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Appendix A: Omitted Proofs

Proof of Theorem 1

Proof First, constraint (3.12) can be equivalently represented as M(CMw) ≤ F1 with

M(CMw) = sup
CMw∈U2

CM

∑
w

∑
t

CMw ∗ xt
w ∗ DMw − min

CM′w∈U1
CM

φ(CMw,CM
′

w)

 ,
where φ(CMw,CM

′

w) measures the distance between CMw and CM
′

w. The function φ(·, ·) is assumed
to be convex, closed, and nonnegative, and φ(CMw,CMw) = 0 in the case of CMw ∈ RW . In this
paper, φ(CMw,CM

′

w) = α(‖CMw −CM
′

w‖1), where α denotes a function that is convex and nonnegative,
satisfying the condition α(0) = 0.

After introducing auxiliary variables π, ι, %,$, we have

M(CMw) = sup
CMw∈U2

CM ,CM′w∈U1
CM ,π,ι

{∑
w

∑
t

CMw ∗ xt
w ∗ DMw

− φ(CMw,CM
′

w)|π = CMw, ι = CM
′

w

}
.
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Based on Lagrange duality, we obtain

M(CMw) =min
%,$

sup
CMw∈U2

CM ,CM′w∈U1
CM ,π,ι

{∑
w

∑
t

CMw ∗ xt
w ∗ DMw

− φ(π, ι) − %(ι −CM
′

w) −$(π −CMw)
}
.

We divide M(CMw) into three parts: M(CMw) = min%,${m1($, xt
w) + m2(%,$) + m3(%)} with

m1($, xt
w) = sup

CMw∈U2
CM

∑
w

∑
t

CMw ∗ xt
w ∗ DMw +$CMw

 ,
m2(%,$) = sup

π,ι

{−φ(π, ι) − %ι −$π} ,

m3(%) = sup
CM′w∈U1

CM

{
%CM

′

w

}
.

Rewriting the first part, one has

m1($, xt
w) = sup

CMw∈U2
CM

∑
w

∑
t

CMw ∗ xt
w ∗ DMw +$CMw


= sup

CMw

∑
w

∑
t

CMw ∗ xt
w ∗ DMw +$CMw − δ(CMw|U2

CM)


=min

ϑ

{
δ∗(ϑ|U2

CM) − [ f (ϑ, xt
w) +$ϑ]∗

}
.

Using the relationship between U2
CM and Z2

CW , it can be verified that
δ∗(ϑ|U2

CM) = CM0
wϑ + δ

∗(C̃Mwϑ|Z2
CM). Proceeding, we can also derive the concave conjugate of the

second term in m1, the term associated with variable ϑ,

m1($, xt
w) =min

ϑ

{
CM0

wϑ + δ
∗(C̃Mwϑ|Z2

CM) − f∗(ϑ −$, xt
w)

}
.

For the second part, m2(%,$) can be simplified as

m2(%,$) = sup
π,ι

{−φ(π, ι) − %ι −$π} = φ∗∗(−%,−$),

and finally, for the third part, m3(%), we have

m3(%) = sup
CM′w∈U1

CM

{
%CM

′

w

}
= δ∗(%|Z1

CM) = CM0
w% + δ

∗(C̃Mw%|Z1
CM).

Using the above expressions, inequality M(CMw) ≤ F1 can be equivalently represented as,

min
%,$

{
min
ϑ

{
CM0

wϑ + δ
∗(C̃Mwϑ|Z2

CM) − f∗(ϑ −$, xt
w)

}
+ φ∗∗(−%,−$) +CM0

w% + δ
∗(C̃Mw%|Z1

CM)
}
≤ F1.
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Therefore, the inequality M(CMw) ≤ F1 holds if and only if we can find %, $, and ϑ, such that

CM0
wϑ + δ

∗(C̃Mwϑ|Z2
CM) − f∗(ϑ −$, xt

w) + φ∗∗(−%,−$)

+CM0
w% + δ

∗(C̃Mw%|Z1
CM) ≤ F1.

