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Appendix

Proof of Proposition 1

According to optimal control theory, we denote the optimal profit functions of small-scale farmers
and grain enterprises as follows:

JD
F (v,G) = e−ρtVD

F (v,G), JD
R (v,G) = e−ρtVD

R (v,G).

Moreover, for any v ≥ 0 and G ≥ 0, the following Hamilton–Jacobi–Bellman (HJB) equation are
satisfied:

ρVD
F (v,G) = max

[
w
(
a−αp(t)

)(
λv(t)+γG(t)

)
−

b
2

u(t)2+VFv
(
βu(t)−kv(t)

)
+VFG

(
θA(t)−ωG(t)

)]
, (A.1)

ρVD
R (v,G) = max

[(
p−w

)(
a−αp(t)

)(
λv(t)+γG(t)

)
−
δ

2
A(t)2 +VRv

(
βu(t)− kv(t)

)
+VRG

(
θA(t)−ωG(t)

)]
.

(A.2)
By taking the first-order derivatives of the right-hand side of (A.2) with respect to p and A, and

setting them equal to zero, we can obtain:

p =
a

2α
+

w
2
, A =

θVRG

δ
.

We substitute them into Equation (A.1), then take the first-order derivatives of the right-hand side with
respect to w and u, and set these derivatives equal to zero. From this, we can obtain:

w =
a

2α
, u =

βVFv

b
.
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Substituting the above results into (A.1) and (A.2) and simplifying, we obtain:

ρVD
F (v,G) =

λa2

8α
− kVFvv(t) +

γa2

8α
− ωVFGG(t) +

β2V2
Fv

2b
+
θ2V2

FG

δ
, (A.3)

ρVD
R (v,G) =

λa2

16α
− kVRvv(t) +

γa2

16α
− ωVRGG(t) +

θ2V2
RG

2δ
+
β2V2

Rv

b
. (A.4)

Based on the structure of the aforementioned equations, assume the linear expressions of VD
F (v,G)

and VD
R (v,G) with respect to v and G are as follows:VD

F (v,G) = sD
1 v + sD

2 G + sD
3 ,

VD
R (v,G) = rD

1 v + rD
2 G + rD

3 ,

where both sD
i and rD

i are constants, i = 1, 2, 3.
Replace VF ,VR,VFv,VRv,VFG,VRG in (A.3) and (A.4) with sD

i and rD
i , and after rearrangement, we

can obtain:

VFv =
λa2

8α(ρ + k)
, VFG =

γa2

8α(ρ + ω)
,

VRv =
λa2

16α(ρ + k)
, VRG =

γa2

16α(ρ + ω)
.

Thus, we can obtain:

pD∗ =
3a
4α
, wD∗ =

a
2α
, uD∗ =

βλa2

8αb(ρ + k)
, AD∗ =

γθa2

16αδ(ρ + ω)
.

Substitute

uD∗ =
βλa2

8αb(ρ + k)
, AD∗ =

γθa2

16αδ(ρ + ω)
into

v′(t) = βu(t) − kv(t), G′(t) = θA(t) − ωG(t),

and we can obtain:

vD∗(t) =
[
v0 −

β2λa2

8αbk(ρ + k)

]
e−kt +

β2λa2

8αbk(ρ + k)
,

GD∗(t) =
[
G0 −

θ2γa2

16αδω(ρ + ω)

]
e−ωt +

θ2γa2

16αδω(ρ + ω)
.

Proof of Proposition 2

Under the grain-price subsidy model, the profit functions of farmers and grain enterprises are as
follows:

max πM
F =

∫ T1

0
e−ρt
[
wq(t) −Cu(t)

]
dt +
∫ T

T1

e−ρt
[
wq(t) −Cu(t)

]
dt,

max πM
R =

∫ T1

0
e−ρt
[
(1 + τ1)p − w

]
q(t) −CA(t) dt +

∫ T

T1

e−ρt
[
(p − w)q(t) −CA(t)

]
dt.

Journal of Industrial and Management Optimization Volume 22, Issue 4, 1650–1671.



3

To facilitate calculations, the above formula can be divided into two phases, [0, T1] and (T1, T ], and
the optimal solutions for the two phases can be calculated separately.

