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Appendix A 

Proof of Lemma 1 

Because the manufacturer (M) needs to decides her/his collection and refurbishment strategies, 
nine scenarios may happen: (1) Collect all products and refurbish some of them; (2) collect all products 
but do not refurbish any; (3) collect all products and refurbish all of them; (4) collect enough products 
to meet the collection target and refurbish some of them; (5) collect enough products to meet the 
collection target but do not refurbish any; (6) collect enough products to meet the collection target and 
refurbish all of them; (7) collect as many products as possible and refurbish some of them; (8) collect 
as many products as possible but do not refurbish any; (9) collect as many products as possible and 
refurbish all of them. For simplicity, we use C to represent the manufacturer’s collection strategy and 
R to denote the manufacturer’s refurbishment strategy. Moreover, we use CiRj, where { }, 0, ,i j∈ + =  
denote the manufacturer’s collection and refurbishment strategies, as shown in Table A1. 

Table A1. The manufacturer’s collection and refurbishment strategies. 

Manufacturer’s strategy 
Collection 
0 + = 

Refurbishment 
0 C0R0 C+R0 C=R0 
+ C0R+ C+R+ C=R+ 
= C0R= C+R= C=R= 
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In order to analyze the problem in each scenario, we first consider the Lagrangian for the 
manufacturer’s problem (10) shown below: 

 2 2 1 1 2 1 3 2 4 5 2( ) ( ) ( )n c c c n c r c rL M q q q q q q q qη η β η η η= + − + − + − + + , (3) 

where ( 1,2 5)i iη = …   are Lagrangian multipliers. The first-order conditions are then as follows: 

2 2 2 2/ 2 2n n n rL q v c q q α∂ ∂ = − − −  , 2 2 2 2 3 5 2 2/ ( )r r n r n rL q c q q q q vα α η η α∂ ∂ = − − − − + − + −  , 

2 1 2 3 4/ c c cL q k q η η η η∂ ∂ = − − + + +  , 2 1 1/ cL q qη∂ ∂ = −  , 2 2 1/ c c nL q qη β∂ ∂ = −  , 2 3 2/ c rL q qη∂ ∂ = −  , 

2 4/ cL qη∂ ∂ = , 2 5 2/ rL qη∂ ∂ = .  
In addition, the complimentary slackness conditions 1 1( ) 0n cq qη − =  , 2 1( ) 0c c nq qη β− =  , 

3 2( ) 0c rq qη − =  , 4 0cqη =  , and 5 2 0rqη =  , as well as the feasibility conditions 2 0nq ≥  , 0cq ≥  , 

2 0rq ≥ , 1 0η ≥ , 2 0η ≥ , 3 0η ≥ , 4 0η ≥ , and 5 0η ≥  should hold. 

Proof of Proposition 1 

Scenario C0R0 ( 1c c nq qβ= , 2 0rq = ) 

In this scenario, the manufacturer sells the new products in the first period and then collects 
enough products to meet the collection target in the second period without refurbishment. Therefore, 
we use the first-order conditions 2 2 2 2/ 2 2n n n rL q v c q q α∂ ∂ = − − −  , 

2 1 2 3 4/ c c cL q k q η η η η∂ ∂ = − − + + + , and 2 2 1/ c c nL q qη β∂ ∂ = − . 
Solving the optimal solutions in the second period, we get 2 ( ) / 2n nq v c= −  , 1c c nq qβ=  , and 

2 1c n ck qη β= . The optimal pricing decisions in the second period can be written as *
2 ( ) / 2n np c v= − . 

We put *
2np  back into *

1 2( ) / (1 )n nv p pδ δ= − −  and we have 1(2 ) / (2 )n nv p c δ δ= − − .  

Table A2. The equilibrium for the C0R0 scenario. 

Parameters Value Parameters Value 

1nq  (1 ) / 2nc−  1M  2 2(1 ) (5 2 2 ) /16n c cc k β δ− − +  

2nq  (1 ) / 4nc−  2M  2 2(1 ) (1 2 ) /16n c cc k β− −  

cq  (1 ) / 2c ncβ −  1η  0 

2rq  0 2η  (1 ) / 2c c nk cβ −  

1np  (2 (2 )) / 4ncδ δ− + +  3η  0 

2np  (1 3 ) / 4nc+  4η  0 

2rp  0 5η  - 
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When the demand in the first period is 1 1nq v= − , the optimal price of the new products in the 
first period should be 1 1 11 ( 1) / 2n n n np q c qδ= − + + −  . We put 1np   back into the manufacturer’s 
problem (P1) and set 1 1/ 0nM q∂ ∂ = . The optimal decision for the new product in the first period is 

*
1 (1 ) / 2n nq c= − . We present the equilibrium for the C0R0 scenario in Table A2. 