In addition, by the following result

φ∗∗(−%,−$) = sup
π,ι

{−φ(π, ι) − %ι −$π} ≥ sup
π

{−φ(π, π) − (% +$)π}

= sup
π

{−(% +$)π} =
{

0, % = −$,

∞, % , −$,

we have % = −$ and φ∗∗(−%,−$) = 0.
Note that f∗(ϑ −$, xt

w) = f∗(ϑ + %, xt
w) due to % = −$. Thus, one has

f∗(ϑ + %, xt
w) = min

CMw

{
CMw(ϑ + %) −CMw ∗ xt

w ∗ DMw
}

=

{
0, ϑ + % = xt

w ∗ DMw,

∞, ϑ + % , xt
w ∗ DMw.

Hence, f∗(ϑ + %, xt
w) = 0 with ϑ + % = xt

w ∗ DMw and ‖%‖1 ≤ θCM.
As a consequence, one has

CM0
wϑ + δ

∗(C̃Mwϑ|Z2
CM) +CM0

w% + δ
∗(C̃Mw%|Z1

CM) ≤ F1,

ϑ + % = xt
w ∗ DMw,

‖%‖1 ≤ θCM.

Under uncertainty sets (U1
CM,U

2
CM) with perturbation sets (Z1

CM,Z
2
CM), we have

δ∗(C̃Mw%|Z1
CM) = κ′CM

√
(σ′CMmCM)2 + µ′CM |σ

′
CMlCM | + σ

′
CM |uCM |,

mCM + lCM + uCM = −
∑

w

∑
t

ηt
w ∗ C̃Mw,

and 
δ∗(C̃Mwϑ|Z2

CM) = µCM |σCMcCM | + κCM

√
(σCMdCM)2,

cCM + dCM = −
∑

w

∑
t

(xt
w ∗ DMw − η

t
w) ∗ C̃Mw.

Based on the above analysis, we derive the equivalent reformulation (4.3). The proof of theorem is
complete. �

Proof of Theorem 2

Proof We start by reformulating constraint (3.13) in the equivalent form M(CWwr) ≤ F2 under the
condition that

M(CWwr) = sup
CWwr∈U2

CW

{∑
w

∑
r

∑
t

CWwr ∗ yt
wr ∗ DWwr

− min
CW′wr∈U1

CW

φ(CWwr,CW
′

wr)
}
.
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After introducing auxiliary variables π, ι, ς, ϕ, we obtain

M(CWwr) = sup
CWwr∈U2

CW ,CM′w∈U1
CW ,π,ι

{∑
w

∑
r

∑
t

CWwr ∗ yt
wr ∗ DWwr

− φ(CWwr,CW
′

wr)|π = CWwr, ι = CW
′

wr

}
.

Based on Lagrange duality, one has

M(CWwr) =min
ς,ϕ

sup
CWwr∈U2

CW ,CW′wr∈U1
CW ,π,ι

{∑
w

∑
r

∑
t

CWwr ∗ yt
wr ∗ DWwr

− φ(π, ι) − ς(ι −CW
′

wr) −$(π −CWwr)
}
.

We next divide M(CWwr) into three parts: M(CWwr) = minς,ϕ
{
m1(ϕ, yt

wr) + m2(ς, ϕ) + m3(ς)
}

with

m1(ϕ, yt
wr) = sup

CWwr∈U2
CW

∑
w

∑
r

∑
t

CWwr ∗ yt
wr ∗ DWwr + ϕCWwr

 ,
m2(ς, ϕ) = sup

π,ι

{−φ(π, ι) − ςι − ϕπ} ,

m3(ς) = sup
CW′wr∈U1

CW

{
ςCW

′

wr

}
.

Rewriting the first part m1(ϕ, yt
wr), we obtain:

m1(ϕ, yt
wr) = sup

CWwr

∑
w

∑
r

∑
t

CWwr ∗ yt
wr ∗ DWwr + ϕCWwr − δ(CWwr|U2

CW)


=min

ϑ

{
δ∗(ϑ|U2

CW) − [ f (ϑ, yt
wr) + ϕϑ]∗

}
.

