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Appendix
Proof of propositions.
Proof of Proposition 1.
| _E(x)) Ry | 0E(x))
According to Eq. (5), since ———5—= —(25 + k) <0, E(;rt ) is concave in g, . By solving P =0, we
q, q,
can obtain the following equation.
_Sp-c,~ [ 54,

q, (A1)
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From Eq. (6), the Hessian matrix of U, can be derived: H = oq, ~ 0g,0e _I2 0 When
410 ' et dut|TIe Al
dedq, o€’
2 , - , . . ou/ U/ :
2 -0 >0, the Hessian matrix is negative definite. By solving —= =0 and p ~ = 0 simultaneously, we
e
can obtain:
—no—-8g —
gt =210 %0, 7v) (A2)
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eA — (¢ 770- zqr W) (A3)
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From Egs. (A1) to (A3), the Egs. (7) to (9) can be obtained.
Proof of Proposition 2.
According to Eq. (10), the Hessian matrix of £ (7[2 ) is:
azE(ﬂj) 82E(7r,f,') —2(26+k) B 26
> 2B-0%)(25+k)-ps> (28-6)(25+k)- 5"
H=|_, ow P 26w8f = ( p )( )=/ ( p )( 2) 4 . The matrix is negative
0’E(x)) 0E(x)) 238 -2(28-6%)
of ow o’ (28-0*)(25+k)- B> (28-07)(25+k)-B5°
_ 5 5 . 6E(7r,‘:) 8E(7z2) .
definite when (26 + k)(Z -0 )— S5° > 0. By solving = 0 and 7 =0 simultaneously, we can
W
obtain the Eqgs. (11) and (12).
Proof of Proposition 3.
OZE(ﬂIO) o 8E(7r,0)
According to Eq. (14), since el =—k<0, E (7Z't )is concave ingq, . By solving 3 =0, we can
q. q.

obtain Eq. (15). Substituting Eq. (15) to retailer’s response, the Eqs. (16) and (17) can be obtained.

Proof of Proposition 4.
From Eq. (18), Hessian matrix of £ (72',(3 ) is:
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azE(njj) 82E(7z2) 2B . 0
H= az?(‘};?) 6?;3‘)(8%’) = =0 2((5+k)(2ﬁ—92)—ﬂ52) . It can be seen that when
wow o R RO
(6+ k)(Z [-0° ) — 6% >0, the matrix is negative definite and £ (72'2 ) is jointly concave inwand p, . By solv-
_ 0E(xY) 0 (7))
ing ———==0and = 0 simultaneously, Proposition 4 is proved.

ow op,

Proof of Corollary 1.

A* O* A*
ALY . T pRo+k)o <0
on on 2 on  2(28-6")(26+k)-p5)
oe" _ 0(26+k)o 0 oq” BSo 0.

on 2( 26-6%)(25+k)- 552)< - an _2((2ﬂ—92)(25+k)—ﬁ52)
2 2 *
((ﬂ 6 (25+k) ﬂé) it can be seen that when(ﬂ—@z)(25+k)> 52,%>0;0therwise,
2( 28— 02 (26 +k)-p5°) on
op) . §(6+k)po
<0. =
on on 2((2ﬁ 0)(25 +k)- ﬂ&z)

((28-07)(26+Kk)-2p5)A,

O
oE (7)) fon, 0 OE () 200 (26+k)((28-67) (26 +k)- 5
o 2((2p-0)(25+k)-p5*)  m 4((2p-0°)(26 k)~ p5°)
can be obtained that when ((28—6°)(25+k) 25" | A, > 2510 (25 +)((28-0" ) (25 + k) - 5°),

, 1t

* _n?
M>O;otherwise, 6E<7r;‘)<0. GU;’ =- ﬁ0(2ﬂ i’ )(25+k)A1 > <0.
on on N 4((2p-0")(25+k)-p5?)
0E (") _ (26 + k) oo, 0

01 4((2p-0)(26+k)- p5*)
oE(1)"  ((1+2,)(26+k)=(A - 4,)5) Bo

on  2((2p-0°)(25+k)-p5°)
o, koo oq," po(6+k)
= >0. =— <0
on  2(6+k)(28-0")-5"B)  On  2((5+k)(28-0")-5"B)
quo* B opo oe”” _ o19(5+ k)

on _2((5+k)(2ﬂ—92)—52ﬂ)>0' on 2((5+k)(2ﬂ—92)—52ﬁ)<0
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o ((6+k)(p-6")-6p)o
2((5+k)(2ﬁ—492)—52ﬂ)

