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Appendix A: Omitted Proofs

Proof of Theorem 1

Proof First, constraint (3.12) can be equivalently represented as M(CM,,) < F; with

M(CMW) = sup {ZZCMW*X;/*DMW_ min ¢(CMW,CM;V)},
t

CM,eUZ,, \ W CM,eUly,

where ¢(CM,,, C M;,) measures the distance between CM,, and CM;V. The function ¢(:, -) is assumed
to be convex, closed, and nonnegative, and ¢(CM,,,CM,,) = 0O in the case of CM,, € Ry. In this
paper, (CM,,,CM.,) = a(||CM,, — CM, ||;), where a denotes a function that is convex and nonnegative,
satisfying the condition a(0) = 0.

After introducing auxiliary variables x, ¢, 0, @, we have

M(CM,) = sup { > > cM, X, + DM,
w t

2 ’ 17l
CMWGUCM,CMWGUCM,H,L

— ¢(CM,,,CM )lr = CM,,,1 = CM;V}.
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Based on Lagrange duality, we obtain

— 3 !
M(CM,) = milvn sup {Z Z CM,, * x,, * DM,
&7 CM, €U, CMeUL, ae \ 5 T

— (1) —o(t — CM,)) — w(m — CMW)}.

We divide M(CM,,) into three parts: M(CM,,) = min, ,{m;(@, x)) + my(0, @) + m3(0)} with

w

my(w,x)) = sup {ZZCMW*)C;,*DMW+1D’CMW},
t

CM,€U%,,

my(o, @) = sup {—¢(x,1) — ot — wr},

L

my(0) = sup {oCM,}.

CM, €U},
Rewriting the first part, one has

my(w,xl) = sup {Z Z CM,, = x', « DM,, + wCMW}
t

CMeU%, \

= sup {Z D CM, * X, « DM, + wCM, - 5(CMW|U3M)}
t

w

= min {6" @0y = (B, X,) + @I}

Using the relationship between UZ, and ZZ it can be verified that

cw»
5" (DU, = CMYY + 6*(CM,,9|ZZ,,). Proceeding, we can also derive the concave conjugate of the

second term in m;, the term associated with variable ¢,
m(@, x,,) = min MYy +5°(CM, 0128, - .9 - @.x,)).
For the second part, m;, (o, @) can be simplified as

my(0, @) = sup {—é(m,1) — o1 — wn} = ¢* (-0, —),

b o

and finally, for the third part, m;(0), we have

my(@) = sup {oCM,} = 06"(olZty) = CMbo + 5" (CM,0lZt).
CM, €U},

Using the above expressions, inequality M(CM,,) < F; can be equivalently represented as,
min { min (CMY9 + 5" (CM01Z2,,) - 1.0 - w5, 3,)
0, P

+ ¢ (~0,~@) + CMy0 + 6*(574WQIZéM)} <F,.
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Therefore, the inequality M(CM,,) < F; holds if and only if we can find o, @, and , such that
CM°9 + 6*(CM 922, — f.(& — @, X)) + ¢ (—0, @)
+CM%0 + 6*(CM, 0|2}, < F.
In addition, by the following result
¢” (-0, —w) = sup {=¢(m,1) —o —wr} > sup {=¢(n,m) — (0 + @)}

= sup {~(¢ + @)} = { O o=w

Vs

o, © * —w,

we have o = —w and ¢** (-0, —@) = 0.
Note that f,(9 — @, x))) = f.(¢ + o, x},) due to 0 = —w. Thus, one has

ful@+0,x) = gl]&n {CM,,(9 +0)—CM,, * x|, « DM,,}
_J 0, d+0=x,xDM,,
| o, @+ # X, xDM,.

Hence, f.(9 + o0, x,) = 0 with & + o = x!, * DM,, and |lo|l; < Ocpy.

