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Appendix A Proof of Theorem 3.1

First, we perform a simplification on the LBS exercise region A in (2.2):

A =
{
ω :

n∑
i=1

biln
(
S i(T )

)
−

n+m∑
i=n+1

biln
(
S i(T )

)
≥ ln(L)

}
,

where L = a · f (b1)/ f (b2), and b1 = [1, 1, · · · , 1, 0, · · · , 0], b2 = [0, 0, · · · , 0, 1, · · · , 1].
Then, we proceed to handle the following expectations: G0 = EQ[I(A)] and Gk = EQ[S k(T )I(A)],

k = 1, 2, · · · , n + m. EQ[I(A)] is naturally interpreted as a probability Q(A). For expectations like
EQ[S i(T )I(A)], we apply the measure change technique to handle them. We introduce a list new prob-
ability measure Qk which is defined by

Qk(B) =
EQ[I(B)S k(T )]
EQ[S k(T )]

for any event B ∈ FT . Then, the moment-generating function of underlying asset returns under Qk:

fk(ϕ) = EQk[e
∑n+m

i=1 ϕilnS i(T )] =
EQ[S k(T )e

∑n+m
i=1 ϕilnS i(T )]

EQ[S k(T )]
=

f (ϕ + ek)
f (ek)

,

where ek = [0, 0, · · · , 1, 0, · · · , 0]. Then, with Proposition 2.1,we have

G0 = Q(A) = Ψ f0(L̂), f0(u) = f (ub)e−ub·ln(S(0)),

Gk = EQ[S k(T )]Qk(A) = S k(0)erTΨ fk(L̂), fk(u) = f (ub + ek)e−(ub+ek)·ln(S(0))−rT .
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Appendix B Proof of Theorem 4.1

We need to calculate the following expectations: Gr
0 = EQ[I(A, τ > T )] and Gr

k = EQ[S k(T )I(A, τ >
T )], k = 1, 2, · · · , n + m. We introduce new probability measures Qr

0 and Qk, which are defined by

Qr
0(B) =

EQ[I(B)I(τ > T )]
EQ[I(τ > T )]

, Qr
k(B) =

EQ[I(B)I(τ > T )S k(T )]
EQ[I(τ > T )S k(T )]

.

Then, in conjunction with Proposition 2.1,

Gr
0 = EQr

0
[I(τ > T )] · Qr

0(A) = f r(0,−1)Ψ f r
0
(L̂), Gr

k = EQr
k
[I(τ > T )S k(T )] · Qr

k(A) = f r(ek,−1)Ψ f r
k
(L̂).

Appendix C Proof of Theorem 4.2

We need to calculate the following expectations:

Gs
0 = EQ[I(A,V(T ) > D∗)], Gs

k = EQ[S k(T )I(A,V(T ) > D∗)],
Gsc

0 = EQ[I(Ac,V(T ) > D∗)], Gsc
k = EQ[S k(T )I(Ac,V(T ) > D∗)],

Gsv
0 = EQ[V(T )I(A,V(T ) ≤ D∗)], Gsv

k = EQ[S k(T )V(T )I(A,V(T ) ≤ D∗)],
Gsvc

0 = EQ[V(T )I(Ac,V(T ) ≤ D∗)], Gsvc
k = EQ[S k(T )V(T )I(Ac,V(T ) ≤ D∗)].

We present the following proposition to compute the probability for a two-dimensional random
variate, which is a variant of standard probability theory (see, e.g., [1]).

Proposition C.1. Let g(·, ·) be the joint moment-generating function of X and Y , and let there exist
constants x and y; then based on the standard probability theory, we can calculate the joint probability
of X exceed x and Y exceed y as follows:

Q(X > x,Y > y) =
1
2
Q(X > x) +

1
2
Q(Y > y) − Hg(x, y),

where

Hg(x, y) =
1

2π2

∫ ∞

0

∫ ∞

0
Re(

e−it1 x−it2yg(it1, it2)
t1t2

) − Re(
e−it1 x+it2yg(it1,−it2)

t1t2
)dt1dt2.

