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Appendix 

Proof of propositions. 

Proof of Proposition 1.  
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From Eq. (6), the Hessian matrix of rU  can be derived: 
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From Eqs. (A1) to (A3), the Eqs. (7) to (9) can be obtained.  

 

Proof of Proposition 2.  

According to Eq. (10), the Hessian matrix of ( )A

mE  is: 

( ) ( )

( ) ( )

( )

( )( ) ( )( )

( )( )

( )
( )( )

2 2

2 2 2 2
2

22 2

2 2 2 22

2 2 2

2 2 2 2

2 22

2 2 2 2

A A

m m

A A

m m

kE E

k kw w f
H

E E

k kf w f

   

       

   

       

− + 

− + − − + −  
= =

− − 

− + − − + −  

. The matrix is negative 
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Proof of Proposition 3.  

According to Eq. (14), since 
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obtain Eq. (15). Substituting Eq. (15) to retailer’s response, the Eqs. (16) and (17) can be obtained.  

Proof of Proposition 4.  

From Eq. (18), Hessian matrix of ( )O

mE  is:  



3 

Journal of Industrial and Management Optimization  Volume 22, Issue 4, 1693–1725. 

 

( ) ( )

( ) ( ) ( )( )( )
( )

2 2

2
2

2 2
2 2

2 22

2
0

2

2 2
0

2

O O

m m

o
O O

m m

o o

E E

w w p
H kE E

kp w p

 

 

    

 

  −
−  

= = + − − 
−

−  

. It can be seen that when 

( )( )2 22 0k   + − −  , the matrix is negative definite and ( )O

mE  is jointly concave in w and op . By solv-

ing 
( )

0

O

mE

w


=


and

( )
0

O

m

o

E

p


=


simultaneously, Proposition 4 is proved. 

Proof of Corollary 1.  
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 − + −
. 

( )

( )( )( )

* 2

2

2
2 2

0
4 2 2

A

mE

k k



   

 
= − 

 − + −
. 

( ) ( )( )( )

( )( )( )

2 2 2*
2

3
2 2

2 2
0

8 2 2

A

t
kE

k k

   

   

 − + +
= − 

 − + −
. 

( )

( )( )( )

2*
2

2
2 2

2

2 2

O

op

k k

   

    

 − −
=

 + − −
, it can be seen that

*

0
O

op

k





when

22 0  − −  ; otherwise, 

*

0
O

op

k





. 

( )( )( )

*

2

2
2 2

0
2 2

O

nq

k k



    

 
= 

 + − −
. 

( )

( )( )( )

2*
2

2
2 2

2
0

2 2

O

rq

k k

 

    

 −
= − 

 + − −
. 

( )( )( )

*

2

2
2 2

0
2 2

Oe

k k



    


= 

 + − −
. 

( )( )( )

*

2

2
2 2

0
2 2

O

np

k k



    

 
= 

 + − −
. 
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( )

( )( )( )

2*
2

2
2 2

2

2 2

O

rp

k k

  

    

 − −
=

 + − −
, it can be known that

*

0
O

rp

k





when

22 0  − −  ; otherwise

*

0
O

rp

k





. 

( )

( )( )( )

* 2

2

2
2 2

0
4 2

O

mE

k k



    

 
= − 

 + − −
. 

Since ( )* 0O

rE   , we have

( )( )( )( ) ( )( )( )( )2 2 2 2

22 2 2n nk c k c              + − − + −   + + − − − − , and it can be known 

that 
( ) ( )

( )( )( )

* 2

2 6

3
2 2

2
0

8 2

O

rE

k k

   

    

 −  
 

 + − −
. 

( )

( )( )( )

2*
2 6

3
2 2

2
0

4 2

O

rU

k k

  

    

−  
= 

 + − −
. 

( ) ( )( )( )
( )( )( )

2 2 2*
2

3
2 2

2

8 2

O

t
k

k k

    

    

− − − 
=

 + − −
, it can be seen that when ( )( )2 22k    − −  , 

( )*

0

O

t

k





; oth-

erwise, 
( )*

0

O

t

k





. 

From 
( ) ( ) ( )( )( )

( )( )( )

2*
2

2
2 2

1 2

2 2 2

A
u r uE I

k k

     

   

 + − − −
=

 − + −
and 

( ) ( ) ( )( )( )
( )( )( )

2*
2

2
2 2

1 2

2 2

O
u r uE I

k k

     

    

 + − − −
=

 + − −
, 

we can obtain that
( )

*

0

N
E I

k





when 

( )
2

1

2

u

u r

 
 

 

+
+ 

−
; otherwise, 

( )
*

0

N
E I

k





. 

Proof of Corollary 4.  

( )( )( ) ( )( )( )

2
* * 2

2 2 2 2
0

2 2 2 2

A O

n nq q
k k

 

        


− = 

− + − + − −
. 

( )
( )( )( ) ( )( )( )

2

2* *

2 2 2 2

2
0

2 2 2 2

A O

r rq q
k k

  

        

− 
− = − 

− + − + − −
. 

( )( )( ) ( )( )( )

2
* * 2

2 2 2 2
0

2 2 2 2

A Oe e
k k

 

        


− = 

− + − + − −
. 

( ) ( )

( )( )( )
( )( ) ( )( )( )( )

( )( )( ) ( )( )( )

2 2 2

2

2
2 2 2

* *

2
2 2 2 2

2

2 2 2 1
0

4 2 2 2

rA O

m m

k

c k k
E E

k k

     

        
 

        

− + − 

+ − − − + − −
− = − 

− + − + − −
. 
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Since ( )*A

rE  >0, thus ( )( )( )( ) ( )2 2 2

1 22 2 2 2 2 0nk c        − + − + − − −  −   , we can obtain 

that ( ) ( )
( )

( )( )( ) ( )( )( )

2 2

2 6* *

2
2 2 2 2

2
0

8 2 2 2

A O

r rE E
k k

   
 

        

  −
−  

− + − + − −
. 

( )
( )( )( ) ( )( )

( )( )( ) ( )

( )( )( ) ( )( )( )

2 2 2

62 2

2 2 2

* *

2 2
2 2 2 2

2 2 2
2

2
0

8 2 2 2

n
A O

r r

k

k c
U U

k k

       
  

       

        

  + − − + −
 − 
 + + − − − −
 − = 

+ − − + − −

. 

( ) ( )
( )( )( )( )

( )( )( ) ( )( )( )

2 2 2 2 3 2

2* *

2 2
2 2 2 2

2 2 2 2 2

8 2 2 2

A O

t t

k
E E

k k

        
 

        

 − − + − +
− =

− + − + − −
, it can be seen that when

( )( )( )2 2 3 22 2 2 2 2 0k       − − + − +  , ( ) ( )* *A O

t tE E  ;otherwise, ( ) ( )* *A O

t tE E  . 

( ) ( )

( )( )
( )

( ) ( ) ( )( )

( )( )( ) ( )( )( )

2
2 2

* *

2 2 2 2

2
1 2

2 2 2 2

r
u r u

A O n

c

c
E I E I

k k

  
      

  

        

 − −
+ − − − 

− − − − =
+ − − − + −

, it can be known that when

( )
2

1

2

u

u r

 
 

 

+
+ 

−
, ( ) ( )

* *A O
E I E I ; otherwise ( ) ( )

* *A O
E I E I . 
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