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Appendix

Proof of Lemma 1 and Lemma 2
From Eq.(1), the Hessian matrix is
01 8,
H = [ qy 611"8%} _ [_2 _5]

i Py, S =26
0qr0qn 6q§

and we obtain
|Hy| = -2, |H =4(2-06)>0

Thus, we can see that r,, is concave function on (g,, g,). The Lagrange function is below

L(/l) = (pn - Cn)CIn + (pr - Cr)‘]r + (1 + t)pe(E - L) + /l(B — Cnfn — chr)

1-2q,—-906q,—c,— (1 +1t)p.e, — Ac, =0

0 —20q,—20q, —c,—(1+)(1 —&)pe,—Ac, = 0
/l(B — Cnfn — Cr‘]r) = 0

A > 0

We can then obtain Lemma 1 and Lemma 2 in terms of the value of A.
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Case 1: 4; = 0. By solving L(1), we have

qN:71—72 qN:72—571
" 2(1 =96)’ ! 26(1 = 6)’

pal N _ Y2

N
=1- =
pn 2 pr 2

vi=l-c,—ep(1—€)1+1), y2=0-c,—e,pPl—e)l+1),

c,0(y1 — +c(y, — 6
and the remanufacturer’s initial capital satisfies B > BY = c,¢" + ¢,q" = O = y2) + 62 71).

26(1 = 9)
Case 2: 4; > 0. By solving L(1), we have
s_ =) -Aen—c) s _ =06y + Aeid — )
n 2(1-6) > 26(1 - 0) ’
Y1 Acy vi o Ac,
S =] — =+ —, S=0—- =+ .
pn 2 2 pr 2 2
Moreover, 4, is the shadow price of the remanufacturer’s initial capital, and
1 = 0ca(y1 —y2) + ¢, (y2 — 6y1) — 26(1 — 6)B
: 5(cy — ) + 2(1 = 6) :
the remanufacturer’s initial capital satisfies B < BY.
Proof of Proposition 1
From Lemma 2, we have
g - ops — -
dn _ o(cn = ¢r) >0, P oca(1 ~ 9) <o,
OB 8(c, —c,)? + (1 =96) OB 6(c,—c,)?+cx(1-9)
oq’ _ —(c,0 —cy) <o, op; _ —oc, (1 -9) <o,
OB (¢, —c,)? + c2(1 = 0) OB 6(c, —c)* + (1 =96)

OE*  e,[c,0(1 = B) + (1 = 9)]
OB 8(c,—c,)? +cX(1-9)

> 0.

Proof of Proposition 2

From the proof of Lemma 2, A is the shadow price of the remanufacturer’s initial capital. Thus, if
r < A;, the remanufacturer can profit from CAPF loans, and we obtain

B<B= (y1 = Y2)0¢, + (ya = 8y1)e, — r[dca(c, — 2¢,) + cf].
25(1 = 0)
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Proof of Lemma 3

From Eq. (3), the Hessian matrix is

627T%F aZn’glF
H=| 9 361.@%} _ [—2 —25]
- (')271.51: 62”’(]"1" - —26 —26 )
0q,0qn (')q%
and |H,| = -2, |[Hy] = 42 — ) > 0. Thus we can see that 7T,§1F is concave function on g,, g,. We can
then use backward induction. Let 075 /dg, = 0 and dnCF /dq, = 0 simultaneously. We then obtain
— Y1 =72~ eeregen(l _ﬁ) — Y2 — 571 + eereeen((S _ﬁ)
n 2(1-6) T 26(1 - ) '

Substituting ¢,, g, into Eq. (4), we obtain

2 _CF
o0 m,

06?

rT rT
T e pee,(1-p) e’ p.e,(B—9)
= - e€n + 0’
¢ P\ T 25 F—sa-0 |~

Thus, we can see that 75" is concave function on 6. Then we let 95" /90 = 0 and obtain

oCF = (Y1 = ¥2)0 + B(y2 — 6y1)
2e'T poeé )

Substituting # into
— Y1—Y2— eereeen(l _ﬁ)
ar 2(1-90)

and
— Y2 — 671 + eereeen(é _ﬂ)
9 26(1 —6) :

we see that the optimal production quantity is

er _ 0= 1)E =BG~ B) — L= Py2 = )
O A1 -0 :