<0 ap’O*: pok >0

on —on 2((s+k)(28-6")-5’)

— ZY <0

on 2((5+k)(28-0")-5p)

((5+Kk)(28-0%)-25"B)A,

O}
0* 2no(S+k)(5+k)(28-6)-652
6E(”r ): 770-( ’ )(( i )( s ) 'B) , it can be seen that when

on 4((5+k)(2p-0%)-5°p)
aE(irrO*)

(6+K)(28-67)-25"B)A, > 20 (5+k)((5+k)(28-67)-5°B) o
aE(;z,O*)<O oU” _ fo(3+k)(25-0)A, 0

on S0 4((svk)(28-02)-5p)

o(7”") _ GSPKA, o

01 4((5+k)(2p-6%)-5*p)

oE(1)”  ((6+k)(1+2,)~(2 ~4,)9) o

on  2(5+k)(25-6°)-5B)
Proof of Corollary 2.
oq) _ 0" (26+k)((25+k)(p-no—c,)-5(5h-c.)) 0.

op 2((2-0%) (26 +k)- p5°)
ge” _ 0((20+k)(p-no—c,)-5(5p-c,))(2(26+k)- ") 0

op 2((2p-0%)(25 + k)~ p&*) '
oq," _ 6° 6, o o+l)o's

B 2((2p-0")(25+k)-p5) P 2(2p-6°)(26+k)-p5°)
v Osoen ) ew
B a(2p-0*)25+k)-ps*) B 4((2p-0*)(25+k)-p5*)

Since E (ﬂf ) is greater than zero, it can be known that
2((2ﬂ—¢92)(25+k)—ﬁ52)(¢+no-—cn)—(2ﬂ—02)Al —23A, >0, then wo can obtain
oE(7") _ 0’A5p

B §((2p-0°)(26+k)-p5*) 0

0*
> (), it can be seen that when (5+k)(ﬂ—c92) > 52ﬂ,% > 0 ;otherwise,
n

otherwise,
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ou” Af((zﬂ—ez)(25+k)+ﬂ52)92

B 8((2p-0°)(25+k)-p5°) 0

OE (") _ (26 +k)6*A A,

op 4((2,6'—02)(25+k)—ﬂ52)3>0
GE(1)"  O°A((26+k)(1+4,)—(2,—4,)F)

- 0.
op 2((2ﬂ—62)(25+k)—,652)2 )
P _ 02 koA, o
0B 2(5+k)(28-0°)-5°p)
07 P(5+k)A, o
B 2(5+k)(28-6%)-5°B)
0" _ 025A, o
P 2(5+k)(28-06")-05 )
oe” A (2(5+K)-67) 0
op ((5+k)(2/3—02)— ﬁ)
wl 0 (5+k)A, o
B 2(s+k)(25-6")-5B)
o’ _ kOA, o
0B 2(5+k)(28-0°)-5°p)
E) ear
op 4((5+k)(2p-0*)-5°p)
oE(z”) 0°5° A, 0
op 8((5+k)(2/5’—02)—52/3)3
U :_((2ﬂ—92)(5+k)+52ﬂ)A6292
op 8((5+k)(2,8—02)—52ﬂ)3
o(z") _ k0> SAA, 0
B a((s+k)(2p-0")-58)
GE(1)” _ 0°A((1+4,)(5+k)=(4.-4,)d) 0
op 2((5+k)(25-6%)-5°p) |
Proof of Corollary 3.
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oq : ) oPpA,

_ 0.
ok 2((2ﬁ—02)(25+k)—,852) il

ge" _ O, o

Ok 2((2p-6%)(26+k)-p5*)

oq" A, (26-0°) 0.

Ok 2((2p-0%)(25+k)-po*)

8]9:* _ POA, 0.

Ok 2((2p-0%)(26+k)-p5*)

ap,"” 5(28-6" - p5)A, ap}” op;”

2,wecanknowwhenZ,B—é?z—,Bc5'>0, o > 0 ; otherwise, g}; <0.