By exploiting the relationship between U2
CW and Z2

CW , we first verify that: δ∗(ϑ|U2
CW) = CW0

wrϑ +

δ∗(C̃Wwrϑ|ZCW2). Building on this, the concave conjugate for the second term in m1 (which involves ϑ)
can be derived, yielding: m1(ϕ, yt

wr) = min
ϑ
{CW0

wrϑ + δ
∗(C̃Wwrϑ|Z2

CW) − f∗(ϑ − ϕ, yt
wr)}. Furthermore, m2

can be simplified as m2(ς, ϕ) = φ∗∗(−ς,−ϕ), and, finally, m3(ς) = δ∗(ς|Z1
CW) = CW0

wrς+δ
∗(C̃Wwrς|Z1

CW)}.
Based on the above analysis, inequality M(CWwr) ≤ F2 can be equivalently represented as:

min
ς,ϕ

{
min
ϑ

{
CW0

wrϑ + δ
∗(C̃Wwrϑ|Z2

CW) − f∗(ϑ − ϕ, yt
wr)

}
+ φ∗∗(−ς,−ϕ) +CW0

wrς + δ
∗(C̃Wwrς|Z1

CW)
}
≤ F2.

Thus, the satisfaction of M(CWwr) ≤ F2 requires, and is guaranteed by, the existence of ς, ϕ, and ϑ,
for which

CW0
wrϑ + δ

∗(C̃Wwrϑ|Z2
CW) − f∗(ϑ − ϕ, yt

wr) + φ
∗∗(−ς,−ϕ)

+CW0
wrς + δ

∗(C̃Wwrς|Z1
CW) ≤ F2.
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Furthermore, by the following result:

φ∗∗(−ς,−ϕ) = sup
π,ι

{−φ(π, ι) − ςι − ϕπ} ≥ sup
π

{−φ(π, π) − (ς + ϕ)π}

= sup
π

{−(ς + ϕ)π} =
{

0, ς = −ϕ,

∞, ς , −ϕ,

we obtain ς = −ϕ and φ∗∗(−ς,−ϕ) = 0.
Note that f∗(ϑ − ϕ, yt

wr) = f∗(ϑ + ς, yt
wr) due to ς = −ϕ. Thus, one has

f∗(ϑ + ς, yt
wr) = min

CWwr

{
CWwr(ϑ + ς) −CWwr ∗ yt

wr ∗ DWwr
}

=

{
0, ϑ + ς = CWwr ∗ yt

wr ∗ DWwr,

∞, ϑ + ς , CWwr ∗ yt
wr ∗ DWwr.

Hence, f∗(ϑ + ς, yt
wr) = 0 with ϑ + ς = yt

wr ∗ DWwr and ‖ς‖1 ≤ θCW , which lead to
CW0

wrϑ + δ
∗(C̃Wwrϑ|Z2

CW) +CW0
wrς + δ

∗(C̃Wwrς|Z1
CW) ≤ F2

ϑ + ς = yt
wr ∗ DWwr

‖ς‖1 ≤ θCW .

Based on uncertainty sets (U1
CW ,U

2
CW) with perturbation sets (Z1

CW ,Z
2
CW), we can obtain

δ∗(C̃Wwrς|Z1
CW) = κ′CW

√
(σ′CWmCW)2 + µ′CW |σ

′
CW lCW | + σ

′
CW |uCW |,

mCW + lCW + uCW = −
∑

w

∑
r

∑
t

ηt
wr ∗ C̃Wwr,

and 
δ∗(C̃Wwrϑ|Z2

CW) = µCW |σCWcCW | + κCW

√
(σCWdCW)2,

cCW + dCW = −
∑

w

∑
r

∑
t

(yt
wr ∗ DWwr − η

t
wr) ∗ C̃Wwr.