However, 1 0nq >  , 2 0nq >  , 0cq >  , 2 0η >  , 1 0M >  , and 2 0M >   should hold. To sum up 

these conditions, we have 1/ 2c ckβ ≤ . 
Scenario C0R+ ( 1c c nq qβ= , 20 r cq q< < ) 

In this scenario, the manufacturer collects enough products to meet the collection target in the 
second period with some refurbishment. Therefore, we use the first-order conditions 

2 2 2 2/ 2 2n n n rL q v c q q α∂ ∂ = − − −  , 2 1 2 3 4/ c c cL q k q η η η η∂ ∂ = − − + + +  , 2 2 1/ c c nL q qη β∂ ∂ = −  , and 

2 2 2 2 3 5 2 2/ ( )r r n r n rL q c q q q q vα α η η α∂ ∂ = − − − − + − + − . 
Solving the optimal solutions in the second period, we get 2 ( (1 ) ) / 2(1 )n r nq c v cα α= + − − − , 

1c c nq qβ=  , 2 ( ) / (2 (1 ))r n rq c cα α α= − −  , and 2 1c n ck qη β=  . The optimal pricing decisions in the 
second period can be written as *

2 ( ) / 2n np c v= +   and *
2 ( ) / 2r rp c vα= +  . We put *

2np   back into 
*

1 2( ) / (1 )n nv p pδ δ= − −  and we have 1(2 ) / (2 )n nv p c δ δ= − − . 
When the demand in the first period is 1 1nq v= − , the optimal price of the new products in the 

first period should be 1 1 11 ( 1) / 2n n n np q c qδ= − + + −  . We put 1np   back into the manufacturer’s 
problem (P1) and set 1 1/ 0nM q∂ ∂ = . The optimal decision for the new product in the first period is 

* 2
1 (1 )(1 ) / (3 2 2 )n n c cq c kδ β δ= − − + − . We present the equilibrium for the C0R+ scenario in Table A3. 

Table A3. The equilibrium for the C0R+ scenario. 

Parameters Value Parameters Value 

1nq  
1

(1 )(1 )nc
F

δ− −
 1M  

2
1

2
1

(1 ) (2 )(1 )( 1 )
2

nc F
F

δ δ δ− − − − +
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2
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1

(1 )(1 2 )1
4

n c cc kF
F

β − +
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1 1 4 5
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α α

− + +
−

 

cq  
1

(1 )(1 )n cc
F

δ β− −
 1η  0 

2rq  
2 (1 )

n rc cα
α α

−
−

 2η  
1

(1 )(1 )n c cc k
F
δ β− −

 

1np  1 3

1

( 1 )(2 )
2

nF c F
F

δ δ− − − +
 3η  0 

2np  1 1

1

( 1 ) 1
2

nF c F
F

δ δ+ + − − −
 4η  0 

2rp  1 1

1

( 1 ( 1) )
2

r n nc F c F c
F

α δ+ + − − −
 5η  0 
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Here, 2
1 3 2 2c cF k β δ= + −  , 2 1 2( ) / (1 )n n rF c c c α= + − − −  , 2 2

3 2 2 c cF k β δ δ= + −  , 
2 2 2 2

4 (1 )(1 2 )((2 ) 2 (3 2 ))n c c c cF c k kα δ β β δ= − − − + + −  ,
2 2 2 2 2

5 (2 ) (1 )(5 2 (3 ) 3 ) 2 (3 2 )c c c c c cF k k kδ α δ β δ δ β β δ= − + − + − + + + − . 
However, 1 0nq >  , 2 0nq >  , 0cq >  , 2 0rq >  , 2 0η >  , 1 0M >  , and 2 0M >   should hold. To 

sum up these conditions, we have (i) 2 3 2
2

r nr

n n

c cc
c c

α + −
< ≤

+
; (ii) 2 3 2 1

2
r n

r n
n

c c c c
c

α+ −
< < + −

+
 and 

2 3 2 (2 ) 1
2 ( 1 )

r n
c

c n r

c c
k c c

α α β
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+ − − +
≤ ≤

+ − −
 ; and (iii) 2 3 2 1

2
r n

r n
n

c c c c
c

α+ −
< < + −

+
 , 

2 3 2 (2 )0
2 ( 1 )

r n
c

c n r

c c
k c c

α αβ
α

+ − − +
< <

+ − −
 , and 1δ δ>  , where 

( ) 2

1

2 2 3 2 2 1
1 2

n r n c n r c

n r n

c c c k c c
c c c
α α α β

δ
α α

− + − − + − + −
=

− + − −
. 

Scenario C0R= ( 1c c nq qβ= , 2r cq q= ) 

In this scenario, the manufacturer collects enough products to meet the collection target in the 
second period with refurbishment of all. Therefore, we use the first-order conditions 

2 2 2 2/ 2 2n n n rL q v c q q α∂ ∂ = − − −  , 2 1 2 3 4/ c c cL q k q η η η η∂ ∂ = − − + + +  , 2 2 1/ c c nL q qη β∂ ∂ = −  , 

2 2 2 2 3 5 2 2/ ( )r r n r n rL q c q q q q vα α η η α∂ ∂ = − − − − + − + − , and 2 3 2/ c rL q qη∂ ∂ = − . 
Solving the optimal solutions in the second period, we get 2 1( 2 ) / 2n n n cq v c q αβ= − −  , 

1c c nq qβ=  , 2 1r n cq q β=  , 2 1 ( 2 (1 ))r n n c cc c q kη α β α α= − + + −  , and 3 1( 2 (1 ))n n c rc q cη α β α= − − −  . 
The optimal pricing decisions in the second period can be written as *

