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Appendix

Proof of Theorem 2.1

Proof. For any t < u < T, by applying It6’s formula for V(s, X" (s), m(s)) on [¢, u], we obtain
V(u, X" (), m(u)) = V(t, x,m) + f LV(s, X"(s),m(s)) ds + (M"(u) - M¥(1)), (A1)
t

where L7 is the operator in (2.9) with J replaced by V, and M" is a local martingale.
By condition (iii) in Theorem 2.1, we find

1
V., + V,k(8 —m) + EmeO'Zm + {Vx[nl O —D)Am + mog(D(r + Am —ry) + r1]x

+ %v”[(l — 1 (f) + mo()PPm + A, [V(t, x(1 — ang), m) — V(t, x, m)]

+ Vi[(1 = D)1 (2) + ﬂo(t)]a'p xm} <0;
i.e., L™V (s, X"(s),m(s)) < 0 for any admissible . Therefore,

V(u, X (), m(u)) < V(t,x,m) + (M" () — M"(1)). (A.2)
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Taking the conditional expectation for Eq. (A.2) and using condition (iv), we can obtain
E[V(u, X" (), mu)) | X"(¢) = x, m(t) = m] < V(t, x,m).
Letting u = T and using the condition (ii), we have
E[UX™(T))| X" (1) = x, m(t) = m] < V(t,x,m). (A.3)

Therefore, we have J(¢, x, m) = sup,.; ELlUX™(T))| X"(¢) = x, m(t) = m] < V(t, x, m).
Furthermore, if there exists an admissible strategy 7* € I attaining the maximum in the HIB equation
(2.10), then along the controlled process (X* (s), m(s)), we have L™ V(s, X* (s), m(s)) = 0. Therefore

V(T,X™ (T),m(T)) = V(t,x,m) + (M"(T) = M"(1)).
Taking the conditional expectation and using conditions (ii) and (iv) again, we obtain
V(t, x,m) = E[V(T, X" (T),m(T)) | X" () = x, m(t) = m] = E[lUX"™ (1)) | X" () = x, m(t) = m).
Thus we have V(t, x, m) < J(t, x, m). Finally, combining with Eq. (A.3) gives V = J. O
Proof of Theorem 3.1

Proof. In order to solve the optimal investment problem (2.6), we first conjecture that the value function
satisfies some explicit form. Then we adopt the first-order optimality conditions for 7y(¢) and 7y (7).
Finally, we substitute them back into (2.10), and solve the corresponding HIB equation for the optimal
portfolio weights (7;(2), 71 (1), w*(1)).

Note that the utility function is a power function, and we postulate that the value function J(¢, x, m)
is separable and J(z, x.m) is given by

x 7
J(t x,m) = —— e B0, (A4)
Furthermore, the terminal condition J(7, x,m) = U(x) implies that A(T) = 0, B(T) = 0.

Using the first-order optimality condition for HIB Eq. (2.10), we obtain that the maximal points 7(7)
and 7} (7) are the solutions of the following two equations:

0J(t, x(1 — an(1)), m)
Omy (1)

J(r=r)x+ 4 + [Jed + 1u[(1 = D) (0) + 7y (O]x + yoplam =0 (A5)

and
Jod + T (1 = Dy (2) + ()] x + Jpeop = 0. (A.6)
Combine Eq. (A.5) and Eq. (A.6), we can get

aJ(t, x(1 — amy(1)), m) B
ory(1) -

J(r—r)x+ A4 0. (A.7)
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Since
J, = x Ve OmBO (A.8)
and
(9](1, X(l - a’ﬂa(t))a m) _ —(le_y(l _ (Iﬂ'* (t))_yeA(t)m+B(t) (A9)
or (1) 0 ’
we have
(r—r)—ali(l —any(t)” =0. (A.10)

Note that r; = (1 — 7)r, and we can obtain the following result by solving Eq. (A.10):

NI A
no(t)_a[l (/W) ] (A1)

Furthermore, if follows from (A.6) that

—J A= J0p

(I = D)m (1) + mo(1) = (A.12)

JX

By (A.4), we can obtain

Jy = J(t, x, m)l_Ty,

Jn = A@®)J(t, x,m),

T = J(t, 2, m) 1220, (A.13)
Jom = A(t)ZJ(t9 x,m),

Jox = J(8, x, m)@

Substituting (A.13) into Eq. (A.12), we have

[+ A(t)op] - fo_(ti (A.14)

ST

In addition, we can get Eq. (3.3) by using w*(1) = 1 — () — 7 (2).
In the following, we derive the expressions of A(¢) and B(¢) in (A.4). Plugging Egs. (A.11), (A.13),
and (A.14) into Eq. (2.10) gives

2 — 2
Bt+A(t)k9+M+m{A,+A2(;) [%(1 L d yy)p )]

