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Appendix

Proof of Lemma 1 and Lemma 2

From Eq.(1), the Hessian matrix is

H =

 ∂2πm
∂q2

n

∂2πm
∂qn∂qr

∂2πm
∂qr∂qn

∂2πm
∂q2

r

 = [
−2 −δ

−δ −2δ

]
and we obtain

|H1| = −2, |H| = 4(2 − δ) > 0

Thus, we can see that πm is concave function on (qn, qr). The Lagrange function is below

L(λ) = (pn − cn)qn + (pr − cr)qr + (1 + t)pe(E − L) + λ(B − cnqn − crqr)
1 − 2qn − δqr − cn − (1 + t)peen − λcn = 0

δ − 2δqn − 2δqr − cr − (1 + t)(1 − ε)peer − λcr = 0
λ(B − cnqn − crqr) = 0

λ ≥ 0

We can then obtain Lemma 1 and Lemma 2 in terms of the value of λ.
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Case 1: λ1 = 0. By solving L(λ), we have

qN
n =

γ1 − γ2

2(1 − δ)
, qN

r =
γ2 − δγ1

2δ(1 − δ)
,

pN
n = 1 −

γ1

2
, pN

r = δ −
γ2

2
,

γ1 = 1 − cn − en pe(1 − ϵ)(1 + t), γ2 = δ − cr − en peβ(1 − ϵ)(1 + t),

and the remanufacturer’s initial capital satisfies B > BN = cnqN
n + crqN

r =
cnδ(γ1 − γ2) + cr(γ2 − δγ1)

2δ(1 − δ)
.

Case 2: λ1 > 0. By solving L(λ), we have

qs
n =

(γ1 − γ2) − λ(cn − cr)
2(1 − δ)

, qs
r =

(γ2 − δγ1) + λ(cnδ − cr)
2δ(1 − δ)

,

ps
n = 1 −

γ1

2
+
λcn

2
, ps

r = δ −
γ1

2
+
λcr

2
.

Moreover, λ1 is the shadow price of the remanufacturer’s initial capital, and

λ1 =
δcn(γ1 − γ2) + cr(γ2 − δγ1) − 2δ(1 − δ)B

δ(cn − cr)2 + c2
r (1 − δ)

,

the remanufacturer’s initial capital satisfies B < BN .

Proof of Proposition 1

From Lemma 2, we have

∂qs
n

∂B
=

δ(cn − cr)
δ(cn − cr)2 + c2

r (1 − δ)
> 0,

∂ps
n

∂B
=

−δcn(1 − δ)
δ(cn − cr)2 + c2

r (1 − δ)
< 0,

∂qs
r

∂B
=

−(cnδ − cr)
δ(cn − cr)2 + c2

r (1 − δ)
< 0,

∂ps
r

∂B
=

−δcr(1 − δ)
δ(cn − cr)2 + c2

r (1 − δ)
< 0,

∂E s

∂B
=

en
[
cnδ(1 − β) + cr(1 − δ)

]
δ(cn − cr)2 + c2

r (1 − δ)
> 0.

Proof of Proposition 2

From the proof of Lemma 2, λ is the shadow price of the remanufacturer’s initial capital. Thus, if
r < λ1, the remanufacturer can profit from CAPF loans, and we obtain

B < B =
(γ1 − γ2)δcn + (γ2 − δγ1)cr − r

[
δcn(cn − 2cr) + c2

r
]

2δ(1 − δ)
.
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Proof of Lemma 3

From Eq. (3), the Hessian matrix is

H =


∂2πCF

m
∂q2

n

∂2πCF
m

∂qn∂qr

∂2πCF
m

∂qr∂qn

∂2πCF
m
∂q2

r

 =
[
−2 −2δ
−2δ −2δ

]
,

and |H1| = −2, |H2| = 4(2 − δ) > 0. Thus we can see that πCF
m is concave function on qn, qr. We can

then use backward induction. Let ∂πCF
m /∂qn = 0 and ∂πCF

m /∂qr = 0 simultaneously. We then obtain

qn =
γ1 − γ2 − erT peθen(1 − β)

2(1 − δ)
, qr =

γ2 − δγ1 + erT peθen(δ − β)
2δ(1 − δ)

.

Substituting qn, qr into Eq. (4), we obtain

∂2πCF
b

∂θ2
= −erT peen

(
erT peen(1 − β)

(1 − δ)
+ β

erT peen(β − δ)
δ(1 − δ)

)
< 0,

Thus, we can see that πCF
b is concave function on θ. Then we let ∂πCF

b /∂θ = 0 and obtain

θCF =
(γ1 − γ2)δ + β(γ2 − δγ1)

2erT peenξ1
.

Substituting θCF into

qn =
γ1 − γ2 − erT peθen(1 − β)

2(1 − δ)
and

qr =
γ2 − δγ1 + erT peθen(δ − β)

2δ(1 − δ)
,

we see that the optimal production quantity is

qCF
n =

(γ1 − γ2)
(
ξ1 − β(δ − β)

)
− β(1 − β)(γ2 − δγ1)

4(1 − δ)ξ1
,

qCF
r =

(γ2 − δγ1)
[
δ(1 − β) + ξ1

]
+ δ(δ − β)(γ1 − γ2)

4δ(1 − δ)ξ1
,

ξ1 = δ(1 − β) − β(δ − β) and ξ2 = δcn(1 − β) − cr(δ − β).

