

; o @& p) ’ (A13)
c _ 9(7z'|\/| +7Z'R)_7f1 _ (”M +7ZR)[6’(0£—§—,0)—;/0']
) e o (@2 p) (A-14)
We can further obtain
vy + 7)Y [k (0 —Op) = & — p) — 56) + K (B(a — & — p) — y0)?]
f = > ) .
A& PV pkks (A.15)
By substituting f,and f, into Equation (A.9), we have
Vir(2)=fz+f, . (A.16)

Proof for Proposition 2 We set the supply chain members’ profits functions as Vy) (z) and
Va'(z), and the HJB equations of Equation (8) and Equation (9) are

o YANES mgx{;rM [6(g —¢s)+ns—o1] —%kM g° +VM” [(a—&z-y9 —55]}, (A.17)

oV = max {ﬂ'R [6(g —g@s)+ns —O'Z]—%kRSZ +VN (a—-E)z-79g —55]} . (A.18)

From the first derivative of Equation (A.17) and Equation (A.18) for s and 9, we have

Journal of Industrial and Management Optimization Volume 22, Issue 5, 2272-2300.



N = ”R(ﬂ_9¢’)_é\/RNv ’ (A19)
Ky
— N‘
g :%—}NM_ (A.ZO)
K

By substituting Equation (A.19) and Equation (A.20) into Equation (A.17) and Equation (A.18),
we have
P () =y (@=&)—om,Jz +
2Kk, [(7 = Op) 7, + Vo 117 = Op) = SV 1+ K (Omyy =i ) (A21)
2k, ke
Ky 775 (17— 0p) — SV T2 + 2k, (07, — VY YO — V)
2K, K, '
Based on the simplified structures of Equation (A.21) and Equation (A.22), the HIB equation
can be expressed as a linear function of Z . Thus, we set
Vg =mz+n, (A.23)
Vol =m,z+n, (A.24)
By comparing the coefficients of Equation (A.21), Equation (A.22), Equation (A.23), and
Equation (A.24), we can obtain
~__ 0%y
1 a_g_p 1
0= 2ky 7 7o [(17 — Op) (@ —& — p) — 50T + ke [O(@ =& — p) —yo T’
2(a—& - p)?k,, kg '

PV (2) = Vg (- &) -omglz+

(A.22)

. o7y
rn2 = ,
a-&-p
n = Ky ﬂé[(ﬂ—&ﬂ)(fl—ﬁ—p)—&ﬂz +2kR”M”R[9(a_§_p)_7o]z

2(a—&-p)ky, kg
By substituting m;, n;, m,,and n, into Equation (A.23) and Equation (A.24), we can obtain
the expressions of profit functions Vy) (z) and Vg'(z) as
Vo =mz+n (A.30)
Vol =myz+n; . (A.31)
By substituting the first derivative of Equation (A.30) and Equation (A.31) into Equation (A.19)
and Equation (A.20), we can obtain the solutions of s and 9 as
v _[0@=¢-p)—yo]x,

(@-&-pky (A-32)
N [(’7—‘9¢’)(0!—§—p)—5d]ﬂR
ST (=& - p)kq ' (A33)

Proof for Proposition 3 We use the backward induction to get equilibrium solutions of the
Stackelberg game. From Equation (15), the cooperative’s HIB equation is

My (2) = mgX{ﬂM [0(g - s) +775—ch]—%(1—V/)kM 9° +Vy (az-79 —58)} . (A.34)
Finding the first-order condition with respect to g'(t) for Equation (A.35), we have
v Or — 7\/’;,
g Ly )k, (A.35)

In order to maximize its profit, the retailer will make decisions based on the actions of the
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cooperative. From Equation (16), the retailer’s HIB equation is
1 1 -
;MHH=@y{mﬂwg—wrwﬁ—ad—awaf—EmgﬂNJwzv@—5$} (A.36)

We substitute Equation (A.35) into Equation (A.36), and take the first-order condition with
respectto s'(t) and ¥ for Equation (A.36), so we have

_ (1—0p)ma — 3V

s ” , (A.37)
27, — YA
2‘9( TR ”M)"'V(Vhi RY) (A38)
H(ﬂ-M +2”R)_7(VM +2Vg )
By substituting Equation (A.37) and Equation (A.38) into Equation (A.35), we have
gY _ O(my +275) —y(Vy +2Vg ) (A39)

2k,,
By substituting Equation (A.37), Equation (A.38), and Equation (A.39) into Equation (A.34)
and Equation (A.36), we have