L a —V)Mp] N (1 - 7)} _o,
2y

+mﬂ% (A.15)

where A, and B, are the first-order derivatives of A(¢) and B(¢) with respect to time ¢, respectively.
Next, we separate the variables in Eq. (A.15) to get the following differential equations:

B, + A()k6 + M =0 (A.16)
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and

A+A2(t)[ ( (1 —7),0)
Y

+ A() |-k +

(1- 7)10/9] N (1 -7)

=0. A7
5 =0 (A17)

We first solve Eq. (A.16). Since B(T') = 0, it is easy find that B(t) = k6 flT A(s)ds + M(T - t). For

. . 2 —_
convenience of calculation, we let ¢ = —Z (1 + 4 ”p ) b=k- m, c= —%y”. Then Eq. (A.17)

2
can be written as:
A%(Da + A@Db + ¢ = A,. (A.18)

The left side of Eq. (A.18) is a quadratic equation, and we can define the discriminant of this equation
as A; = b> — 4ac. In this paper, we suppose that the risk aversion coefficient y > 1. Then, we can

obtain ¢ = ~02 > 0 and a = —% (1 + ") < 0. This implies that A, = b — 4ac > 0. Hence, the

equation ax? + bx + ¢ = 0 has two solutions, which can be denoted as v, = %ﬂ, V) = ‘F . By

solving equation (A.18), we can obtain an explicit expression for A(?), as given by Eq. (3.4). Hence we

have completed the proof of Theorem 3.1. m|
Proof of Theorem 3.2

Proof. We suppose that the value function J(¢, x.m) follows an exponential affine structure. The value
function is assumed to satisfy the following:

J(t, X, m) — _%e—ﬂa(t)x+C(t)m+D(t)’ (A 19)

where a(?), C(t), and D(¢) are determined functions with respect to variable ¢. In addition, we know the
terminal boundary condition J(7, x,m) = U(x). Hence, we can get a(T) = 1, C(T) = 0, and D(T) =

We follow the structure in Eq. (A.19) and omit the parameters to reduce notations. Then, the partial
derivatives become

J, = J(t, x,m)(—Bxa, + C;m + D,),
Jy = =J(t, x,m)a(1)B,

Jue = J (@, x, m)az(t)ﬁz,

Jn = J(@t, x,m)C(2),

Jom = J(2, x, m)Cz(t),

Jmx = =J (1, x, m)a(OBC(1),

(A.20)

where a;, C,, and D, are the first-order partial derivatives of a(t), C(¢), and D(t) with respect to t,
respectively.
Now we can substitute Eq. (A.20) into Eq. (2.10), and then the HIB Eq. (2.10) can be rewritten as

max { — Bxa; + (C;m + Dy) —,Ba(t)[m A =D)Am + 7g(DH(r + Am — 1) + rl]x

(mo,m1)€ell
+ 1822 (0)|(1 - D)mi (1) + no(r)]szm + C(Ok(O — m) + LC2(H)o>m
+ Ay (eepe0m®x — 1) — BC(a()|((1 = )i (1) + mo(0))opxm|} = 0. (A.21)
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By using the first-order optimality conditions, we obtain the following equations:
Ba(®) [(1 = T)mi(t) + mo()] x — A —C(t)op =0 (A.22)
and
~(r = 1) + {Ba(®) [(1 = D)mi (1) + mo(D)] x = A = C(D)porfm + AP O™V a = 0., (A.23)
Equations (A.22), (A.23), and r; — r = r7 imply that 7;(7) satisfies the following:

m(t) = m n{c. (A.24)

Furthermore, Eq. (A.22) implies

1 (1)
Ba(t)x(1 — 1) -7
Now by Egs. (A.24) and (A.25), we can obtain Eq. (3.10). Finally, the formula (3.11) follows by

combing Egs. (A.24) and (A.25), and using the equation w*(¢) = 1 — m(1) — 7} ().
Substituting Egs. (A.24) and (A.25) into Eq. (A.21), we get the following equation:

[1+ C(t)op] -

i) = (A.25)

—pxa, - fa()rix + Dy + C(OkO — 4y + = (1 - In L2 )

+m{C,+1C (00 (1 - p?) + C(O[-k - dop] - 142} = 0. (A.26)

Furthermore, we split Eq. (A.26) into three equations by matching the coeflicient of m and x:

—pa; — pa()r, = 0, (A.27)
C, + %C2(r)a2 (1-p%) + CO)Ik - Aop] - %/12 =0, (A.28)
and
D, + C(OkO — A, + — (1 ~1In —) =0, (A.29)
/11(1’

with the boundary conditions a(T) = 1, C(T) = 0, and D(T) =0
It is easy to obtain the solution of Eq. (A.27) as a(f) = ¢""~". Furthermore, by Eq. (A.29), we have
that

T
D(t) = kGf C(s)ds + (1 —In m) /11] (T —1). (A.30)

Leta = ——0' (1 - ) b=k+ Aop, ¢ = %/12. Then Eq. (A.28) can be rewritten as
C’ha+Cb+¢=C,. (A.31)

Denote by A, = b* — 4aé the discriminant of Eq. (A.31). Since @ < 0 and ¢ > 0, it implies that

Ay = b* — 4a4¢ > 0. Then the equation ax*> + bx + ¢ = 0 has two solutions, which can be denoted as
n = b*‘ﬁ and n, = %E. Therefore, we can obtain the explicit expression of C(¢), as given in

Eq. (3. 12) O
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Before proving Proposition 3.1, we need the following Lemma A.1.