2 ( ) / 2n np c v= +   and 
*
2 1( 2 (1 ) ) / 2r n n cp c q vα β α= − − +  . We put *

2np   back into *
1 2( ) / (1 )n nv p pδ δ= − −   and we have 

1(2 ) / (2 )n nv p c δ δ= − − . 
when the demand in the first period is 1 1nq v= − , the optimal price of the new products in the 

first period should be 1 1 11 ( 1) / 2n n n np q c qδ= − + + −  . We put 1np   back into the manufacturer’s 
problem (P1) and set 1 1/ 0nM q∂ ∂ = . The optimal decision for the new product in the first period is 

*
1 (1 ) / 2n nq c= − . We present the equilibrium for the C0R= scenario in Table A4. 

Table A4. The equilibrium for the C0R= scenario. 

Parameters Value Parameters Value 

1nq  (1 ) / 2nc−  1M  6 7(1 )( (5 2 2 ) 2 )
16

n n cc F c Fβ δ δ− − − − +
 

2nq  (1 )(1 2 ) / 4n cc αβ− −  2M  8 9(1 )( 2(1 ) )
16

n nc F c F− − −
 

cq  (1 ) / 2n cc β−  1η  0 

2rq  (1 ) / 2n cc β−  2η  (1 )( 2 (1 )) / 2r n c n cc c c kα β α α− + − + −  

1np  (2 (2 )) / 4ncδ δ− + +  3η  ( (1 )(1 ) )n n c rc c cα α β− − − −  

2np  (1 3 ) / 4nc+  4η  0 

2rp  (1 3 2 (1 )(1 )) / 4n c nc cα β α+ − − −  5η  0 
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Here, 2
6 5 8 2 ( 2 (1 ))r c c cF c kβ β α α= − − + −  , 7 2 (2 (1 ))c c cF k β α β α= + + −  , and

8 1 8 ( )n c n rF c c cβ α= − + − , 2
9 2 (1 )c cF k αβ α= + − . 

However, 1 0nq >  , 2 0nq >  , 0cq >  , 2 0rq >  , 2 0η >  , 1 0M >  , and 2 0M >   should hold. To 

sum up these conditions, we have 2( )
(1 )( 2 (1 ))

n r
c

n c

c c
c k

αβ
α α
−

>
− + −

 , 0 rc α< <  , and either (i) 

0 1/ 2α< ≤  and (1 )
(1 )(1 )

r n
c

n

c c
c

α αβ
α α
− − −

<
− −

, or (ii) 1/ 2 1α< <  and 1/ (2 )cβ α≤ . 

Proof of Proposition 2 

Scenario C=R0 ( 1c nq q= , 2 0rq = ) 

In this scenario, the manufacturer collects all end-of-life products in the second period without 
refurbishment. Therefore, we use the first-order conditions 2 2 2 2/ 2 2n n n rL q v c q q α∂ ∂ = − − −  , 

2 1 2 3 4/ c c cL q k q η η η η∂ ∂ = − − + + +  , 2 2 2 2 3 5 2 2/ ( )r r n r n rL q c q q q q vα α η η α∂ ∂ = − − − − + − + −  , and 

2 1 1/ n cL q qη∂ ∂ = − , 2 5 2/ rL qη∂ ∂ = . 
Solving the optimal solutions in the second period, we get 2 ( ) / 2n nq v c= − , 1c nq q= , 2 0rq = , 

1 1c nk qη = − , 5 r nc cη α= − . We find that 1 1 0c nk qη = − < , which does not satisfy the former condition 

1 0η > . Therefore, the scenario C=R0 will not exist. 
Scenario C=R+ ( 1c nq q= , 20 r cq q< < ) 

In this scenario, the manufacturer collects all end-of-life products in the second period with some 
refurbishment. Therefore, we use the first-order conditions 2 2 2 2/ 2 2n n n rL q v c q q α∂ ∂ = − − −  , 

2 1 2 3 4/ c c cL q k q η η η η∂ ∂ = − − + + +  , 2 2 2 2 3 5 2 2/ ( )r r n r n rL q c q q q q vα α η η α∂ ∂ = − − − − + − + −  , and 

2 1 1/ n cL q qη∂ ∂ = − . 
Solving the optimal solutions in the second period, we get 2 ( (1 ) ) / (2( 1))n n rq c c vα α= − + − − , 

1c nq q= , 2 ( ) / (2 ( 1))r r nq c c α α α= − − , and 1 1c nk qη = − . We find that 1 1 0c nk qη = − < , which does not 
satisfy the former condition 1 0η > . Therefore, the scenario C=R+ will not exist. 
Scenario C=R= ( 1c nq q= , 2r cq q= ) 

In this scenario, the manufacturer collects all end-of-life products in the second period with 
refurbishment of all. Therefore, we use the first-order conditions 2 2 2 2/ 2 2n n n rL q v c q q α∂ ∂ = − − − , 

2 1 2 3 4/ c c cL q k q η η η η∂ ∂ = − − + + +  , 2 2 2 2 3 5 2 2/ ( )r r n r n rL q c q q q q vα α η η α∂ ∂ = − − − − + − + −  , and 