Ok :2((2ﬁ—92)(25+k)—,852)

Since 2((2,8—92)(25+k)—ﬁ52)(¢+no-—cn)—(2ﬂ—02)Al—25A2>O , we can obtain that

GACA SBANA, (28-6%)
>

ok 8((2p-6°)(25+k)-po*) o

Uy B2p-0)AN, .
Ok 4((2p-0*)(25+k)-5°5)
8E(7[n:1*) - A} 0
ok 4((2p-0%)(25+k)- p5*)
6E(7r;‘*):_Azz((Z,B—éz)(2§+k)+,B52)<O.
Ok 8((2ﬂ—92)(2§+k)—,852)3
> oM (28-6°-58) op” o

= >, it can be seen that Do > 0when28—6° -5 > 0; otherwise, Do <0.
o o((5+k)(28-07)-5B) Ok Ok

ano* _ PN, 0.
ok a((5+k)(28-0°)-5°p)

o9, __ A, (24-0°) 0.
ok a((s+k)(25-6%)-55)
6e” _ 05, o
Ok a((s+k)(2p-6%)-6B)

61%0* _ PAA, 0.

ok 2((5+k)(2p-6%)-0p)
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o* A, (28-0"-pB5 o*
P, - 2( P p ) >, it can be known that ag/; >0 when 2,8—62—,85>0; otherwise

o 2((s+k)(28-6")-5"B)

ap,
ok

GE(ﬂ,f*) - A} 0
Ok 4((5+k)(2ﬂ—02)—52ﬁ)2 '

Since E(ﬂro*)>0,wehave
2((5+k)(2ﬂ—6?2)—52,8)(¢+770'—cn)>A25+((5+k)(2,8—92)—52ﬁ)(¢—770-—cn),anditcanbeknown
aE(ﬂrO*)> (28-6%) Bon, A,
Ok g((5+k)(2p-0%)-6B)
oU”  B(2B-67)A.A,
ok 4((5+k)(2p-07)-0"B)

(
o* S—k _0?)-s2 2 o*
8(7@ ) = (( )(2ﬂ ) ﬂ)Aza , it can be seen that when(5—k)(2ﬂ—92) >35°p, 8(72 ) >0; oth-
ok 8((s+k)(28-06")-5) o

<0.

that >0.

>0.

erwise, M<O.
i GE(1)" A, ((1+4,) 5= (4, -4,)(28-0")) . oE(1)” A, ((1+4,) 5= (4,-2,)(28-0"))
ok 2((28-0*)(25+k)- p5*) ok 2((5+k)(2p-0*)-5°p)
we can obtain ‘[hatM >0 when MJF% > A, ; otherwise, M <0.
26 ok

Proof of Corollary 4.
g = 5’ pA, -0

" 2((2-07)(26+k)- B8 ) (0 + k) (28-0°) -5 )

o 5(28-6%)A,
q," —q, =- <0.

2((28-0°)(26+1k)-p5°)((6 +k)(28-0)-5°B)

ot 0 = 50N,

2((2-0)(26+k)- ,6’52)((5+k)(2ﬁ 0*)- 52,B)>0

5( 25-0)(5+k) 55) )

+6p (59— c)(Zﬂ 6’2)2((2,8—6?2)(25+k)—ﬂ62)(1—5)k<
4((2p-0*)(25+k)-p5*)((6+k)(2-0*)-5°p)

E(x))-E(m)) =~
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Since E(7;")>0, thus 2((2ﬂ—92)(25+k)—,852)(¢+770—cn)—(2ﬂ—02)A1 —25A, >0, we can obtain
AN (28-67)
8((25-6*)(25 + k)~ p5°)((5+k) (2~ 0*) &)
A (2((6+K)(28-07)-5"B)+5(2p-0"))

+((5+k)(2ﬁ—92)—52ﬂ)5(¢—770—cn)
8((6+k)(25-6*)-5°5) ((26+k)(25-6*)- p5*)
B(n)-B(x")= : 52A22((22,B—62—25,8)(222§+k)(2,8—02)+2253ﬂ:) 2
((2,8—6 )(26+k)-ps ) ((5+k)(2ﬂ—0 )-5 /3)
(28-6"-20p)(25+k)(28-0*)+25° 5> >0, E(7") > E(x" ) sotherwise, E(z") < E(z").

(2,3—02)(5(/5—0,) .\ . I
E(I)A*E(])O*:(_ﬂ5(¢—770'—cn) ]((1 i“)ﬁ§ (/Ir ﬂu)5(2ﬂ 19))

2((5+k)(28-06")-5"B)((28-0")(25+k) - B5°)

that E(ﬁf*)—E(ﬂro*)> >0.

ﬂéz(Zﬂ—ez)A{

A* o*
Us-uY =

, it can be seen that when

, 1t can be known that when

1+4,)pBo6 . . . )
(w—”)£+lu >ﬂ,r,E(l)A >E(I)0 ; otherwiseE(I)A <E(I)O .
© 2026 the Author(s), licensee AIMS Press. This is an open access article
ainvis AIMS Press distributed u‘nder the terms of .the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

Journal of Industrial and Management Optimization Volume 22, Issue 4, 1693—1725.