Proof of Lemma 4

Under the EF strategy, remanufacturers are not required to repay the principal or interest, nor are
they burdened with debt-related risks. Instead, they distribute the profit dividends to investors accord-
ing to the predetermined percentage. Therefore, remanufacturers cannot only obtain sufficient funds
but also formulate operational decisions as if they were in a financially unconstrained scenario. Thus,
the optimal production decision of remanufacturers is identical in Model N and Model EF, and

qEF
n = qN

n =
γ1 − γ2

2(1 − δ)
, qEF

r = qN
r =

γ2 − δγ1

2δ(1 − δ)
.
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Proof of Proposition 3

From Lemma 3, we have

∂θ

∂cn
=
−δ(1 − β)

2erT ϵenξ1 pe
< 0,

∂θ

∂cr
=

δ − β

2erT ϵenξ1 pe
> 0,

∂θ

∂r
=
−TerT [(γ1 − γ2)δ + β(γ2 − δγ1)

]
2erT enξ1 pe

< 0,

∂θ

∂ϵ
=
−
[
δϵ[1 − δ − (cn − cr)] + β[δen − cr]

]
2erT enξ1 pe

< 0,

∂θ

∂pe
=
−
[
δpe[1 − δ − (cn − cr)] + β[δcn − cr]

]
2erT ϵenξ1 p2

e
< 0.

Proof of Proposition 4

From Lemma 3, if r is given, we have

∂qCF
n

∂θ
=
−peerT ϵen(1 − β)

2(1 − δ)
< 0,

∂qCF
r

∂θ
=

erT peϵen(1 − β)
2δ(1 − δ)

> 0.

If θ is given, we have

∂qCF
n

∂r
=
−TerT peθϵen(1 − β)

2(1 − δ)
< 0,

∂qCF
r

∂r
=

TerT peϵenθ(1 − β)
2δ(1 − δ)

> 0.

Proof of Corollary 2

When both the remanufacturing enterprise and the investor accept the EF strategy, the profits of
both parties must be satisfied: πEF

m > 0 and πEF
e > 0. From Lemma 3, we have qEF

n = qN
n , qEF

r = qN
r ,

and we can obtain

πEF
m = (1 − α)(πN

m + B∗) − B, πEF
e = α(πN

m + B∗) − B∗.

Remanufacturers and investors can accept EF when the condition πEF
m > 0 , πEF

e > 0 is satisfied, and
we can obtain α1 < α < α2 as follows:

α1 =
4δ(1 − δ)B∗

γ1(γ1 − γ2) + γ2(γ2 − δγ1) + 2δ(1 − δ)B∗
,

α2 = 1 −
4δ(1 − δ)B

γ1(γ1 − γ2) + γ2(γ2 − δγ1) + 2δ(1 − δ)B∗
.

Proof of Proposition 5

From Lemma 3 and Lemma 4, we have

∂qCF
n

∂ϵ
=

en pe(1 − ϵ)(1 − β)
[
ξ1 + (1 − β) − (δ − β)

]
4(1 − δ)ξ1

> 0,
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∂qCF
n

∂ϵ
=

en pe(1 − β)(1 − ϵ)
[
2δ(1 − β) + (δ − β)2]

4δ(1 − δ)ξ1
> 0,

∂qCF
n

∂ϵ
=

en pe(1 − β)(1 + t)
2(1 − δ)

> 0,

∂qCF
n

∂pe
=
−en(1 − ϵ)(1 − β)

[
ξ1 + 1 − β(δ − β)

]
4(1 − δ)ξ1

< 0,

∂qCF
n

∂pe
=
−en(1 − ϵ)(1 − β)

[
2δ(1 − β) − (δ + β)(δ − β)

]
4δ(1 − δ)ξ1

< 0,

∂qCF
n

∂pe
=
−en(1 − ϵ)(1 − β)(1 + t)

2δ(1 − δ)
< 0,

∂qCF
n

∂pe
=
−en(1 − ϵ)(1 − β)(1 + t)

2(1 − δ)
< 0,

∂qCF
n

∂t
=

en pe(1 − β)(1 − ϵ)
[
ξ1 + (1 − β) − (δ − β)

]
4(1 − δ)ξ1

> 0,

∂qCF
n

∂t
=

en pe(1 − β)(1 − ϵ)
[
2δ(1 − β) + (δ − β)2]

4δ(1 − δ)ξ1
> 0,

∂qCF
n

∂t
=
−en pe(1 − β)(1 − ϵ)

2(1 − δ)
< 0,

∂qCF
n

∂t
=

en pe(1 − β)(1 − ϵ)
2(1 − δ)

< 0.

Proof of Proposition 6

From Lemma 3 and Lemma 4, we have

qEF
n − qCF

n =
δ(1 − β)(γ1 − γ2) + β(1 − β)(γ2 − δγ1)

4(1 − δ)ξ1
> 0,

qEF
r − qCF

r =
−(γ2 − γ1δ)β(δ − β) − δ(γ1 − γ2)

4δ(1 − δ)ξ1
< 0,

EEF − ECF = en
[
qEF

n − qCF
n + β(q

EF
r − qCF

r )
]
=

en
[
δ(γ1 − γ2) + β(γ2 − δγ1)

]
4δ(1 − δ)

> 0.
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