2 1 1/ n cL q qη∂ ∂ = − , 2 3 2/ c rL q qη∂ ∂ = − . 
Solving the optimal solutions in the second period, we can get 2 1( 2 ) / 2n n nq v c q α= − − , 1c nq q= , 

2 1r nq q=  , 1 1 1( 2 (1 ))n n r c nc q c k qη α α= − − − −  , and 3 1( 2 (1 ))n n rc q cη α α= − − −  . The optimal pricing 
decisions in the second period can be written as *

2 ( ) / 2n np c v= +   and 
*
2 1( 2 (1 )) / 2r n np c v qα α= + − −  . We put *

2np   back into *
1 2( ) / (1 )n nv p pδ δ= − −   and we have 

1(2 ) / (2 )n nv p c δ δ= − − . 
When the demand in the first period is 1 1nq v= − , the optimal price of the new products in the 

first period should be 1 1 11 ( 1) / 2n n n np q c qδ= − + + −  . We put 1np   back into the manufacturer’s 
problem (P1) and set 1 1/ 0nM q∂ ∂ = . The optimal decision for the new product in the first period is 
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*
1 (1 2 (2 1)) / (3 2 4 (1 ) 2 )n r n cq c c kδ α δ α α δ= − − + + − + + − −  . We present the equilibrium for C=R= 

scenario in Table A5. 

Table A5. The equilibrium for the C=R= scenario. 

Parameters Value Parameters Value 

1nq  
1 2 (2 1)

3 2 4 (1 ) 2
r n

c

c c
k
δ α δ

α α δ
− − + + −
+ + − −

 1M  16 21 22
2

 ( 2) ( 2  ) 
 2 (3 2  4 (1 ) 2 )

n
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F c F F
k

δ δ
α α δ

− − + +
+ + − −

 

2nq  14 152(1 )
6 4 8 (1 ) 4

r c

c

c k F F
k

α
α α δ

+ + + + −
+ + − −

 2M  
2

23 25 26 29
2

2 (2 )
4(3 2 4 (1 ) 2 )

n n

c

F F c c F F
k α α δ

+ + +
+ + − −
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δαδ
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 1η  
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2)1(423
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−++−−

c
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k
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 2η  0 

1np  
δαα

δδ
4)1(846

) 2 )(2( 1716

−−++
+−−

c

n

k
FcF

 3η  
δαα

δ
2)1(423
)223(31

−−++
−+−

c

cr

k
kcF

 

2np  
δαα
δ

4)1(846
)31()(2 1816

−−++
+−+

c

nn

k
cFcF

 4η  0 

2rp  
δαα

αα
4)1(846

)626( 2019

−−++
++++

c

ncr

k
FFckc

 5η  0 

where )21()(214 ααα ++−−= cnr kccF  , )21)(1(15 αδ −−= ncF  , )(1 2116 αα −+++= cr kcF  , 
22

17 42)64(2 δδαδδα −−+−−= ckF  , 2
18 22 αα −++= ckF  , δδα 5)2(22619 −−−+= ckF  , 

))(2(220 δααδ ++−= rcF  , δαα −−++= 2
21  4 6 22 ckF  ,  ) 2(1  2122 δαδ −−−−−= nr ccF  , 

)28)21(()21(4)2632(2 222
2423 crr kccFkcF −−−+−−+++= αδδα  , 

))1(427())2(41()1(4))21(2( 2222
24 αααααααα −+++−−+−+−−+= crccrc kckkckF  , 

))3(421()21(4)461(8))3(86(44 2222
25 ααδαδααααα −−−+−−−++−+++= ccc kkkF  , 

432
2726 8)25(4)423(2 ααα −++−+−= rcr ckcFF  , 28

2
27 2232 FkkckcF ccrcr −−−−−=  , 

))29(2105(28 crc kckF +++=α  , ))2(4124()21)(21(4 2
29 ααδαδ −+−++−−= crr kccF  , 

))1(2))2(225(()1(30 αδδααδααδδ +−−−−−−+−−+= nnnc ccckF  , and
))1(2))2(2225((31 αδδααδαα +−−−−−−+= cn kcF . 

However, 01 >nq  , 02 >nq  , 0>cq  , 02 >rq  , 02 >η  , 01 >M  , and 02 >M   should hold. To sum 

up these conditions, we have (i) ( )
( ) 1
12

252
<<

−
+−

α
n

cn

c
kc   and ( ) ( )( )

c

cn
r k

kcc
23

122250
+

−−−+
≤<

ααα  ; (ii) 

( )
( ) 1
12

252
<<

−
+−

α
n

cn

c
kc  , ( ) ( )( )

α
ααα

nr
c

cn cc
k

kc
<<

+
−−−+

23
12225  , and ( )( )

( )( )( )ααα
α

δ
−−−+

−+
−>

212
211

nr

rnc

cc
cck  ; and 

(iii) αnr cc < , ( )
α

α
225

12
−+

−
≤

c
n k

c , and ( )( )
( )( )( )ααα
α

δ
−−−+

−+
−>

212
211

nr

rnc

cc
cck . 