R ‘ VRYV '
L7 =00)(my +7) + 00 +°20F +ka(Omy =) (A 40)
2K, Ky

N (2) =[(a—ENy —om, 12+

1 1.y ‘ :
) [H(E”M +”R)_7(EVI\: +VF\’Y )]sz+kM [(77_9(/7)7TR_6\/RY ]2
Vg (2) =[(@ =&V, —omlz+
2k, kg

Based on the simplified structures of Equation (A.40) and Equation (A.41), the HIB equation
can be expressed as a linear function of Z . Thus, we set
Vu =az+b, (A.42)
VR:( =a,z+b,, (A43)
By comparing the coefficients of Equation (A.40), Equation (A.41), Equation (A.42), and
Equation (A.43), we can obtain

L (A41)

a - o7y
a-&-p’

- kuCm + 5 [0-0p)a~ &= p) =0T +ks [m, (0~ £ = p) - 7o)

- 2a-¢&-p)’ pky ke

. Loy 2

a2: ]
a=&-p

bk, + 2 m )@= 0p)a—& - p) - o) + 2, ke (0 ~E - p) - 10)']

2p(a =&~ p) kyke
By substituting a;, b/, a,,and b, into Equation (A.42) and Equation (A.43), we can obtain
the expressions of profit functions Vy (z) and Vg (z) as
Vu =82+, (A.44)
Vi =a,z+b;. (A.45)
By substituting the first derivative of Equation (A.44) and Equation (A.45) into Equation (A.37),
Equation (A.38), and Equation (A.39), we can obtain the solutions of 9, ¥,and s as
v _ (my +27)(0(a =& = p) — yo)

2(0{ — é: _p)kM ’ (A46)
v 21y -y,
. (A47)
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o _ Zlla =& - p)(n-0bp) - 0]
(a-¢&-p)kq

(A.48)

Proof for Proposition 4 The same as proposition 1, the HIB equations of Equation (25) and
Equation (26) are

1 1
pVMA(Z) = mgx{”m [‘9(9 _¢S)+775_UZ]_EKM gz + ¢y (75 [9(9 _(PS)"'US_O-Z]_EKRSZ)

| , (A.49)
Vi (@ —&)z—yg -]}
pv;(z)=m§><{7zR[9(9—«ps)+f75—‘ﬂ]‘%"Rsz+¢R[”M(e(g_(ps)ws_az)_%k“”gz]- (A.50)
WV (a—&)z-yg -5}
From the first derivative of Equation (A.49) and Equation (A.50) for s and 9, we have
gAZH(”M +¢r\li7z'R)_7VM 1 (A51)
SP = (77_9(0)(¢R”|l: +75) — Vg ) (A52)

By substituting Equation (A.51) and Equation (A.52) into Equation (A.49) and Equation (A.50),
we have
ke[ —00my +6 7T
2K, Kq
k(1= 09)@emy + ) =V (O = 1) (Bt =Dy —hu ) + 5 (XVig — Ve )]
2k, Ky
PV =[(@ =V —o(m +demy )z +
ky [(Op —17) (e, +”R)_é\/RA.]2 —kg (7VN?. =0, )[0($ 7\, +”R)+7(¢RVNTV _ZVRAV)] : (A54)
2k, Ky
Based on the simplified structures of Equation (A.53) and Equation (A.54), the HIB equation
can be expressed as a linear function of z . Thus, we set
Vi(z2)=cz+d,, (A.55)
VA(z)=c,z+d,, (A.56)
By comparing the coefficients of Equation (A.53), Equation (A.54), Equation (A.55), and
Equation (A.56), we can obtain
* O-(ﬂ.M +¢M”R)
a=&-p
d = Ky (Fem +722)((2— By B ) 7w +¢M”R)[(n_9¢)(a_é_p)_5o-]2
' 2(a—¢-p)? pkyke
o Kel(zy + ¢y 7:)(0la = - p) -yo)I’
2(a—¢-p)? pkyky

. _ o (farmy +72)

Ny =[(@=EV —o(my +dy )]z +

(A.53)

CZ a_g_p 1
i K (00— emy +72)~66; | ke (6 —0m, ) 0y +70) + (s —263) ] _

20k, K
By substituting ¢, ¢, d;,and d, into Equation (A.55) and Equation (A.56), we can obtain
the expressions of profits functions Vy;(z) and Vg'(z) as
Vu (@) =cz+d;, (A.57)
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Vi'(z2) =cyz+d, . (A.58)

By substituting the first derivative of Equation (A.57) and Equation (A.58) into Equation (A.51)
and Equation (A.52), we can obtain the solutions of s and 9 as
gA* _ (7 +ue)[0(a =& - p) - yol

(a=¢-plky ' (A.59)
w_ (femmy +7)[(7 - Op)(a — & — p) — 50]
ST (@—&-p)kg ' (A.60)
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