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Appendix A Proof of Theorem 3.1

First, we perform a simplification on the LBS exercise region A in (2.2):

n+m

A={w: ) bin(SAT) = ) bin(S(T)) = In(L))
i=1

i=n+1
where L = a - f(by)/f(by), and b, = [1,1,---,1,0,---,0], b, =[0,0,---,0,1,---,1].

Then, we proceed to handle the following expectations: Gy = Eg[/(A)] and G, = Eg[S«(T)I(A)],
k=1,2,---,n+ m. Eg[I(A)] is naturally interpreted as a probability Q(A). For expectations like
EqlSi(T)I(A)], we apply the measure change technique to handle them. We introduce a list new prob-
ability measure Q; which is defined by

EqlI(B)S ()]
Eq[S«(T)]
for any event B € F7. Then, the moment-generating function of underlying asset returns under Qy:

Qu(B) =

v gms iy BolSk(T)eXE 4D f( + ey)
fih) = Bo [T s = 2204 - fore)
EolS«(T)] fler)
where e = [0,0,---,1,0,---,0]. Then, with Proposition 2.1,we have
Go=Q(A) =¥, D), fow) = f(ub)e™®"" S,

Gy = Eg[S«(MIQ(A) = S0 ™4 (D),  fulu) = f(ub + e )e“orenSO=T,
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Appendix B Proof of Theorem 4.1

We need to calculate the following expectations: G = Eq[I(A,7 > T)] and G = Eq[S«(T)I(A, T >
)], k=1,2,--- ,n+ m. We introduce new probability measures Q; and Qy, which are defined by

EqlI(B)I(t > T)] QUB) = EolI(B)I(t > T)S«(T)]
Egll(r>T)] ~ k EglI(r > T)S«(T)]

Qu(B) =
Then, in conjunction with Proposition 2.1,
Gy = Eg[I(r > )] - Qy(A) = £/0,-D¥y(D), G = Eq (x> TIS((T)] - Q4(A) = f(ex, ~D¥ (D).
Appendix C Proof of Theorem 4.2

We need to calculate the following expectations:

G} = EglI(A, V(T) > D)1, G = Bg[Su(T)I(A, V(T) > D],

Gy = EglI(A°, V(T) > D), Gy = EolSW(T)I(A, V(T) > D)),

G = Eo[V(DIA,V(T) < D), Gy = Bo[S«(T)V(T)I(A, V(T) < D),
Gy = Bo[V(DI(AS, V(T) < DY), G = BolS(T)V(DI(A, V(T) < D*)].

We present the following proposition to compute the probability for a two-dimensional random
variate, which is a variant of standard probability theory (see, e.g., [1]).

Proposition C.1. Let g(-,-) be the joint moment-generating function of X and Y, and let there exist
constants x and y; then based on the standard probability theory, we can calculate the joint probability
of X exceed x and Y exceed y as follows:

1 1
QX >x,Y>y) = EQ(X > x) + EQ(Y > y) — Hy(x,y),

where

_ltlx ity 1,1t —it| x+ityy it , —it
Hy(x,y) = f f Re(’ g(in lz)) Re(’ g(in 12))dt1dt2.
2n 2m2 hi hit,

We introduce a list of new probability measures as follows for k = 1,2,--- ,n + m:

Eo[V(T)I(B)] s oo EolSK(TV(DI(B)]
Qv’k(B) -
Eql[S«(THV(T)]

Eoll(B)S (T
MBS

S(B) = , =
UB =g s - @ EoV(T)]

For convenience, we introduce the following auxiliary functions:

£, 12) = F(ity b ity)e 1o MSO-innvO),
£t 1) = fo(ityb + ey, ity)ebren NSO/ T=in Vo),
Fitn i) = f2(inyb, ity + 1)e OISO In(VO)-T
fl(t1, 1) = f(ityb + ey, ity + 1)e 10REON-InVO) ps(e, 1),
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Then, with the measure change technique, we have