Scenario C+R0 ( 11 ncnc qqq <<β , 02 =rq ) 

In this scenario, the manufacturer collects as many products as possible in the second period 
without refurbishment. Therefore, we use the first-order conditions α2222 22/ rnnn qqcvqL −−−=∂∂ , 
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43212 / ηηηη +++−−=∂∂ ccc qkqL  , )(/ 22532222 vqqqqcqL rnrnrr −+−+−−−−=∂∂ αηηαα  , and 
252 / rqL =∂∂ η . 

Solving the optimal solutions in the second period, we get 2/)(2 nn cvq −= , 0=cq , 02 =rq , and 
αη nr cc −=5  . However, we find that 0=cq   does not satisfy the condition 11 ncnc qqq <<β  , which 

indicates the C+R0 scenario will not exist. 
Scenario C+R+ ( 11 ncnc qqq <<β , cr qq << 20 ) 

In this scenario, the manufacturer collects as many products as possible in the second period and 
refurbishes some. Therefore, we use the first-order conditions α2222 22/ rnnn qqcvqL −−−=∂∂  , 

43212 / ηηηη +++−−=∂∂ ccc qkqL , and )(/ 22532222 vqqqqcqL rnrnrr −+−+−−−−=∂∂ αηηαα . 
Solving the optimal solutions in the second period, we get ))1(2/())1((2 αα −−+−= vccq nrn  , 
0=cq , and ))1(2/()(2 ααα −−= rnr ccq . However, we find that 0=cq  does not satisfy the condition 

11 ncnc qqq <<β , which indicates the C+R+ scenario will not exist. 
Scenario C+R= ( 11 ncnc qqq <<β , cr qq =2 ) 

In this scenario, the manufacturer collects as many products as possible in the second period and 
refurbishes all of them. Therefore, we use the first-order conditions α2222 22/ rnnn qqcvqL −−−=∂∂ , 

43212 / ηηηη +++−−=∂∂ ccc qkqL  , )(/ 22532222 vqqqqcqL rnrnrr −+−+−−−−=∂∂ αηηαα  , and 
232 / rc qqL −=∂∂ η . 

Solving the optimal solutions in the second period, we get 
)))1(2(2/()))1(2()2(2(2 αααααα −+−+++−= cccnrn kkvkccq  , ))1(2/()( ααα −+−= crnc kccq  , 

))1(2/()(2 ααα −+−= crnr kccq , and ))1(2/()(3 αααη −+−= crnc kcck . The optimal pricing decisions in 
the second period can be written as 2/)(*

2 vcp nn +=   and 
)))1(2(2/()))1(2()1(2(*

2 αααααα −+−++−+= ccrcnr kkvckcp  . We put *
2np   back into 

)1/()( *
21 δδ −−= nn ppv  and we have )2/()2( 1 δδ −−= nn cpv . 

Table A6. The equilibrium for the C+R= scenario. 

Parameters Value Parameters Value 

1nq  2/)1( nc−  1M  
))1(2(16

))1(2(168 11
2

αα
ααα

−+
−++−

c

crnr

k
Fkccc

 

2nq  
))1(2(4

)12(2)1(
αα
ααα

−+
−−+−−

c

rnnc

k
ccck

 2M  
))1(2(16

2)1)(2( 1312
2

αα
α

−+
+−+

c

nc

k
FFck

 

cq  
)1(2 αα

α
−+

−

c

rn

k
cc

 1η  0 

2rq  
)1(2 αα

α
−+

−

c

rn

k
cc

 2η  0 

1np  4/))2(2( δδ ++− nc  3η  
)1(2

)(
αα

α
−+

−

c

rnc

k
cck

 

2np  4/)31( nc+  4η  0 

2rp  
))1(2(4

))1)(1(2( 10

αα
ααα
−+

+−+

c

n

k
cF

 5η  0 

When the demand in the first period is vqn −=11 , the optimal price of the new products in the 
first period should be 2/)1(1 111 −++−= nnnn qcqp δ  . We put 1np   back into the manufacturer’s 
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problem (P1) and set 0/ 11 =∂∂ nqM . The optimal decision for the new product in the first period is 
2/)1(*

1 nn cq −= . We show the equilibrium for C+R= scenario in Table A6. 

Here, )1(4310 α−++= rcnc ckckF  , 2
11 )1)(25( ncF −−= δ  , αα nr ccF 3212 −+=  , and 

)1(213 nr ccF +−= α . 
However, 01 >nq  , 02 >nq  , 0>cq  , 02 >rq  , 02 >η  , 01 >M  , and 02 >M   should hold. To sum 

up these conditions, we have 10 <<< αrc  , 10 << cβ  , 10 << δ  , and (i) ( ) 1
1
12

−
+
+

≤<
n

r

n

r

c
c

c
c α  ; or (ii) 

( )
α<−

+
+ 1

1
12

n

r

c
c  and ( ) ( )nnrn ckccc −<++−− 1212 ααα . 

Appendix B 

Proof of Proposition 3 

According to the equilibria from Tables A2, A3, and A4, we can obtain the first-order partial 
derivatives of the relevant parameters with respect to the consumers’ willingness and the collection 
target, as shown in Table B1. 

Table B1. The first-order partial derivatives of the relevant parameters. 