Lemma A.1. Let (m(t))cj0.1) satisfy Heston’s stochastic volatility model:

dm(t) = k(0 — m(2))dt + op \m(t) dW,(t) + o (1 — p>)m(t) dW,(1), m(0) = my > 0,

with constants k > 0,0 > 0,0 > 0 and the Feller condition 2k6 > o is satisfied. Then

T T
E [f m(s) ds] = f E[m(s)]ds < .
0 0

(ii) Moreover, for any p > 1, m(t) satisfies the following:

T
E[f m”(s)ds] < 0.
0

T, =inf{t >0:m(t) >n} AT.

(i) sup,cpo.ry E[m(1)] < oo and

Proof. (i) Define the stopping times

It follows that m(t) < n when ¢ € [0, 7,,] and
AT,
E [ f o m(u)du
0

ATy,

f Copym®awi(s)+ | o= pHm(s)dWa(s)
0 0

is a square integrable martingale. From Eq. (A.32), we get

< onT < .

This implies that

AT,

miAT,) =my+k fo O@—m(s))ds + fot op Vm(s)dW,(s)

4 fot/\rn o+ —pz)m(s)dWQ(S)-

Consequently, taking expectations on both sides of (A.33), we obtain

f ! (6 —m(s)) ds] .
0

ATy

E[m( AT,)] =my+kE

(A.32)

(A.33)

(A.34)

Noting that 0 < m(tAt,) T m(t), the monotone convergence theorem implies that E [m(t A 7,)] T E [m(?)].

Therefore, the mean of m(z) is given by

!
E[m(t)] = my + kf (@ —E[m(s)])ds.
0
By direct calculation, we have

E[m()] = 0 + (mo — 0)e™.

(A.35)

(A.36)
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7

This implies that the mean of m(#) is bounded when 7 € [0, T']. Therefore, we have sup,q 7 E[m(1)] < oo

and E [ m(s)ds = [} E[m(s)lds < co.
(i1) For p > 1, applying It6’s formula to m”(t), we have

d(m@®)’) = (pk@m(t)”l — pkm(t)” + % p(p - 1)02m(t)”1)dt
+ pom®”"? (p\m(®) dWi(t) + (1 = p?)m(r) dW,(0)). (A.37)
For convenience, let C, = pk6 + % p(p — 1)o? and we have

d(m(®)") = (Cpm(ty™" = pkm(0)?) dt + pom®)"™"° (p m() AW\ (1) + (1 = p>)m(t) dWx(1)) .(A.38)

Following the method of the proof used in Lemma A.1(i), and applying the stopping times technique
and the monotone convergence theorem, we obtain

E[m()"] = mg + f C,,E[m(s)”_l]ds - f pkE[m(s)?1ds. (A.39)
0 0
From Eq. (A.39), we derive the following result:
%E[m(t)”] = C,E[m(t)"'] — pkE[m(1)"]. (A.40)

Using the inequality x*~! < 1 + x” for x > O and p > 1, we have E [m”‘l(t)] < 1+ E[m?(t)]. Therefore

ditE[m(t)p] < C, + (C, — p)E[m(1)"]. (A41)

By Gronwall’s inequality, we obtain

C,(eCr o — 1)

E tl’ < mP (Cp—ph)t +
[m(e)’] < mfe i

—_ _(Cp_ k)
AL Ll IR

0 C, - pk

Note that C,, — pk and mg are constants, and we have E[m(#)”] < oo. Integrating over [0, 7] yields

E [fOT mp(s)ds] < o0, O
Proof of Proposition 3.1

Proof. Observe that the control 7 (?) is a constant, as shown in Eq. (3.1), and the function A(?) solving
the Riccati equation is continuous and bounded on [0, 7], which implies that 7j(7) is bounded. By
Lemma A.1, we have

T T
E| j; ((rg@))” + Gy @))m(@) de| < sup ((x(0))” + (o} (0)))E| j; m(t)dt| < co.

t€[0,T]

From Eq. (3.1), it can be seen that 1 — axy(¢) > 0. By applying It6’s formula, the solution of Eq. (2.5) is
obtained as follows:

X7(T) = xoexp{ f, [(1 = (@) + 7)) Vm@dW1 (1) = [ In(1 ~ amy(1)dN(r)
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+ fOT [ﬂ'T(l‘)(l = T)Am(t) + 75(1) [r + Am(r) — rq]
+r = A=) + ng(t)]z m(0)|dt}. (A.43)
Observe that 7;(¢) and 7} (¢) are bounded, and it follows from Lemma 4.3 of [30] that
exp (=1 [ (1 =92 [(1 = i) + my0)] mnyde
+ 1A=y [ = 0m) + my0)] Vm@Daw o)), (A.44)
is a martingale. In particular, since 7;;(?) is in fact constant, we simply denote it by 7. Thus

E[(x* ) 7] = x7exp{[(1 =90 = roms + i + (1 —ampy~' 4, T) (A45)
_yd =y

T
x E|exp| ﬁ (A1 =[x = 1) + 7] 7t - 1) + 7] )m(t)dt}] :

From Eq. (3.6), we obtain the following inequality:

E| (x""(T))l_y] < xy exp{|(1 = = r)my + 11+ (1= amp) ™' 4| TIE [exp (¢ f ' m(t)dt)} (A.46)
0
By a direct application of Theorem 5.1 in [30], we have
E[(x* () 7] < co. (A47)

This implies E[ |UX™(T))| ] < o0. Therefore, optimal investment strategies (;(7), 1} (¢), w*(7)) presented
in Theorem 3.1 are shown to be admissible. O

Lemma A.2. Applying It0’s formula to J(t, X" (t), m(t)), we obtain the following It6—Lévy decomposition:
!
J (@, X"(1), m(1)) = J(0, X"(0), m(0)) + f L7J(s, X"(s), m(s))ds + M’ (1),
0

where J(t, X" (1), m(1)) is defined in Theorem 3.1 and M’ (t) is a local martingale term associated with
J(t, X*(t), m()). Then the local martingale term M’ (t) in the Ito—Lévy decomposition of J(t, X*(t), m(t))
is a martingale.

Proof. We first define a sequence of stopping times:
T, =inf{r >0: X"(t) ¢ (1/n,n) orm(t) > n} AT.

Since A(#) and B(¢) in Theorem 3.1 are continuous functions on [0, T'], then they are bounded. By
Egs. (A.4) and (A.13), we find that the first-order and second-order partial derivatives of J with respect
to variables x and m are uniformly bounded on [0, 7,]. Hence there exists a constant Q,, < co such that
forallt < 7,

ot x, )l < Oy (8, %, m)l < Qs (8, 6, M)l < Oy (8, X, M)l < @y a8, X, m)| < Q.
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9

Let M/(1) = M’“(t) + M’/(t), where M’“(f) and M’/(¢) denote the continuous and jump components
of MY, respectively. Using Ito’s formula, we derive

M) = [1 Juop Nm@dWi ) + [ Juo (T = p2m(u)d Wa(u)

+ fot Ji [(1 =)y (w) + mo(u)] Vm(u)dW,(u) (A.48)
and
M) = f (J(s. X"(s=)(1 = amo(s)), m(s)) = J (5, X"(s=), m(s))) dN(s), (A.49)
0

where N(f) = N(t) — At is the compensated Poisson process.

The Brownian integrand in It6’s formula consists of terms involving J,, J,, multiplied by the diffusion
coefficients of X™ and m. Since these coefficients are bounded on [0, 7,,], it follows from Lemma A.1
that

T AT,
E [ f |Brownian integrand|2 dt] < 00, (A.50)
0

Hence, M’“(t A 1,,) is a square-integrable martingale.

Furthermore, X”"(s—) and m(s) are bounded on [0, 7,,], and the condition 1 — amy(s) > O ensures
positivity of post-jump wealth. Consequently, the jump intensity A; is finite, and we derive the quadratic
variation of M’/(t A ,,) as follows:

T AT,
E[M((- A T))r] = f (J(s, X"(s=)(1 = am(s)), m(s)) — J (s, X”(S—),m(S)))zflldS < oo. (ASD)
0

Thus, M’/(t A 1,,) is also a square-integrable martingale. Combining Eqgs. (A.50) and (A.51), it follows
that

E[M/((- At))r] < 0. (A.52)

Hence, M’(t A 1,,) is a square martingale and E[M’(¢ A 7,,))] = 0.
By the Burkholder—Davis—Gundy inequality, there exists a constant C > 0 such that

E [ sup |M(s A T,)|

0<s<t

< CE[(M/(- At))?] < oo,

Hence, {M’(t A 7,)},=1 is uniformly integrable. Letting n — oo and using 7, T T almost surely, we
obtain
E[M/(1)] = lim EIM/(t A 1,)] = 0, Vtel0,T].

Therefore, M’(¢) is a martingale.
O
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