G = QA,V(T) > D*) = %GO + %‘P ss00(D) — Hp(L, D),

G = Qi(A,V(T) > D") = %Gk + %Sk(O)e’T‘I’ﬁ(o,.)(D) - Hp(L, D),

Gy = QA V(T) > D) = %(1 - Go) + %‘Pf;;(o,o(ﬁ) — Hps. (L, D),

Gy = QA V(T) > D*) = %(Sk«))e” -G+ %SAO)erT%f(o,.)(D) — Hpo(=L. D),

Gy = Q(A,V(T) < D*) = %V(O)erT\Pf(;’(~,O)(il) + %V(O)e’T‘Pfg(o,-o(—lAJ) — Hpy (L, -D),

G =Q A V(T <D) = %fs(ek, D¥ oD + %fs(ek, DY jr0-y(=D) = Hpr. (L, D),

Gy =QAV(T)<D") = %(V(O)erT - leg(-,O)(lAz)) + %(V(O)eﬁ - lI'fov(o,—~)(—l§)) - Hfg’(—~,—~)(_f" -D),
G} = QA V(T)< D) = %(f“(ek, D= ¥peod) + %(fs(ek, D = ¥g0-9(=D) = Hy. (=L, =D,

(C.1)
where D = In(D*)/ In(V(0)).

Appendix D Some functions

o 5 V&2 e TN
h(w) = ( — )7 exp(X(O)] > N D,
1— Va?-20 z//+ar(1 _ eT\/‘m) o 1 ar-202 zp+a/(1 \/m)
a?-202y Va?- 20’2w
u u 1
guli) = exp(EEW0) = 1) + BB v+ 2021 = )+ P (v s 2021 - ) + By, 0)),

1/ 20'kv + )T 27k 2 ,/ 20'kv + 1 ol Vai- 2a'k MD.1

&, v) = l 1+
2 - 202y
4
N 20'kv + ak (u— = _jakvwk T \ag-207py
Yi(u,v) = - = k=0,1,---,n+m
1+7k(u e
k (l’k (r v
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n+m

Hy(¢, ) = Z GlinS ((0) + rT — %ﬁko-kT] +y[InV(0) + rT — %ﬂ% oo T,

129202 2
Hi($,¥) = eg[ZTT ¢r020 T +2 2L @it 00 jokp i T+ 39 05500 T +irdoPooo LiZY' ¢k79k0'kPkT’

Hy(p,¥) = e—mp(ZZI'f’ BWBx+YBa* (0)+02T1+A(w1 w),w3)

n+m n+m

w = - —p(Z BB + UBo) —(Z BB} + ;) + (1 ~-p )(Z BiBr + UBo)’,

n+m n+m

P(Z OB + YBo),

_ 4 %(Z B+ B0, ws =

a a

A(wy, wy, w3) = Bgle™ i a0di-ws [ a(l)dt+w3a2(T)] = o1h1a0)+A2a(0)+A3

63 ,sinh(6,T) + 6, cosh(6,T)

028, “cosh(6,T) + &, 31nh(61T)

| sinh(6;T) + &, cosh(6,T)
A= _2(Ka — 01 -
o2 cosh(6,7T) + 6, sinh(6,7)
1 k10,01 — 620
A, = (k 1 2 3) Kae ) +
026, cosh(6,T) + &, sinh(6,T)
Ay = -2 ~ In(cosh(317) + 6 sinh(s, ) LG
= —— + + — "
3 n(cos 1 2 S1N 1 2K 20‘25?

(Kag 51 5253)53( COSh((SlT) -1
0'257’ COSh(é‘lT) + 0, sinh(61 T) ’

1
01 = J202w + K2, O, = 5—(/(0 - 202 “w3), 03 = K29 - o? W)
1

cosh(6,T) + 6 sinh(6,T)

References

1

(D.2)

N. G. Shephard, From characteristic function to distribution function: a simple framework for the
theory, Econom. Theory, 7 (1991), 519-529. https://doi.org/10.1017/S0266466600004746

@ AIMS Press

©2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

Journal of Industrial and Management Optimization Volume 22, Issue 4, 1629-1649.


https://doi.org/10.1017/S0266466600004746
https://creativecommons.org/licenses/by/4.0

	Appendix Proof of Theorem 3.1
	Appendix Proof of Theorem 4.1
	Appendix Proof of Theorem 4.2
	Appendix Some functions