Parameters Parameters C0R0 C0R+ C0R= 

1np  δ  <0 <0 <0 
cβ  0 >0 0 

2np  δ  0 >0 0 
cβ  0 >0 0 

2rp  δ  0 >0 0 
cβ  0 >0 <0 

1nq  δ  0 <0 0 
cβ  0 <0 0 

2nq  δ  0 >0 0 
cβ  0 >0 <0 

cq  δ  0 <0 0 
cβ  >0 Depends >0 

2rq  δ  0 0 0 
cβ  0 0 >0 

We get the following first-order condition for cq  in the C0R+ scenario: 

( )( )( )
( )22

2

223

22311

δβ

δβδ
β −+

−−−−
=

∂
∂

cc

ccn

c

c

k

kcq  

We then know that 0<
∂
∂

c

cq
β

 while 
2
23 ck−

<δ  and 1
2

2-3
<< c

ck
βδ ; in other cases, 0>

∂
∂

c

cq
β

. 
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Proof of Proposition 4 

We now analyze the profits gained by the manufacturer within the different periods and explore 
how the consumer’s willingness to wait affects profits in each period. According to Corollary 2, under 
the C+ and C= strategies, we analyze the R= case only. Our results are shown in Table B2. 

Table B2. The effects of the consumer’s willingness to wait on the manufacturer’s profits. 

Scenario Profits Effects of δ  

C0R0 
M1 <0 
M2 — 

C0R+ 
M1 <0 
M2 >0 

C0R= 
M1 <0 
M2 — 

C+R= 
M1 <0 
M2 — 

C=R= 
M1 <0 
M2 >0 

Therefore, we find that in the C0R+ and C=R= scenarios only, the manufacturer’s profit will 
increase in δ ; however, in the first period, the manufacturer’s profit always decreases in δ . 

Proof of Proposition 5 

Using the results in Table A4 and A6, we have 

( ) ( )( )( )
( )( ) 0
128

12122 2

22
0 >

−+
−+−−−

=− ><>< ==+

αα
ααβα

c

cncrnRCRC

k
kcccMM . 

From the formulation above, we have the conclusion that the collection strategy could affect the 
manufacturer’s profits in the second period, and the more items collected, the better.  

( ) ( )( )( )cnnrnc
RCRC ccccMM αβααβ −−+−−−=− ><>< = 11221

4
1000

22  

However, whether the manufacturer should adopt refurbishing when completing the goal set by 

collection target needs to be carefully considered. As long as ( )
( )( )α

α
β

−−
−

<
11

2

n

rn
c c

cc  and 












 +−
∈ 1,

4
813 ck

α , 

refurbishment could make 0000
22 >− ><>< = RCRC MM , which also means that it is worth refurbishing. In 

other cases, the manufacturer should choose the no-refurbishment strategy (R0). 

Proof of Proposition 6 

First, we define all the parameters’ restraints as 

{ }10,10,10,10,10,10,,,,, <<<<<<<<<<<<= rnccrncc cckcckU δβαδβα  

Using the results from Appendix A, we give the differences between two profits from C0R0 and 
C0R+ as shown below: 
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( ) ( )( )( )
( ) 














−+

−−−+
++−−=− ><>< +

22

2
22

11
223

212282521
16
1

000

δβ

δδδβ
δβ

cc

cc
ccn

RCRC

k

kkcMM . 

We get ><>< <+ 000
11

RCRC MM   if 10 << cβ  , 10 << ck  , 10 << nc  , and 10 << δ  . From this, we 
know that refurbishing just some of the collected items is not beneficial, and no refurbishment is a 
better choice.  

Next, we compare the profits from C0R0 and C0R= as follows: 

( ) ( )( )( )cnnrcn
RCRC ccccMM αβααβ −−+−−=− ><>< = 11221

4
1

000
11 .

 
Letting 0000

11 >− ><>< = RCRC MM , we get the conditions which lead the manufacturer to refurbish all 

the collected items: (i) 0αα <<
n

r

c
c   and ( )

( )( )n

rn
c c

cc
−−

−
<<

11
20

αα
αβ  ; (ii) 10 <<αα  , where 

( )n

rnrnnn

c
cccccc

−
−++−+−

=
12

8896131 2

0α . Otherwise, >< 00
1

RCM  will be higher than >< =RCM 0
1 . 

Last, we compare the profits from C0R+ and C0R= as follows: 

( )( )( )( )
( )( )( )( )

( ) ( )( )
















−+−−
−+

−−−+−
+

−+−+−−−
−

=− ><>< +=

ααβδ
δβ

δδδβ

δββααββ

1222
223

122218

21222585

16
1

2
22

2
11

00

cc
cc

ccn

ccccncr
nRCRC

k
k

kc

kcc
cMM .