The Hamiltonian functions for farmers and grain enterprises are constructed, respectively, based on
optimal control theory:

ρHM
F (v,G) = max

[
w(a−αp(t))(λv(t)+γG(t))−

b
2

u(t)2+HFv(βu(t)−kv(t))+HFG(θA(t)−ωG(t))
]
, (A.5)

ρHM
R (v,G) = max

[[
(1+τ1)p−w

]
(a−αp(t))(λv(t)+γG(t))−

δ

2
A(t)2+HRv(βu(t)−kv(t))+HRG(θA(t)−ωG(t))

]
.

(A.6)
By taking the first-order derivatives of the right-hand side of (A.6) with respect to p and A, respectively,
and setting them equal to zero, we can obtain:

p =
a + αw
α(2 + τ1)

, A =
θHRG1

δ
.

Substituting it into equation (A.5), then taking the first-order derivatives of the right-hand side with
respect to w and u, respectively, and setting them equal to zero, we can obtain:

w =
(1 + τ1)a

2α
, u =

βHFv1

b
.

Substituting the above results into (A.5) and (A.6) and rearranging, we get:

ρHM
F (v,G) =

[
λ(1 + τ1)a2

4α(2 + τ1)
− kHFv1

]
v(t)+

[
γ(1 + τ1)a2

4α(2 + τ1)
− ωHFG1

]
G(t)+

β2H2
Fv1

2b
+
θ2HFG1 HRG1

δ
, (A.7)

ρHM
R (v,G) =

[
λ(1 + τ1)2a2

4α(2 + τ1)2 − kHRv1

]
v(t)+

[
γ(1 + τ1)2a2

4α(2 + τ1)2 − ωHRG1

]
G(t)+

θ2H2
RG1

2δ
+
β2HRv1 HFv1

b
. (A.8)

Based on the structure of the above equations, it is assumed that the linear expressions of HM
F (v,G)

and HM
R (v,G) with respect to v and G are as follows:HM

F (v,G) = sM
1 v + sM

2 G + sM
3 ,

HM
R (v,G) = rM

1 v + rM
2 G + rM

3 ,

where both sM
i and rM

i are constants, i = 1, 2, 3.
Replacing HFv1 ,HFG1 ,HRv1 , and HRG1 in (A.7) and (A.8) with sM

i and rM
i , and rearranging, we can

obtain:

HFv1 = ρs
M
1 =
λ(1 + τ1)a2

4α(2 + τ1)
− ksM

1 , HFG1 = ρs
M
2 =
γ(1 + τ1)a2

4α(2 + τ1)
− ωsM

2 ,

HRv1 = ρr
M
1 =
λ(1 + τ1)2a2

4α(2 + τ1)2 − krM
1 , HRG1 = ρr

M
2 =
γ(1 + τ1)2a2

4α(2 + τ1)2 − ωrM
2 .
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So

HFv1 =
λ(1 + τ1)a2

4α(2 + τ1)(ρ + k)
, HFG1 =

γ(1 + τ1)a2

4α(2 + τ1)(ρ + ω)
,

HRv1 =
λ(1 + τ1)2a2

4α(2 + τ1)2(ρ + k)
, HRG1 =

γ(1 + τ1)2a2

4α(2 + τ1)2(ρ + ω)
.

Thus, we can obtain:

pM∗
1 =

(3 + 2τ1)a
2α(2 + τ1)

, wM∗
1 =

(1 + τ1)a
2α

,

AM∗
1 =

γθ(1 + τ1)2a2

4αδ(2 + τ1)2(ρ + ω)
, uM∗

1 =
βλ(1 + τ1)a2

4αb(2 + τ1)(ρ + k)
.

Substituting uM∗
1 and AM∗

1 into v′(t) = βu(t) − kv(t) and G′(t) = θA(t) − ωG(t), respectively, we can
obtain:

vM∗
1 (t) =

[
v0 −

λβ2(1 + τ1)a2

4αbk(2 + τ1)(ρ + k)

]
e−kt +

λβ2(1 + τ1)a2

4αbk(2 + τ1)(ρ + k)
,

GM∗
1 (t) =

[
G0 −

λθ2(1 + τ1)2a2

4αδω(2 + τ1)2(ρ + ω)

]
e−ωt +

λθ2(1 + τ1)2a2

4αδω(2 + τ1)2(ρ + ω)
.