As a consequence, one has
CM°9 + 5" (CM,,9Z2,,) + CM 0 + 5*(CM,,0|Z,,) < F1,

¥ +0=xl, « DM,,
llolly < Ocar
Under uncertainty sets (U},,,, U%,,) with perturbation sets (Z},,, Z%,,), we have

%A 1
6" (CM\0lZcpy) = Kepg A (T epmem)? + Hemloealeml + oeyluculs

t
mey + ley + uey = — E § 1, * CM,,
w t

and

6*(ﬁ4wﬁ|ZéM) = temloemceml + kem V(o emdem)?,
com+dey == ) ) (¥, x DM, —1,)  CM,.
w t

Based on the above analysis, we derive the equivalent reformulation (4.3). The proof of theorem is
O

complete.

Proof of Theorem 2
Proof We start by reformulating constraint (3.13) in the equivalent form M(CW,,,) < F, under the

M(CW,,) = sup {Z D1 CWy 53, 5 DW,,
t

CW,,eU%, \ 50 7%

condition that

— min  ¢(CW,,, CW;V,)}.

CW,,€UL,
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After introducing auxiliary variables r, ¢, ¢, ¢, we obtain

M(CW,,) = sup { DT CWay 53, DW,,
w r t

CW,y€U2,, . CMy,€U Ly,

— ¢(CW,,, CW. )t = CW,ypyt = CW;W}.

Based on Lagrange duality, one has

M(CW,,) =min sup { DN D Wiy ¥,y + DW,,
w r t

S CW,,eU2y, W, eUL,, i

— (1, 0) — st —CW,,) — @(n — CWW,)}.

We next divide M(CW,,,) into three parts: M(CW,,.) = min,, {ml(go, V) +ma(s, @) + m3(g)} with

mi(e,y.,) = sup {Z D1 CWar w3, 5 DW, + (pCWW} ,
t

2
CWyreUgy, w r

mZ(g’ ‘70) = sup {_¢(7T’ L) — 6L = 907(} ’

my(s)= sup {cCW,,}.
CW,,eUL,

Rewriting the first part m, (¢, y!,,), we obtain:

{Z D> CWay 53, 5 DWoy + 9CW,, = 5(CWW,|U3W)}
w r t

= min (5" B|UZy) — LF@O,¥,) + @01}

m(p,y.,) = sup

wr

By exploiting the relationship between UZ,, and ZZ,,, we first verify that: 6*(9|UZ,,) = CWY,9 +
5*(CWwrid|ZCW?). Building on this, the concave conjugﬂe{ for the second term in m; (which involves )
can be derived, yielding: m,(p,',,) = rr}?in{C W0, 9 + 6" (CW,,9|Z%,) — f.(9 — ¢, ¥,,)}. Furthermore, m,

can be simplified as my(s, ) = ¢**(—¢, —¢), and, finally, ms(¢) = 6*(s|Z},;) = C W?Wg+6*(C/"WW,gIZéW)}.
Based on the above analysis, inequality M(CW,,,) < F, can be equivalently represented as:
min { min {CW2, 5+ 6'(CW, 81Z2) — 1.9~ 9.3,
P
+67(=5,=9) + CWo, + 8" (CWonsiZin)| < o

Thus, the satisfaction of M(CW,,,) < F, requires, and is guaranteed by, the existence of ¢, ¢, and ¥,
for which
CWO,B + 6" (CW.,, 91 Z¢y) — (0 = @, 3,) + 6™ (=5, —¢)
+ CWO ¢ + 6 (CW,61ZLy) < Fa.
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Furthermore, by the following result:

¢ (=6, —¢) = sup {=¢(m,1) — ¢t — @it} > sup {—p(rr, ) — (¢ + )7}

s

O, = -,
=Sup{—(§+<p)7r}={oo Zi_i

we obtain ¢ = —¢ and ¢**(—¢, —¢) = 0.
Note that f.(3 — ¢,y,,) = f.(9 +¢,Y!,.) due to ¢ = —p. Thus, one has

f(@ +, yiw) = g‘}‘}n {vawr(l9 +¢)—CW,, x yivr * Der}

_ 0, 19+S‘:Cer*)’£W*Der,
“\w, 946 ECW,y 5y« DW,.