 

It is obvious that 01<−nc , so the positivity and negativity of the formulation above is equivalent 
to 

 ( )( )( )( ) ( )( )( )( )
( )

( )( )
2

2
22

8 1 2 2 2 1
5 8 5 2 2 2 1 2 2 2 2 1

3 2 2
n c c

r c n c c c c c c

c c

c k
c c k k

k

β δ δ δ
β β α α β β δ δ β α α

β δ

− + − − −
∆ = − − − + − + − + − − + −

+ −
 (4) 

However, it is difficult to judge whether Equation (13) is greater or less than 0. Therefore, let 
0=∆ , and we have 

( ) ( ) ( )
( )( )3

2
121

22
413

4
1

3
23

2
121

1 2284
21443264487

ukuuu
kuuukkuukukuuu

ccc

cccccccccc

−−+

++−−+−−+
=

ββ
βββββ

δ  

( ) ( ) ( )
( )( )3

2
121

22
413

4
1

3
23

2
121

1 2284
21443264487

ukuuu
kuuukkuukukuuu

ccc

cccccccccc

−−+

+−−−+−−+
=

ββ
βββββ

δ , 

where 11 −= ncu  , αnr ccu −=2  , ( )13 −= ααu  , and 
( ) ( ) 4

31
3

2
2

31214 83464454323 cccccccc ukkuukukuuuu ββββ −−+−+−−= . 
Through collating the equation 0=∆ , we can see that the coefficient of 2δ is  

( ) ( ) ( )( )( )21212814 ccnnrcn kcccc βαααβφ −+−+−++−−=  

By calculating 0<φ , we have the necessary and sufficient condition (A) as follows: 

(1) (i) 1
2
2

<< cβ , or (ii) 
2
2

3
3

<< cβ  and 
2

13

2
1

2

13

2
1 22

cc β
α

β
−

+<<

−

− ; 
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(2) 2
2 22

2
1 αα
β

+−>
c

ck ; 

(3) (i) ( ) 1<< ncg α  and ( ) αnrn cccf << ; or (ii) ( )αgcn ≤ , and αnr cc < . 

where ( ) ( ) ( )( )
4

121
8

1 ccnc
n

c

n
n

kccccf βααβα
β

−+−
−+

−
=  and ( ) ( )( ) 1222

81
−−++

−=
ccccc

c

k
g

αββαββ
αβα . 

As Condition (A) is satisfied, we know that 0>∆   can be true if and only if 
{ } { }21 ,1,0 δδδ MinMax <<  , which means 000

11 <− ><>< += RCRC MM  . On the other side, if 
{ }1,00 δδ Max<<  or { } 1,1 2 << δδMin , 0<∆  can be true and 000

11 >− ><>< += RCRC MM . 
However, by Condition (B) where ACB U=  , we have 0>φ  . At this time, if and only if 
{ } { }21 ,1,0 δδδ MinMax << , 0<∆  can be true and 000

11 >− ><>< += RCRC MM . 
We summarize the results as follows: 

(1) ><><>< += >> RCRCRC MMM 0000
111 , if (i) 0αα <<

n

r

c
c , and ( )

( )( )n

rn
c c

cc
−−

−
<<

11
20

αα
αβ ; (ii) 10 <<αα ; 

(2) ><><>< =+ >> RCRCRC MMM 0000
111  , if (i) { } { }21 ,1,0 δδδ MinMax <<   with Condition (A); (ii) 

{ }1,00 δδ Max<<  or { } 1,1 2 << δδMin  with Condition (B), where ACB U= ; 
(3) ><><>< += >> RCRCRC MMM 0000

111 , in other cases. 

Proof of Corollary 1 

Using the results from Appendix A, we can find the difference between the two profits from C0R= 
and C+R= as follows: 

( ) ( )( )( )
( )( ) 0
128

12122 2

11
0 >

−+
−+−+−

=− ><>< ==+

αα
ααβα

c

ccnrnRCRC

k
kcccMM , 

so ><>< ==+ > RCRC MM 0
11 . 

Proof of Proposition 7 

According to the consumer surplus formulation mentioned in our manuscript, we use the 
equilibrium from Appendix A and give the consumer surplus under the C0R0 and C0R= strategies 
as follows: 

( ) ( )δ541
32
1 200 +−=><

n
RC cCS ; 

( ) ( )( )( )δαβα 22 14541
32
1

0
cn

RC cCS −++−=>< = . 

We calculate the first-order condition of each consumer surplus as follows: 

( ) 01
32
5 200

>−=
∂

∂ ><

n

RC
cCS

δ
 

( ) ( )( ) 01451
32
1 220

>−+−=
∂

∂ >< =

cn

RC
cCS αβα

δ
 

Thus, as the consumer’s willingness to wait δ  increases, the consumer surplus always increases 
when the manufacturer adopts the C0R0 or C0R= strategy. 
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Proof of Corollary 2 

Using the results from Appendix A, have the differences between two consumer surplus from 
C0R= and C+R= as follows: 

( ) ( ) ( )( )( ) ( ) ( )( )( )
( )( )2128

12122121221
0

αα
βαααβαααααδ

−+

−+−+−−+−+−−
=− ><>< ==+

c

ccnrnccnnrRCRC

k
kccckcccCSCS . 

