
Journal of Industrial and
Management Optimization

https://www.aimspress.com/journal/jimo

JIMO, 22(3): 1440–1463.
DOI:10.3934/jimo.2026053
Received: 19 September 2025
Revised: 26 January 2026
Accepted: 29 January 2026
Published: 27 February 2026

Research article

Referral coordination mechanism for the hierarchical system with Internet
diagnosis platform

Jingyang Wang1, Xiaoyu Wang2, Miao Yu2 and Dandan Yu3,*

1 Information Science and Engineering School, Northeastern University, Shenyang, China
2 School of Management, Shenyang Jianzhu University, Shenyang, China
3 Information Center, The First Affiliated Hospital of Dalian Medical University, Dalian, China

* Correspondence: Email: 182158874@qq.com.

Appendix

Proof of Proposition 1. From the individual rationality constraints, it can be seen that offline potential
first-visit patients choose to enter the GH for consultation if and only if it meets U ≥ 0. When U = 0,
there will be no patients to enter the GH offline, thus, the effective arrival rate is λ1e = (µ1(v−p1/2))/d−
λ2 + φλ2. □

Proof of Proposition 2. Taking the first- and second-order partial derivatives of the total profit function
of the system with respect to φ , we get ∂π/∂φ = (p1 − c1)λ2/2 − φ(p2 − c2)λ2 + (p3 − c3)λ2 −(
2cw

3 (λ3 + φλ2)λ2

)
/µ2, ∂

2π/∂φ2 = −(p1−c1)λ2− (2cw
3λ

2
2)/µ2 < 0. Based on the results of the derivation,

we can conclude that the total profit of the systemis a concave function with respect to φ , according to
∂π/∂φ = 0, is φc =

((
(p1 − c1)/2 + (p3 − c3) − (2cw

3λ3)/µ2

))
/
(
p2 − c2 + (2cw

3λ2)/µ2

)
. □

Proof of Lemma 1. We take the second derivative of π1 and π2 with respect to φ, ∂2π1/∂φ
2 = (c2 −

p2)λ2 < 0, ∂2π2/∂φ
2 = −(2cw

2λ
2
2)/µ2 < 0 yields the result in Lemma 1. □

Proof of Proposition 3. Based on ∂π1/∂φ = 0, and substituting the system optimal treatment threshold
φc, the GH optimal outsourcing price can be obtained as

mp =
1
2

(p1 − c1) − (p2 − c2)φc.

□
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Proof of Proposition 4. By taking the first- and second-order partial derivatives of the objective
function of the CH concerning φ , we can obtain
∂π2/∂φ = (p3 − c3)λ2 + mλ2 − (2cw

3 (λ3 + φλ2)λ2)/µ2, ∂
2π2/∂φ

2 = −(2cw
3λ

2
2)/µ2 < 0. According to

∂π2/∂φ = (p3 − c3)λ2 + mλ2 − (2cw
3 (λ3 + φλ2)λ2)/µ2 = 0, we have

φNP = (µ2(p3 − c3 + m))/(2cw
3λ2) − λ3/λ2.

If φNP < 0, that is, that is, m < (2cw
3λ3)/µ2 − (p3 − c3) , we have φNP = 0; if φNP > 1 , that is,

m > ((λ3 +λ2)2cw
3 )/(nµ2)− (p3 − c3), we have φNP = 1; otherwise, that is, (2cw

3λ3)/µ2 − (p3 − c3) ≤ m ≤
((λ3 + λ2)2cw

3 )/(nµ2) − (p3 − c3) , which implies φNP = (µ2(p3 − c3 + m))/(2cw
3λ2) − λ3/λ2.

□

Proof of Proposition 5. By substituting φNP into the objective function of the GH and taking first- and
second-order partial derivatives concerning m, we can obtain
∂π1/∂m = (1/2)(p1 − c1)λ2(∂φNP/∂m) − φNP(p2 − c2)λ2(∂φNP/∂m) − φNPλ2 − m(∂φNP/∂m)λ2,
∂2π1/∂m2 = −(p2 − c2)(∂φNP/∂m)2λ2 − 2(∂φNP

D /∂m)λ2 < 0. According to
∂π1/∂m = (1/2)(p1 − c1)λ2(∂φNP/∂m) − φNP(p2 − c2)λ2(∂φNP/∂m) − φNPλ2 − m(∂φNP/∂m)λ2 = 0,
we have mNP =(
(p1 − c1)cw

3λ2 − 2(p3 − c3)cw
3λ2 + 2(p2 − c2)cw

3λ3 − (p3 − c3)(p2 − c2)µ2 + (4cw2

3 λ2λ3)/µ2

)
/(4cw

3λ2 +

(p2 − c2)µ2).
When m < (2cw

2λ3)/µ2 − (p3 − c3), that is,
cw

3 >
([

(p1 − c1)λ2 + 2(p3 − c3)λ2 + 2(p2 − c2)(λ3 − λ2)
]
µ2
)
/(4λ2(2λ2 − λ3)), we have

λ1e = (µ1(v − p1/2))/d − λ2, φNP = 0,
m =

([
(p1 − c1)λ2 + 2(p3 − c3)λ2 + 2(p2 − c2)(λ3 − λ2)

]
µ2
)
/(4λ2(2λ2 − λ3)); when

m > ((λ3 + λ2)2cw
3 )/(nµ2) − (p3 − c3), that is,

cw
3 <
([

(p1 − c1)λ2 + 2(p3 − c3)λ2 − 2(p2 − c2)λ2
]
µ2
)
/(4λ2(λ2 + λ3)), we have λ1e = (µ1(v − p1/2))/d,