According to the above analysis, we can obtain equivalent reformulation (4.4). The proof of the
theorem is complete. �

Proof of Theorem 3

Proof First, constraints (3.14) can be equivalently represented as M(Dt
i) ≤

∑
r

at
ri +

∑
r

st
ri with

M(Dt
i) = sup

Dt
i∈UD

Dt
i − min

D
t
i∈UD

φ(Dt
i,D

t
i)

 ,
where φ(Dt

i,D
t
i) measures the distance between Dt

i and D
t
i. The distance function φ(Dt

i,D
t
i) is defined as

φ(Dt
i,D

t
i) = α(‖Dt

i−D
t
i‖1) , where α is a convex and nonnegative function with α(0) = 0. Here, φ(Dt

i,Dit)
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serves to quantify the distance between Dit and Dit, and is given by φ(Dit,Dit) = α(|Dit − D
t
i|1). In this

expression, α denotes a convex, nonnegative function, fulfilling α(0) = 0.
After introducing auxiliary variables π, ι, χ, τ, we obtain

M(Dt
i) = sup

Dt
i∈UD,D

t
i∈UD,π,ι

Dt
i − min

D
t
i∈UD

φ(Dt
i,D

t
i)|π = Dt

i, ι = Dt′
i

 .
Based on the Lagrange duality, one has

M(Dt
i) =min

χ,τ
sup

Dt
i∈UD,D

t
i∈UD,π,ι

Dt
i − min

D
t
i∈UD

φ(Dt
i,D

t
i) − χ(ι − Dt′

i ) − τ(π − Dt
i)

 .
We represent M(Dt

i) as three parts: M(Dt
i) = minχ,τ

{
m1(τ) + m2(χ, τ) + m3(χ)

}
, where

m1(τ) = sup
Dt

i∈UD

{
Dt

i + τDt
i
}
,

m2(χ, τ) = sup
π,ι

{−φ(π, ι) − χι − τπ} ,

m3(χ) = sup
D

t
i∈UD

{
χDt′

i

}
.

We first deal with M(Dt
i). Rewriting the first part yields m1(τ) = (1 + τ)

(
Dt0

i + µ
′
D|σ

′
DD̃t

i|
)
, m2(χ, τ) =

φ∗∗(−χ,−τ), and m3(χ) = χ
(
Dt0

i + µD|σDD̃t
i|
)
.

Based on the above analysis, inequality M(Dt
i) ≤

∑
r

at
ri +

∑
r

st
ri can be equivalently represented as:

min
χ,τ

{
(1 + τ)

(
Dt0

i + µ
′
D|σ

′
DD̃t

i|
)
+ φ∗∗(−χ,−τ) +CM0

wχ

+ δ∗
(
C̃Mwχ|Z1

CM

)}
≤

∑
r

at
ri +

∑
r

st
ri.

As a result, M(Dt
i) ≤

∑
r

at
ri +

∑
r

st
ri if and only if there exist χ, τ, and ϑ, such that

(1 + τ)
(
Dt0

i + µ
′
D|σ

′
DD̃t

i|
)
+ φ∗∗(−χ,−τ) +CM0

wχ

+ δ∗
(
C̃Mwχ|Z1

CM

)
} ≤

∑
r

at
ri +

∑
r

st
ri.

Furthermore, by

φ∗∗(−χ,−τ) = sup
π,ι

{−φ(π, ι) − χι − τπ} ≥ sup
π

{−φ(π, π) − (χ + τ)π}

= sup
π

{−(χ + τ)π} =
{

0, χ = −τ,

∞, χ , −τ,

we obtain χ = −τ and φ∗∗(−χ,−τ) = 0.
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Hence, χ = −τ with ‖χ‖1 ≤ θD and based on uncertainty sets UD,UD with perturbation sets ZD,ZD,
we obtain the following reformulation,

Dt0
i + µ

′
D|σ

′
DD̃t

i ∗ ηD| + µD|σDD̃t
i ∗ (1 − ηD)| ≤

∑
r

at
ri +

∑
r

st
ri, ∀ i, t,

|ηD| ≤ θD.

Furthermore, we can obtain equivalent system (4.5). The proof of the theorem is complete. �
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