However, there will be three cases with ><>< ==+ > RCRC CSCS 0  as follows: 

(1) 2

2

24
220
αα
αα

−+

−+
≤<

c

c
n k

kc  and 22 2222
220

αααα
α

β
nncnc

rn
c cckck

cc
+−−+−

−
<< ; 

(2) 1
24
22

2

2
<<

−+

−+
n

c

c c
k
k

αα
αα  and 

2
22420

22 αααα nncnc
r

cckckc −++−−
≤< ; 

(3) 1
24
22

2

2
<<

−+

−+
n

c

c c
k
k

αα
αα  , α

αααα
nr

nncnc cccckck
<<

−++−−
2

2242 22
 , and 

22 2222
220

αααα
α

β
nncnc

rn
c cckck

cc
+−−+−

−
<< . 

From the conditions above, we find that the collection target may affect the consumer’s benefits. 
Especially when the collection target is low, the consumers will benefit from the manufacturer’s 
C+R= strategy. 

Proof of Proposition 8 

As Proposition 6 has proved that C0R+ can never be an optimal choice, we only consider the total 
social welfare in the C0R0 and C0R= scenarios. According to the results before, we get the following 
total social welfare in the C0R0 and C0R= scenarios: 

( ) ( ) ( ) ( )( )
32

414442382424141 2
00 ccncccccdsmnRC kcekeeecSW βδδβββ −+−+−−−−−−−

=><  

( ) ( ) ( )( )( )( )
32

8127721 10
SeeeceeeceeeccSW smdnsrcrcsmdnnRC ++++−++−++++−−

=>< =
αβ , 

where ( ) ( )( ) ( ) ( )( )ααβδααβ −+−−−+−= 14111212 2
1 cncnc ckcS . 

We then have ( )
0

32
1 200

>
−

=
∂

∂ ><
n

RC cSW
δ

 and ( ) ( )( ) 0141
32

1 2
20

>−+
−

=
∂

∂ >< =

ααβ
δ c

n
RC cSW , which means 

that in compliance mode (C0), the total social welfare always rises as the consumer’s willingness to 

wait increases. Similarly, we have ( )
0

8
1 2

<
−

−=
∂

∂ >< =+
n

RC cSW
δ

, which indicates that in voluntary mode 

(C+), the total social welfare may decline as the consumer’s willingness to wait increases. 

Proof of Proposition 9 

In order to analyze the problem in different scenarios, we consider the Lagrangian for the 
refurbisher’s problem as follows: 

( ) ( )( ) rrnrcrrrR qqqqkqcpL 211
2

22 12/ λτλ +−−+−−=  

For the refurbisher, she/he has two collection strategies: One is collecting some but not all, and 
the other one is collecting all available products. However, her/his unique refurbishment strategy is to 
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make full use of the collected items (R=).  
(1) The first situation (collecting some but not all) means 01 =λ  and 02 =λ . We first solve the 

refurbisher’s problem and let 0/2 =∂∂ rR qL . We then have 

( )
α

αα
2

22

+
−++

−=
c

rnr
r k

vqqcq . 

Subsequently, the equilibrium in all cases can be resolved by following the steps in the proof of 
Proposition 1. We list the just equilibrium for each scenario below. 
C0R0 scenario 

Through calculating, we find ( )( )
( ) 0
25 <
−+
−+

=
αα
αα

η
c

nrc

k
cck , which indicates that the C0R0 scenario will 

not exist. 
(2) The second situation (collecting all available products) means 01 >λ  and 02 =λ . We first 

solve the refurbisher’s problem and let 0/2 =∂∂ rR qL  . We then have ( ) 11 nr qq τ−=   and 
( ) ( )τααταλ −−++−−+= 122 122111 ncrnnrn qkqqqcqv . Next, the equilibrium in all cases can be resolved 

by following the steps in the proof of Proposition 1. 
C0R0 scenario 

Through calculating, we reach the equilibrium shown in Table B3. 

Table B3. The equilibrium in the C0R0 scenario. 

Parameters Optimal value 

1nq  
( )( )

( ) ( )( )( )1112223
11

2 −−+−+−+

+−−−

τταδαδβ
ατδα

cc

n

k
c  

2nq  ( ) ( )( )( )
( ) ( ) ( )( )( )ταδταδβ

τδαδβ
−+−−−−+

−−+−+−

11212232
132221

2

2

cc

ccn

k
kc  

cq  
( )( )

( ) ( )( )( )1112223
11

2 −−+−+−+

+−−−

τταδαδβ
ατδαβ

cc

nc

k
c  

2rq  0 

rq  
( )( )( )

( ) ( )( )( )1112223
111

2 −−+−+−+

−+−−−

τταδαδβ
τατδα

cc

n

k
c  

However, 01 >nq , 02 >nq , and 01 >λ  should hold. We then see that if and only if (1) *0 nn cc << , 

or nn cc <*  and rr cc <*  and (2) τδ ≤ , or τδ >  and 
τ
δα

−
−

<
1
1 , the C0R0 scenario could exist, where 

( )( ) ( )( ) ( )( )( )( )
( ) ( )( )( )τταδαβδ

τδταδτβτδταδατα
−−+−+−−

−−−+−−−++−−−−−
=

1112232 
3412431111

2

2
*

cc

ccn
r k

kcc   and 

( )( ) ( )( )
( ) ( )( )τδταδτδβ

ταδτα
−−−−−−−+

−−−−−
=

3411324
1111

2
*

cc
n k

c . 
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