JIMO, 22(4): 1650-1671.
DOI:10.3934/jim0.2026061

é%\% Journal of Industrial and Received: 04 January 2026
@ Management Optimization Revised: 19 February 2026
Accepted: 28 February 2026
https://www.aimspress.com/journal/jimo Published: 10 March 2026
Opinion paper

Dynamic analysis of subsidies for reducing farmers’ grain storage losses

JianHua Wang* and Xing Huang
School of Business, Jiangnan University, Jiangsu 214122, China

* Correspondence: Email: jianhua.w@jiangnan.edu.cn; Tel: 18251549736.

Appendix

Proof of Proposition 1

According to optimal control theory, we denote the optimal profit functions of small-scale farmers
and grain enterprises as follows:

JE,G) = e VEW,G), JEW,G) = e 'VEW,G).

Moreover, for any v > 0 and G > 0, the following Hamilton—Jacobi-Bellman (HJB) equation are
satisfied:

b
pVE(v,G) = max [w(a —ap®))(Av(@)+yG(1))— Eu(t)2 + Vi (Bu(t) —kv(t)) + Vig(0A(t) — wG(t))], (A.1)

PVR (W, G) = max |(p—w)(a - ap(®))(Av(t) + yG (1)) - gA(r)2 + Veo(Bu(t) = kv(1)) + Va(6A(H) — wG(0))
(A.2)
By taking the first-order derivatives of the right-hand side of (A.2) with respect to p and A, and
setting them equal to zero, we can obtain:
p= a + V_V, A= Vg
20 2 0
We substitute them into Equation (A.1), then take the first-order derivatives of the right-hand side with
respect to w and u, and set these derivatives equal to zero. From this, we can obtain:

a ﬁVFv

"2 YT

w
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Substituting the above results into (A.1) and (A.2) and simplifying, we obtain:

/laz ’)/(12 2v2 92‘/2
VPW,G) = == — kVp (1) + —— — wVpcG(t) + —2 + — LG A3
pVE(,G) . FoV(t) o, ~wVrG (1) 5 5 (A.3)
Aa® ya* 6*vi. BV2
VP, G) = —— — kVi,(f) + — — wVpeG(r) + —26 4 =& A4
pVe(v,G) 6o rRoV() o~ @Vre (1) o5 5 (A.4)

Based on the structure of the aforementioned equations, assume the linear expressions of V2 (v, G)
and VI? (v, G) with respect to v and G are as follows:

VIQ(V,G) = s?v + ng + s?,
VW, G) =rPv+r)G + 1y,
where both s” and r? are constants, i = 1,2, 3.

Replace Vi, Vi, Vi, Vi, Vig, Vi in (A.3) and (A.4) with sl.D and rl.D , and after rearrangement, we
can obtain:

Ve = Aa® Voo = yva?
7 8ap+ k) 7 Balp + w)
Ve, Aa? ya?

=" Veg=—.
16a(p + k) R~ 16a(p + w)

Thus, we can obtain:

3 Aa® 0a®
pD* — _a, WD* — i’ uD* — ﬁ a , AD* — 7 a )
4a 2a 8ab(p + k) 16ad6(p + w)
Substitute
D __ ﬁ/laz AD* _ ygaz
~ 8ab(p + k)’ ~ 16a6(p + w)
into

V(1) = Bu(t) — kv(t), G'(t) = 0A(r) — wG(D),

and we can obtain:

0" Rabk(p + k) 8abk(p + k)’
92 2 02 2
G (1) = |G- — ey — L
16adw(p + w) 16adw(p + w)

Proof of Proposition 2

Under the grain-price subsidy model, the profit functions of farmers and grain enterprises are as
follows:

T T
max 7y = f e ""[wq(r) — C,(1)]dt + f e "'[wq(t) — C,(1)]dr,
0

T,

T T
max my = f e ”"[(1 +1)p — wlq(t) — Ca(t) dt + f e "'[(p — w)qt) — C4(2)]dkt.
0

T
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To facilitate calculations, the above formula can be divided into two phases, [0, 7] and (T}, T], and
the optimal solutions for the two phases can be calculated separately.