φNP = 1, m =
([

(p1 − c1)λ2 + 2(p3 − c3)λ2 − 2(p2 − c2)λ2
]
µ2
)
/(4λ2(λ2 + λ3)); when

(2cw
3λ3)/µ2 − (p3 − c3) ≤ m ≤ ((λ3 + λ2)2cw

3 )/(nµ2) − (p3 − c3), that is,
((p1 − c1)λ2 + 2(p3 − c3)λ2 − 2(p2 − c2)λ2)µ2/(4λ2(λ2 + λ3)) ≤ cw

3 ≤

((p1 − c1)λ2 + 2(p3 − c3)λ2 + 2(p2 − c2)(λ3 − λ2))µ2/(4λ2(2λ2 − λ3)), then we have
λ1e = (µ1(v − p1/2))/d − λ2 + φ

NPλ2, φNP = (µ2(p3 − c3 + mNP))/(2cw
3λ2) − λ3/λ2,

mNP =(
(p1 − c1)cw

3λ2 − 2(p3 − c3)cw
3λ2 + 2(p2 − c2)cw

3λ3 − (p3 − c3)(p2 − c2)µ2 + (4cw2

3 λ2λ3)/µ2

)
/(4cw

3λ2 +

(p2 − c2)µ2). □

Proof of Proposition 6. As this proof is similar to that of Proposition 2, it is omitted here. □

Proof of Proposition 7. Based on ∂π1/∂φ = 0 and substituting the system-optimal referral threshold
φC

D, the GH optimal outsourcing price can be obtained to satisfy mp = 1/2(p1 − c1) − (p2 − c2)φC
D. □

Proof of Proposition 8. By taking the first- and second-order partial derivatives of the objective
function of the CH concerning φ,we can obtain ∂π2i/∂φ =

(p3 − c3)λ2/n + miλ2/n − (2cw
3 (λ3i + φλ2/n)λ2/n)/µ2, ∂

2π2i/∂φ
2 = −(2cw

3 ((λ2/n)2))/µ2 < 0.
According to ∂π2i/∂φ = (p3 − c3)λ2/n + miλ2/n − (2cw

3 (λ3i + φλ2/n)λ2/n)/µ2 = 0, we have
φNP

D = (µ2(p3 − c3 + m)n)/(2cw
3λ2) − (nλ3)/λ2.
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If φNP
D < 0, that is, m < (2cw

3λ3)/µ2 − (p3 − c3), we have φNP
D = 0; if φNP

D > 1, that is, m >
((nλ3 +λ2)2cw

3 )/(nµ2)− (p3 − c3),we have φNP
D = 1;if 0 ≤ φNP

D ≤ 1, that is, (2cw
3λ3)/µ2 − (p3 − c3) ≤ m ≤

((nλ3 + λ2)2cw
3 )/(nµ2) − (p3 − c3), we have φNP

D = (µ2(p3 − c3 + m)n)/(2cw
3λ2) − (nλ3)/λ2. □

Proof of Proposition 9. By substituting φNP
D into the objective function of the GH and taking first- and

second-order partial derivatives concerning mi, we can obtain ∂2π′1/∂m
2
i = −(p2 − c2)((∂φNP

D /∂m)2)λ2 −

(1/n)miλ2 − (1/n)(∂φNP
D /∂m)λ2 < 0. According to ∂π′1/∂mi = (1/2)(p1 − c1)λ2(∂φNP

D /∂m) − φNP
D (p2 −

c2)λ2(∂φNP
D /∂m) − (1/n)

∑n
i=1 mi(∂φNP

D /∂m)λ2 − (1/n)φNP
D λ2 = 0, we have

mi =

1
2 (p1−c1)− 1

n (p3−c3)+ (p2−c2)nλ3
λ2

−
(p3−c3)(p2−c2)µ2n

2cw
3 λ2

+
2cw

3 λ3
nµ2

n+1
n +

n(p2−c2)µ2
2cw

3 λ2

.

When mi < (2cw
3λ3)/µ2 − (p3 − c3), cw

2 >
([

(1/2)(p1 − c1) + (p3 − c3)
]
µ2
)
/(2λ3), we have λ1e =

(µ1(v − p1/2))/d − λ2, φNP
D = 0, mi = (2cw

3λ3)/µ2 − (p3 − c3); when mi > ((nλ3 + λ2)2cw
3 )/(nµ2) −

(p3 − c3), that is, cw
3 <
([

(1/2)(p1 − c1) + (p3 − c3) − (p2 − c2)
]
n2µ2

)
/(2(n2λ3 + (n + 1)λ2)), we have

λ1e = (µ1(v−p1/2))/d, φNP
D = 1, mi = ((nλ3+λ2)2cw

3 )/(nµ2)−(p3−c3); when (2cw
3λ3)/µ2−(p3−c3) ≤ mi ≤

((nλ3 + λ2)2cw
3 )/(nµ2)− (p3 − c3), that is,

([
(1/2)(p1 − c1) + (p3 − c3) − (p2 − c2)

]
n2µ2

)
/(2(n2λ3 + (n+

1)λ2)) ≤ cw
3 ≤
([

(1/2)(p1 − c1) + (p3 − c3)
]
µ2
)
/(2λ3), then we have λ1e = (µ1(v− p1/2))/d−λ2+φ

NP
D λ2,

φNP
D = (µ2(p3 − c3 + mi)n)/(2cw

3λ2) − (nλ3)/λ2,

mi =

1
2 (p1−c1)− 1

n (p3−c3)+ (p2−c2)nλ3
λ2

−
(p3−c3)(p2−c2)µ2n

2cw
3 λ2

+
2cw

3 λ3
nµ2

n+1
n +

n(p2−c2)µ2
2cw

3 λ2

.

□
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