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Appendix A. The omitted proofs

Appendix A.1. Proof of Theorem 4.2

Proof. Leveraging transformed form (4.1) of uncertainty set (3.7), maXgecod) 2.eeic) chdf can be
presented as follows: (V¢ € [C], V€ € [E),

max [df]" Z¢ (Ala)
dp
s.t. Z Bulpal"1 <6, (A1b)
neo
— @, <W(d—-d™) VYneo0, (Alc)
W(d-d™) <, Vned, (Ald)
where df = (df) and Z¢ = (Zf ) )
< JereC) e Jcre[C]

Introducing dual variables Q4 A,cfc, F,fsc for constraints (Alb)—-(Ald), respectively, the dual of
model (A1) can be presented as follows:

min Z(F‘;f — AETWd™ + &% (A2a)
c&

Q"‘f,/iff,nf’ nel


https://www.aimspress.com/journal/jimo
https://dx.doi.org/10.3934/jimo.2026055

2

st. Y WAL -T%+ ZE =0, (A2b)
ned
A%+ I = Q“B,1 Vne 0, (A2c)
AL T4 eRY O¢eR, VYneo. (A2d)

Given that strong duality holds for the primal-dual pair (A1)-(A2) within the interval 0 < 6 < 1,
constraint (4.2¢) admits a tractable linear representation as follows:

ROX,df) =min ) (ZE+ > (I = A5HTWd™ + o)
ce[C] neo
st. ) WAE - I+ ZE =0,
neo
A+ T% =Q%B,1 Vne O,
A T4 eRY, O¢ecR, Vneo.

Appendix A.2. Proof of Theorem 4.3

Proof. By the proof of Theorem (4.2), we can obtain the equivalent linear system of constraints (4.2d)
as follows:

Z Yic(t) n Z Z(I-'xncfii't_/izfii’t)TWd(n) _'_Qc.fii’tg) < q- Xu(D)
ce[C] ce[C] nel

V(i,i") € [Al, i #1,Vt€[T],

DIWAET - ) + Vi () =0 VG, 7)€ [A], i # 7,V e [T,
nel

AT it — 5l 1 Yne 0, Y(i,i') € [A), i # iVt € [T],
At pesivt ¢ RO Octilt e R Ve 0, V(i 1) € [A], i # 1,V € [T).

Appendix A.3. Proof of Theorem 4.4

Proof. Leveraging transformed form (4.1) of uncertainty set (3.7), mingegd) 2 e(c ch dc can be
presented as follows: (Ve € [C], V€ € [E),

min [d¢]" Z¢ (A3a)
d.p
st Buleal"1 <0, (A3b)
neo
—, <Wd-d™) VYneo, (A3c)
W(d-d") <@, Vneo, (A3d)

where df = (df) and Z{ = (Zg )c el

c’€[C]
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Introducing dual variables Q%, A%, I' for constraints (A3b)—(A3d), respectively, the dual of
model (A3) can be presented as follows:

max ) (I3 = A%)'Wd™ + 0% (Ada)
2 AL I e
st. Y WAL -5+ ZE =0, (Adb)
neo
A+ IT% = Q“B,1 Vne 0, (Adc)
AS T eRY Q¥eR. VneoO. (A4d)

In the case 0 < 6 < 1, strong duality holds between primal problem (A3) and its dual problem (A4).
Thus, constraints (4.21) can be transformed into the following tractable linear system:

ZE+ Y (L = AH'Wd™ + 2%0>0 Ve e[C),
ned

D WAL -T+ ZE=0 VeelC),

ned

A%+ T% = Q%B,1 Vne 0, Ve e[C],

A T¢cRY Q¥ cR. VYne o, YcelC]

Appendix A.4. Proof of Theorem 4.5

Proof. By the proof of Theorem (4.4), we can obtain the equivalent linear system of constraints (4.2j)
as follows:
VE(0) + > (FE — ATWA® + 30 > 0
nec
Y(i,i')e[A], i+, Yce[C], te[T],
D WAE - ) 1+ ¥5, () =0 V.)€ [Al, i # i, Ve €[Cl, te[T],
neo
A+ 1% = Q4B 1 Vne 0, VG, i) e[Al, i #i, Vce[C], te[T],
At pecitt ¢ OOttt e R Ype @, ¥, i) € [A], i # 1, Yc € [C), Yt € [T].

Appendix B. Formulation of the budgeted robust optimization model

In this section, we formulate the budgeted robust optimization model for the intracity express
delivery service problem, which is based on a budgeted uncertainty set.
Construction of budgeted uncertainty set. The fluctuations in demand d are modeled via the

following budgeted uncertainty set:

& =d + Z nE()adi(j), Ve e C, YEE€E: ne ff"}, (BI)

jeJ

-@(d)budgeted = {d
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where d, Ad, and 7 denote the nominal value, the basic shift, and the perturbation vector of d,
respectively, and 2 is the following perturbation set:

# ={n ek [Inlle < 1, Inll; < V2xTog(1/D)}, (B2)

where 1 serves as a regularization parameter that governs the size of uncertainty set (B2).
Formulation of the budgeted robust optimization model. Leveraging budgeted uncertainty set

D(d)pudgered (B1), we can formulate the following budgeted robust optimization model for the intracity
express delivery service problem:

min (3.8a)

s.t. constraints (3.8b)—(3.8e), (3.8h)—(3.8k),
Z chi’c(y") B Z Ygocc(%) =di - Z
el el
Vd € -@(d)budgeteda Yec e [C]’ Vf € [E]’
Z chi/c(TC) - Z YiéchC(TC) - _df + Zf
rel) el

Vd € @(d)budgeted’ VC € [C]’ Vf € [E]
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