The Hamiltonian functions for farmers and grain enterprises are constructed, respectively, based on
optimal control theory:

b
PHy! (v, G) = max [w(a—ap)(D)+yG(0) = 5u(t) + Hp,(Bu(t)~kv(0)+ Hra(0AD) ~wG1)]. (A.5)

0
pHY (v, G) = max [[(1+Tl)P—W](a—ap(t))(/lV(t)+’yG(t))—EA(t)z+HRV(Bu(t)—kV(t))+HRG(9A(I)—wG(t))]-
(A.6)
By taking the first-order derivatives of the right-hand side of (A.6) with respect to p and A, respectively,
and setting them equal to zero, we can obtain:
a+aw 3 OHgg,

=TT 4
P= o+ 5

Substituting it into equation (A.S), then taking the first-order derivatives of the right-hand side with
respect to w and u, respectively, and setting them equal to zero, we can obtain:

W (1+71)a = BHp,,
20 b

Substituting the above results into (A.5) and (A.6) and rearranging, we get:

A0 + 1))d® y(1 +11)a? *He  6*Hpg, Hy
M _ TN - SN 1 1 1
pHY(v,G) = [4a(2 o kHpy, | V(1) + I wHrg, | G(1)+ — =+ : . (A7)
A1 + 1) vl +11)%a® 6’Hy;,  B2Hg, Hry
HY1,G) = | 5— Y kHp, v +| ——L " — wHe | G+ Ly T (AL
PHE (. G) [4a(2+71)2 r (VO g e~ OHra | GO+ 55 b (A-8)

Based on the structure of the above equations, it is assumed that the linear expressions of H 24 W, G)
and H Izg (v, G) with respect to v and G are as follows:

{H%(v, G) = sy'v+s)YG + sY,

M _ M M M
Hy(v,G)=r{v+ryG+ry,

where both s and r¥ are constants, i = 1,2, 3.
Replacing Hp,,, Hpg,, Hry,, and Hgg, in (A.7) and (A.8) with sf” and rlM, and rearranging, we can
obtain:

M Al + 1))a? Mo y(1+71)a2 M

Hp,, = = — ks, Hpg, = = — wsY,
e T R Fo =P = vy O
Al + 1))%a? y(1 +1))%a?
Hpy, =pr = ————"— —kr¥, Hyg, =pryt = ——F— — i,
R =PI = g2+ Ko =P = g+ O
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So
Al +1))d?

Hp, = ,
T 402 + 1) (o + )
Al + 1))%a?
4a2 +1)%p + k)’

HRV1 =

Thus, we can obtain:
w3 +21)a

Pr = 52+
AM* _ 70(1 + T1)2a2
b 4082 + 1) + )

HRG] =

v(1 + 7'1)a2

H = ,
Fe 4a2 + 11)(p + w)

y(1 +1))%a?
4a2 + 1) + w)’

w. (Lt Ta
b 2a
uM* _ ﬁ/l(l +Tl)a2

b 4abQ + 1)+ k)

b

Substituting u¥"* and AY* into v'(r) = Bu(r) — kv(r) and G’(¢) = 6A(t) — wG(2), respectively, we can

obtain:

A2+ 1))a?

vzlw*(t) = [vo -

4abk(2 + 11)(p + k)
A2 (1 + 1))%a?

4abk2 +11)(p + k)’
A%(1 + 11)%d?

] iy A6 + 1))a?

—wt

G = [GO -

M 3(1 M a M —
27 16ad(p + w)’

p2 - @, W2 E’

ﬁQ/laQ
Sabk(2 + 11)(p + k)

—k(t-=T1) +

(1) =

AG* (371 + 471))d?
16ad6w(2 + 71)%(p + w)

—w(t-Tp) +

Gy (1) =

(I1+71y)a

Mx« __ 2a/
a

2
AB( + 1))a?
e _ | Bab@ + T+ R)
ABa®
8ablp + k)’

t€[0,T4],

2

te (T, T],

re [07 Tl]’

te(T,,T],

40602 + 112 +w) |
Similarly, it can be obtained that in Phase (7, T']:

Vo

T Gadsw2 + 1)Xp + w)] e’

4adw2 + 1) + w)

y6a? . BAa?
Uy =——
27 8ab(p + k)

ﬁz/l(lz

AR 2+ 1))a?
Babk(p + k)’

4abk(2 + 11)(p + k)

—kt

v6*a?
16adw(p + w)’

A%(1 + 1))%a?

B+ 21))a
pM* — 22 + Tl),
3—0, te(T,,T],
dar
y0(1 + 71)*a?
4ad(2 + 1) + w)’
y6a?
16ad(p + w)’

re [09 Tl]a

re [0’ Tl]’

AM* —
te (T, TI.