Similarly, it can be obtained that in Phase (T1, T ]:

pM∗
2 =

3a
4α
, wM∗

2 =
a

2α
, AM∗

2 =
γθa2

16αδ(ρ + ω)
, uM∗

2 =
βλa2

8αb(ρ + k)
,

vM∗
2 (t) =

β2λa2

8αbk(2 + τ1)(ρ + k)
e−k(t−T1) +

[
v0 −

λβ2(2 + τ1)a2

4αbk(2 + τ1)(ρ + k)

]
e−kt +

β2λa2

8αbk(ρ + k)
,

GM∗
2 (t) =

λθ2(3τ2
1 + 4τ1)a2

16αδω(2 + τ1)2(ρ + ω)
e−ω(t−T1) +

[
G0 −

λθ2(1 + τ1)2a2

4αδω(2 + τ1)2(ρ + ω)

]
e−ωt +

γθ2a2

16αδω(ρ + ω)
,

wM∗ =


(1 + τ1)a

2α
, t ∈ [0,T1],

a
2α
, t ∈ (T1, T ],

pM∗ =


(3 + 2τ1)a
2α(2 + τ1)

, t ∈ [0,T1],

3a
4α
, t ∈ (T1, T ],

uM∗ =


λβ(1 + τ1)a2

4αb(2 + τ1)(ρ + k)
, t ∈ [0,T1],

λβa2

8αb(ρ + k)
, t ∈ (T1, T ],

AM∗ =


γθ(1 + τ1)2a2

4αδ(2 + τ1)2(ρ + ω)
, t ∈ [0,T1],

γθa2

16αδ(ρ + ω)
, t ∈ (T1, T ].

At this point, the quality trajectory of grain and the goodwill trajectory of grain enterprises are,
respectively:

v(t)M∗ =


[
v0 −

λβ2(2 + τ1)a2

4αbk(2 + τ1)(ρ + k)

]
e−kt +

λβ2(2 + τ1)a2

4αbk(2 + τ1)(ρ + k)
, t ∈ [0, T1],

β2λa2

8αbk(2 + τ1)(ρ + k)
e−k(t−T1) +

[
v0 −

λβ2(2 + τ1)a2

4αbk(2 + τ1)(ρ + k)

]
e−kt +

β2λa2

8αbk(ρ + k)
, t ∈ (T1, T ],
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G(t)M∗ =


[
G0 −

λθ2(1 + τ1)2a2

4αδω(2 + τ1)2(ρ + ω)

]
e−ωt +

λθ2(1 + τ1)2a2

4αδω(2 + τ1)2(ρ + ω)
, t ∈ [0,T1],

λθ2(3τ2
1 + 4τ1)a2

16αδω(2 + τ1)2(ρ + ω)
e−ω(t−T1) +

[
G0 −

λθ2(1 + τ1)2a2

4αδω(2 + τ1)2(ρ + ω)

]
e−ωt +

γθ2a2

16αδω(ρ + ω)
, t ∈ (T1, T ].

The proof completed.

Proof of Corollary 2

Because

uM∗ =


λβ(1 + τ1)a2

4αb(2 + τ1)(ρ + k)
, t ∈ [0,T1],

λβa2

8αb(ρ + k)
, t ∈ (T1, T ],

we have

∂uM∗

∂λ
=


β(1 + τ1)a2

4αb(2 + τ1)(ρ + k)
> 0, t ∈ [0, T1],

βa2

8αb(ρ + k)
> 0, t ∈ (T1, T ],

∂uM∗

∂k
=


−

λβ(1 + τ1)a2

4αb(2 + τ1)(ρ + k)2 < 0, t ∈ [0, T1],

−
λβa2

8αb(ρ + k)2 < 0, t ∈ (T1, T ].

Similarly, we can obtain:

∂AM∗

∂γ
> 0,

∂πM∗
i

∂λ
> 0,

∂πM∗
i

∂γ
> 0,

∂uM∗

∂b
< 0,

∂πM∗
i

∂k
< 0,

∂πM∗
i

∂ω
< 0, i = F,R.

When t ∈ [0,T1], we have wM∗ =
(1 + τ1)a

2α
, so

∂wM∗

∂τ1
=

a
2α
> 0.

Similarly, it can be obtained that when t ∈ [0,T1], we have

∂pM∗

∂τ1
> 0,

∂AM∗

∂τ1
> 0,

∂uM∗

∂τ1
> 0,

∂πM∗
i

∂τ1
> 0,

∂πM∗
i

∂T1
> 0, i = F,R.

The proof completed.