' 46(1 - 0)¢é
&1 =0(1 =p) =B —-p)and & = dcy(1 = ) = ¢,(6 = ).

qCF - SyD[o(1 = B) + &] + (6 = B)(y1 — 2)

Proof of Lemma 4

Under the EF strategy, remanufacturers are not required to repay the principal or interest, nor are
they burdened with debt-related risks. Instead, they distribute the profit dividends to investors accord-
ing to the predetermined percentage. Therefore, remanufacturers cannot only obtain sufficient funds
but also formulate operational decisions as if they were in a financially unconstrained scenario. Thus,
the optimal production decision of remanufacturers is identical in Model N and Model EF, and

EF _ N_ Y11= 72 EF_ N _ Y2~
qn _qn 2(1_6)’ qr qr 25(1_5)'
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Proof of Proposition 3
From Lemma 3, we have

00 _ —0(1-p) _, 9 _ _6-p

> 0,

dc,  2e'Teeé pe dc,  2eTeeé p,

90 =Te[(y1 — y2)6 + B(y2 — 6y1)]

ar 2e' e, pe <0
09 _ —[6€ll — 6 — (cu — c)] + Bloen — ¢/l] <0
Je 2eTe é pe ’
90 _ ~[opll -6~ (cu— eIl +loc, —c ] _
op. 2eTee ) p?

Proof of Proposition 4

From Lemma 3, if r is given, we have

0.

dq;"  —pee ee,(1 - ) <0 agc" e p.ee,(1-P) .
P 2(1 - 6) ’ 80 251 -6)

If 6 is given, we have

dq," _ ~Tepbees(1=p) . 94;" _ Te'peee,d(1-p)

= = 0.
or 2(1-9) or 26(1 = 90)

Proof of Corollary 2

When both the remanufacturing enterprise and the investor accept the EF strategy, the profits of
both parties must be satisfied: 7EF > 0 and #£F > 0. From Lemma 3, we have ¢&F = ¢V, ¢5F = ¢,
and we can obtain

=0 -7 +B)-B, ' =a@)+B)-B.

Remanufacturers and investors can accept EF when the condition 7£F > 0, #£F > 0 is satisfied, and
we can obtain a; < a < a» as follows:

45(1 — 6)B*
a = ,
' Y1 = 72) + 7232 — 6y1) + 26(1 — ) B
46(1 - 6)B

a=1- .
’ vi(y1 = y2) + y2(y2 — 6y1) + 26(1 — 6)B*

Proof of Proposition 5

From Lemma 3 and Lemma 4, we have

dqs"  ewp(1 — )1 -Pé+(1-p)—(6-P)] S
de 4(1 - 0)é,

0,

Journal of Industrial and Management Optimization Volume 22, Issue 4, 1847-1869.



94," _ enp(1 =P~ [206(1 =)+ G =p’]

de 46(1 — 6)& O
9¢5" e (1 =B)(1 +1)

s = ai-o 0
d4," _ —el -1 -Ple+1-BG-Pp] _

ap. 41 - 0)é ’
0qCF _ —ea(1—e)(1 - B)[26(1 - B) = (6 + B)(S — B)] <0
ap. 16(1 - 0)&, ’
dq," _—ed-0U-pd+D)

ap. 26(1 — 6) ’
0gs" _ —e(1—=0(1=p1+D) _

ap. 2(1-6) ’
dgy" _ ewpe(1 -B)1 — )& + (1 - ) — (6 - P)] >0

ot A(1 - 0)& ’
0¢s" _ el =p1-[200 =P +©-p7] _

ot 45(1 - 6)é, ’
3q5"  —ewpe(1-B)(1 =)

o T ai-s
¢5"  eup.(1=B)(1 - €)

a T ai-s

Proof of Proposition 6

From Lemma 3 and Lemma 4, we have

gEF — gCF = 01 =B y1 =y2) +BA = P)(y2 = 6y) 0,
4(1 = 6)6

g — €T = ~(2 = 710)BO—-p) = 6(y1 —¥2) _
46(1 — 0)¢,

en[0(y1 = y2) + B(y2 = 6y1)]
46(1 — 96)

0,

> 0.

B~ B = gt — " + Bt — ) -
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