At this point, the quality trajectory of grain and the goodwill trajectory of grain enterprises are,

respectively:

A2 + 1))a? »

A2 + 1))a?

re [0, T]]a

Y07 4abk2 + ) + k)

M _
T = A

4abk(2 + 1) + k)’
822 + 1))a? kt
e

,82/1612

—k(t=Ty) + |vg —

8abk(2 + 1,)(p + k)

Journal of Industrial and Management Optimization

4abk(2 + 11)(p + k)

_PAY e, T
sabk(p+ iy | €T
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A62(1 + 11)%d? B A62(1 + 11)%d?
0~ D) wr D) s re [Oa T1]9
GO = 4adw2 + 11)*(p + w) 46w 2 + 11)*(p + w)
= 2022 2 2 2.2 2 2
AG°(37y +471)a 10 4 | Gy — A0°(1 + 11)%a ot y6*a re(TLTL.
16a6w(2 + 11)%(p + W) 4adw2 + 11)*(p + w) 16adw(p + w)
The proof completed.
Proof of Corollary 2
Because )
1+
WA e 0,1y,
M = 4ab(2 ;— )0 + k)
ABa
_— te(T,,T],
8ab(p + k)’ (7. 7]
we have
B +1))a? AB(1 + 1))a?
0, re[0,T], . - <0, re[0,T4],
ouM* _ ) 4ab2 + 1) + k) > 0. 71 ouM | 4ab2+1)(p +k)? 0.7
EY I Ba’ ok ABa*
— >0, te(T,,T], -— <0, te(T,,T].
8ab(p + k) (11, 11 8ab(p + k)2 (T, T]
Similarly, we can obtain:
OAM* onM* oM~ ouM* oM M
> 0, — >0, : 0, 0, — <0, — <0, i=F,R.
3y o 3y b ok dw :
1+
When ¢ € [0, T;], we have wM* = (2#)62 SO
a
owM*  a
=—>0.
oty 2«
Similarly, it can be obtained that when ¢ € [0, T';], we have
opM* OAM* ouM* M M
>0, >0, >0, L >0, ‘>0, i=FR.
ot o1, o, o, ar, :
The proof completed.
Proof of Corollary 3

When ¢ € [0, T;], we have

M

SO W N

and

M
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Ne _ ABA + 1y)a? B

ve (+T))a a T14
w = — = —
2a 20 2a

M+

> 0,

ABa®>  ABria’ .
Sab(p +k)  Sab(p + k)

8ab(p + k)
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Thus, we can obtain u™* > u™*.

Meanwhile, since

qMe gm0 T ya? yona*

_ - 0
1606(p + @) 16a0(p + @)  16adp+ @)

then AM* > AN*,

wZaZTl .

— (1 —-e™), te[0,T],
v |Rabkprp 1), rel0T
vy =) = 5 5

Mekﬂ’ te(T,,T],
8abk(p + k)

/162 2
Tadap oy (|~ 10T

G(I)M* _ G(l_)N* — 1 0; ) w

&ewﬂ te(T,,T).
16adw(p + w)

Thus, v(t)"* — v(H)¥* > 0 and G(OM* — G()¥* > 0, that is, v()™* > v()™* and GOM* > G()"*.
The proof completed.

Proofs of Propositions 3 and 4

These are the same as the proofs of Propositions 1 and 2 above, and they will not be repeated here.

Proof of Corollary 5
Because u a
Sx _ iV = —_—— — =
e 2 2a
wS* = wh*. Similarly, it can be obtained that p5* = p"* and AS* = A"
Because S,
S N ﬁ Aa T2 —kt
> —v()"" = 1- > 0,
v v = kT — 1)+ 1) (1-e)
| 2 124 2 124
st — pla pla > 0,

T 128ba2(1 - t)(p + k2 128ba2(p + k)2

so v(t)S* > v()™* and 7§ > )", Similarly, it can be obtained that 715" > 7}*.

Proof of Corollary 6

Because T
=50, telo,Ty],
WM* _ WS* — 20/

0, re (TI’T]’

then w* > wS*. Similarly, we have p”* > pS* and AM* > AS*,
We can easily obtain:
Sx M Bz/laz I+t — 14
T 8abk(p+k)  1-12
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According to Figure A1, we know that u°* > u™*.

Figure Al. Legend of the figure.

So, we can also get: v(£)S* > v(r)M*.

Because
Aa? 2 1 T+T Aa? 2
a Vo + Ya . (I+7)T+T) S a - ya Go.
8a(p + k) 8a(p + w)T T 8a(p + k) 8a(p + w)T
BPA%at N *y*a* (1+1)XT+T) S BrA%at N *y*a*
128ba%(p + k)> 128522 (p + w)? T 128ba%(1 — 15)(p + k)2 1286a%(p + w)?’
then )* > 3.
Proof of Corollary 7
When 7, = 73, we have
MH* 1+ T4, re [O’ T2]7
w1, t € (T T).
A 2 2
p s (1-e™), t € 10,7,

8abk(1l — 13)(p + k)

2 2 2 2
Apraa e 4 PAT e e (T,
8abk(1 — 73)(p + k) 8abk(1 — 3)(p + k)

V(I)H* _ V(t)s* —

so u™ > uS*, v(t)** > v(t)>*.
Similarly, it can be obtained that 75* > 74,
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