Proof of Corollary 3

When t ∈ [0,T1], we have

wM∗ − wN∗ =
(1 + τ1)a

2α
−

a
2α
=
τ1a
2α
> 0,

so wM∗ > wN∗, and

uM∗ − uN∗ =
λβ(1 + τ1)a2

8αb(ρ + k)
−

λβa2

8αb(ρ + k)
=
λβτ1a2

8αb(ρ + k)
> 0.
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Thus, we can obtain uM∗ > uN∗.
Meanwhile, since

AM∗ − AN∗ =
γθ(1 + τ1)a2

16αδ(ρ + ω)
−

γθa2

16αδ(ρ + ω)
=

γθτ1a2

16αδ(ρ + ω)
> 0,

then AM∗ > AN∗.

v(t)M∗ − v(t)N∗ =


λβ2a2τ1

8αbk(ρ + k)

(
1 − e−kt

)
, t ∈ [0,T1],

λβ2a2τ1

8αbk(ρ + k)
ekT1 , t ∈ (T1, T ],

G(t)M∗ −G(t)N∗ =


λθ2τ1a2

16αδω(ρ + ω)
(
1 − e−ωt) , t ∈ [0,T1],

λθ2τ1a2

16αδω(ρ + ω)
eωT1 , t ∈ (T1, T ].

Thus, v(t)M∗ − v(t)N∗ > 0 and G(t)M∗ −G(t)N∗ > 0, that is, v(t)M∗ > v(t)N∗ and G(t)M∗ > G(t)N∗.
The proof completed.

Proofs of Propositions 3 and 4

These are the same as the proofs of Propositions 1 and 2 above, and they will not be repeated here.

Proof of Corollary 5

Because
wS ∗ − wN∗ =

a
2α
−

a
2α
= 0,

wS ∗ = wN∗. Similarly, it can be obtained that pS ∗ = pN∗ and AS ∗ = AN∗.
Because

v(t)S ∗ − v(t)N∗ =
β2λa2τ2

8αbk(1 − τ2)(ρ + k)

(
1 − e−kt

)
> 0,

πS ∗
F − π

N∗
F =

β2λ2a4

128bα2(1 − τ2)(ρ + k)2 −
β2λ2a4

128bα2(ρ + k)2 > 0,

so v(t)S ∗ > v(t)N∗ and πS ∗
F > π

N∗
F . Similarly, it can be obtained that πS ∗

R > π
N∗
R .

Proof of Corollary 6

Because

wM∗ − wS ∗ =


τ1a
2α
> 0, t ∈ [0, T1],

0, t ∈ (T1, T ],

then wM∗ ≥ wS ∗. Similarly, we have pM∗ ≥ pS ∗ and AM∗ ≥ AS ∗.
We can easily obtain:

uS ∗ − uM∗ =
β2λa2

8αbk(ρ + k)
·

(1 + τ1)τ2 − τ1

1 − τ2
.
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According to Figure A1, we know that uS ∗ ≥ uM∗.

Figure A1. Legend of the figure.

So, we can also get: v(t)S ∗ > v(t)M∗.
Because[

λa2

8α(ρ + k)
v0 +

γa2

8α(ρ + ω)T
G0

]
(1 + τ1)(T + T1)

T
>

λa2

8α(ρ + k)
v0 +

γa2

8α(ρ + ω)T
G0,

[
β2λ2a4

128bα2(ρ + k)2 +
θ2γ2a4

128δα2(ρ + ω)2

]
(1 + τ1)2(T + T1)

T
>

β2λ2a4

128bα2(1 − τ2)(ρ + k)2 +
θ2γ2a4

128δα2(ρ + ω)2 ,

then πM∗
F > π

S ∗
F .

Proof of Corollary 7

When τ2 = τ3, we have

uH∗

uS ∗ =

1 + τ4, t ∈ [0,T2],

1, t ∈ (T2, T ].

v(t)H∗ − v(t)S ∗ =


λβ2τ4a2

8αbk(1 − τ3)(ρ + k)

(
1 − e−kt

)
, t ∈ [0, T2],

λβ2τ4a2

8αbk(1 − τ3)(ρ + k)
e−kt +

β2λa2τ4

8αbk(1 − τ3)(ρ + k)
e−k(t−T2), t ∈ (T2, T ],

so uH∗ ≥ uS ∗, v(t)H∗ > v(t)S ∗.
Similarly, it can be obtained that πH∗

R > π
M∗
R .
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