We introduce a list of new probability measures as follows for k = 1, 2, · · · , n + m:

Qs
k(B) =

EQ[I(B)S k(T )]
EQ[S k(T )]

, Qs
v(B) =

EQ[V(T )I(B)]
EQ[V(T )]

, Qs
v,k(B) =

EQ[S k(T )V(T )I(B)]
EQ[S k(T )V(T )]

.

For convenience, we introduce the following auxiliary functions:

f s
0 (t1, t2) = f s(it1b, it2)e−it1b ln(S(0))−it2 ln(V(0)),

f s
k (t1, t2) = f s(it1b + ek, it2)e−(it1b+ek) ln(S(0))−rT−it2 ln(V(0)),

f v
0 (it1, it2) = f s(it1b, it2 + 1)e−it1b ln(S(0))−(it2+1) ln(V(0))−rT ,

f v
k (t1, t2) = f s(it1b + ek, it2 + 1)e−it1b ln(S(0))−it2 ln(V(0))/ f s(ek, 1).
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Then, with the measure change technique, we have

Gs
0 = Q(A,V(T ) > D∗) =

1
2

G0 +
1
2
Ψ f s

0 (0,·)(D̂) − H f s
0
(L̂, D̂),

Gs
k = Q

s
k(A,V(T ) > D∗) =

1
2

Gk +
1
2

S k(0)erTΨ f s
k (0,·)(D̂) − H f s

k
(L̂, D̂),

Gsc
0 = Q(Ac,V(T ) > D∗) =

1
2

(1 −G0) +
1
2
Ψ f s

0 (0,·)(D̂) − H f s
0 (−·,·)(−L̂, D̂),

Gsc
k = Q

s
k(A

c,V(T ) > D∗) =
1
2

(S k(0)erT −Gk) +
1
2

S k(0)erTΨ f s
k (0,·)(D̂) − H f s

k (−·,·)(−L̂, D̂),

Gsv
0 = Q

s
v(A,V(T ) ≤ D∗) =

1
2

V(0)erTΨ f v
0 (·,0)(L̂) +

1
2

V(0)erTΨ f v
0 (0,−·)(−D̂) − H f v

0 (·,−·)(L̂,−D̂),

Gsv
k = Q

s
v,k(A,V(T ) ≤ D∗) =

1
2

f s(ek, 1)Ψ f v
k (·,0)(L̂) +

1
2

f s(ek, 1)Ψ f v
k (0,−·)(−D̂) − H f v

k (·,−·)(L̂,−D̂),

Gsvc
0 = Q

s
v(A

c,V(T ) ≤ D∗) =
1
2

(V(0)erT − Ψ f v
0 (·,0)(L̂)) +

1
2

(V(0)erT − Ψ f v
0 (0,−·)(−D̂)) − H f v

0 (−·,−·)(−L̂,−D̂),

Gsvc
k = Q

s
v,k(A

c,V(T ) ≤ D∗) =
1
2

( f s(ek, 1) − Ψ f v
k (·,0)(L̂)) +

1
2

( f s(ek, 1) − Ψ f v
k (0,−·)(−D̂)) − H f v

k (−·,−·)(−L̂,−D̂),
(C.1)

where D̂ = ln(D∗)/ ln(V(0)).

Appendix D Some functions

h(ψ) =
( eT

√
α2−2σ2ψ+α

2

1 −
√
α2−2σ2ψ+α
√
α2−2σ2ψ

(1 − eT
√
α2−2σ2ψ)

) 2γ
σ2 exp

(
X(0)
[ √α2 − 2σ2ψ + α

σ2 −

√
α2−2σ2ψ+α

σ2 eT
√
α2−2σ2ψ

1 −
√
α2−2σ2ψ+α
√
α2−2σ2ψ

(1 − eT
√
α2−2σ2ψ)

])
,

gk(u, v) = exp
(
−

uρk

σk
(Yk(0) − γkT ) + ϕk(

uρk

σk
, ν +

1
2

u2(1 − ρ2
k) +

uρkαk

σk
) + ψk(

uρk

σk
, ν +

1
2

u2(1 − ρ2
k) +

uρkαk

σk
)Yk(0)