Hence, f.(9 +¢,y.,) = 0 with? + ¢ =Y+ DW,, and |[s]|; < Ocw, which lead to

CW? 9 + 6°(CW,,9|Z2,) + CW° ¢ + 65" (CW,,,5|1ZLy) < F,
ﬁ+g:yi\)r*Der
llslli < Ocw.

Based on uncertainty sets (U éw’ UéW) with perturbation sets (ZéW, Z%W), we can obtain

Y1/ 1
0 (CWySlZoy) = kew A (Teymew)? + pewloewlew! + ooy lucwl,

mcw+lcw+ucw=—zzziﬁw*6vvwr,
w r t

and

5*(67/Vwrﬂlzéw) = ewlocweewl + kew V(o cwdew)?,
cew +dew = — Z Z Z(yfw x* DW,,, — ﬂivr) * éT)Vwr-
w r t

According to the above analysis, we can obtain equivalent reformulation (4.4). The proof of the
theorem is complete. O

Proof of Theorem 3

Proof First, constraints (3.14) can be equivalently represented as M(D!) < > a’. + 3 s'. with

M(D)) = sup {Di - min ¢<D§,5§>},

D;GUD D,-GUD

where ¢(D!, 5;) measures the distance between D! and 5;. The distance function ¢(D, D?) is defined as
(D", 52) = a(||D! —5;”1) , where a is a convex and nonnegative function with a(0) = 0. Here, ¢(D!, Di")
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6

. ) . —, . g = g = )
serves to quantify the distance between Di" and Di’, and is given by ¢(Di’, Di') = a(|Di’ — D,|,). In this
expression, @ denotes a convex, nonnegative function, fulfilling a(0) = 0

After introducing auxiliary variables , ¢, y, T, we obtain

MDY= sup {Df. ~ min ¢(D., Dl = Diyt = D;’}.
D‘[.eUD,BEeUD,ﬂ,L D;eUp
Based on the Lagrange duality, one has
M(D) =min  sup {Dﬁ ~ min ¢(D}, D)) -yt~ D)) - 7(x - Df)}.
Xt D;EU[),E:-EU[)JT,L DiEUD
We represent M(D?) as three parts: M(D!) = min, . {m(7) + my(y, T) + m3(x)}, where

my(7) = sup {D; +TDj},
DﬁEUD

my(x, ) = sup {=¢(7,1) — xt — 771},

L

my0) = sup Dy},

5: eﬁD

We first deal with M(D!). Rewriting the first part yields my () = (1 + 7)(D¥ + |0, D), ma(y. 7) =

¢ (~x>—7), and ms3(x) = x(D + pplop D).
Based on the above analysis, inequality M(D?) < >, a’. + ), s'. can be equivalently represented as:

min {(1 +7)(DY + pplo,Dl) + 6™ (=, 1) + CMix
X.T

+ 6 (CM\ZEy, )} Zawz o

As aresult, M(D) < ), a'. + 3, st if and only if there exist y, 7, and 9, such that

(1+1)(DY + il Dil) + ¢ (=x, =) + CMiy

+ 6" (CMx1ZEy )} Z a; + Z o

Furthermore, by

¢ (=x, —7) = sup {~(m, 1) — yt — T} > sup {—¢(m, 7) — (x + )7}

s

0, = -7,
= sup {—(y + 7))} :{ o ;;ﬁ .

we obtain y = —7 and ¢™*(—y, -7) =
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Hence, y = —7 with ||y|l; < 6p and based on uncertainty sets U, U, with perturbation sets Z, Zp,
we obtain the following reformulation,

DY + ()|o D' % p| + pplop D' % (1 — qp)| < Z a,; + Z sty Vi,

Inpl < Op.
Furthermore, we can obtain equivalent system (4.5). The proof of the theorem is complete. O
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