)
,

ϕk(u, ν) =
(
√
α2

k − 2σ2
kν + αk)γkT

σ2
k

−
2γk

σ2
k

ln
(
1 +

σ2
k

2
(u −

√
α2

k − 2σ2
kν + αk

σ2
k

)
1 − eT

√
α2

k−2σ2
kν√

α2
k − 2σ2

kν

)
,

ψk(u, ν) =

√
α2

k − 2σ2
kν + αk

σ2
k

+
(u −

√
α2

k−2σ2
kν+αk

σ2
k

)eT
√
α2

k−2σ2
kν

1 + σ2
k

2 (u −
√
α2

k−2σ2
kν+αk

σ2
k

) 1−eT
√

α2
k−2σ2

k ν

√
α2

k−2σ2
kν

, k = 0, 1, · · · , n + m.

(D.1)
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H0(ϕ, ψ) =
n+m∑
k=1

ϕk[lnS k(0) + rT −
1
2
ϑ2

kσ
2
kT ] + ψ[lnV(0) + rT −

1
2
ϑ2

0σ
2
0T ],

H1(ϕ, ψ) = e
1
2 [
∑n+m

k=1 ϕ
2
kϑ

2
kσ

2
kT+2

∑n+m
j,k=1 ϕ jϕkϑ jϑkσ jσkρ jkT ]+ 1

2ψ
2ϑ2

0β
2
0σ

2
0T+ψϑ0β0σ0

∑n+m
k=1 ϕkϑkσkρkT ,

H2(ϕ, ψ) = e−
1

2σa
ρ(
∑n+m

k=1 ϕkβk+ψβ0)[a2(0)+σ2
aT ]+A(ω1,ω2,ω3),

ω1 = −[
κ̃a

σa
ρ(

n+m∑
k=1

ϕkβk + ψβ0) −
1
2

(
n+m∑
k=1

ϕkβ
2
k + ψβ

2
0) +

1
2

(1 − ρ2)(
n+m∑
k=1

ϕkβk + ψβ0)2],

ω2 =
κ̃aθ̃a

σa
ρ(

n+m∑
k=1

ϕkβk + ψβ0), ω3 =
1

2σa
ρ(

n+m∑
k=1

ϕkβk + ψβ0),

A(ω1, ω2, ω3) = EQ[e−ω1
∫ T

0 a2(t)dt−ω2
∫ T

0 a(t)dt+ω3a2(T )] = e
1
2 A1a(0)2+A2a(0)+A3

A1 =
1
σ2

a

(
κ̃a − δ1

sinh
(
δ1T
)
+ δ2 cosh

(
δ1T
)

cosh
(
δ1T
)
+ δ2 sinh

(
δ1T
))

A2 =
1

σ2
aδ1

( (
κ̃aθ̃aδ1 − δ2δ3

)
cosh
(
δ1T
)
+ δ2 sinh

(
δ1T
) − κ̃aθ̃aδ1

)
+

δ3

σ2
aδ1

(sinh
(
δ1T
)
+ δ2 cosh

(
δ1T
)

cosh
(
δ1T
)
+ δ2 sinh

(
δ1T
)),

A3 = −
1
2

ln
(
cosh
(
δ1T
)
+ δ2 sinh

(
δ1T
))
+

1
2
κ̃aT +

(
κ̃2

aθ̃
2
aδ

2
1 − δ

2
3
)

2σ2
aδ

3
1

( sinh
(
δ1T
)

cosh
(
δ1T
)
+ δ2 sinh

(
δ1T
) − δ1T

)
+

(
κ̃aθ̃aδ1 − δ2δ3

)
δ3

σ2
aδ

3
1

( cosh
(
δ1T
)
− 1

cosh
(
δ1T
)
+ δ2 sinh

(
δ1T
)),

δ1 =

√
2σ2

aω1 + κ̃2
a, δ2 =

1
δ1

(
κ̃a − 2σ2

aω3
)
, δ3 = κ̃

2
aθ̃a − σ

2
aω2.

(D.2)
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