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Supplementary
A. Proof of Proposition 1

Let
or=inf{r>0: N@®) =k}, k=0,1,....

Thus, given N(0) = n, we have 0,_; = 0. Let #; denote the first transition time of N(¢) after time 0,
that is,

ty = inf{t > 0 : N(r) # N(0)}.
Given N(0) = n > ¢+ 1 and J(0) = i, the first transition occurs due to one of the following events:

e an arrival of a new customer from outside, with probability ﬁ,

e service completion of a customer who arrived after the tagged customer, with probability /1%#,

e service completion of a customer who arrived before the tagged customer, with probability (C;i_ci)“ ,
and

e service completion of the tagged customer, with probability

U
A+ep”
Hence, for|z| < 1, n>c+1andi€{0,1,...,c— 1},

Gij(2) = B2 Lig, <t g0, 2 | N(O) = 1, J(0) = i
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A X(@1) :
= mE[Z Y Lo, <. donnmit | NO) = n+1, J(0) = l]
i (c—i—Dpu
+ PR AL o S I Al
/l+c,uz J A+ cu -1 =13 (A.1)

where ¢, ; is the Kronecker delta, i.e., 6;; = 1 if i = j and O otherwise. Since

E [ZX(O-'H) 1{0‘,171<‘r, J(ou-1)=J} | N(O) =n+l, J(O) - i]

(e — — 7
= D B2 Lo stommtona < s = | NO) = n+ 1, J(0) = i

X(oy X(op-1)—X(op — — 7
= S B[ L, cn s VT L s | NO) = 1, JO) = ]

= E [ZX(Gn) Lo, <t, J(0)=k) | NO)=n+1, JO) = i]

X B[ Ly, <r s, = | N(O) =, J(0) = K|

o
|
—

= ) Gu(2)Gkj(2),
%

(A.1) leads to

1l
[«

c—1 . .
A iu (c—i—1Dyu
Gii(d) = — Gi(Gri(2) + 0; i+
1(2) 1+ n 1;:0 1(2)Gy(2) /l+c,uz J 1+ o

0i j-11{j21)-

This is written in matrix form as equation (2.2). Since J(¢) is nondecreasing in ¢ over the interval [0, 7],
we have

Gii(z)=0, ifi>}. (A2)

Equation (2.1) then follows from (2.2), (A.2), and the inequalities |G;;(z)| < 1.
By applying an argument similar to the one used to derive equation (2.2), we can derive the
following equations:

A cu
G.(2) = —— G(2) G, B.(2), A3
(2) 1+ o (2)G.(2) + 1+ o (2) (A.3)
Gu@) = — A GG+ - B n=2.3.....c—1 (A.4)
nZ_/l-l'l’l/l n n+1(Z n\Z /l+l’l/,l n\Z), — Ly dy ey . .

Equations (2.3) and (2.4) are obtained from (A.3) and (A.4), respectively. This completes the proof. O
B. Proof of Proposition 2
Define o, k = 0,1,..., and #; as in Section A. Given N(0) = n > ¢ and J(0) = i, the first transition

occurs due to one of the four events as described in Section A. For |z] < 1, w| < 1, n > ¢ and
ie{0,1,...,c—1},

hizw) = E| O Liegy, )| NO) = 1, JO) = i
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= ﬁE[ZX“)wY(T) Liesr,y | N(O) = n+ 1, J(0) = i| + 7 f_‘ Cﬂw“‘*l.

Note that

E[OW'® Liso, | NO) = n+ 1, J(0) = i

=E[2"OW© Lipy | NO) = n+ 1, J(0) = i

+E[ZOW Ly oz, | NO) = n+ 1, J(0) = .

Since

E [ Loy | NO) = n+ 1, J(0) = i] = hi(z, w)
and

E [ZX(T)WY(T) ]l{(r,,<‘r§0'n71} | NO)=n+1, JO) = i]

= 3 B[ L, sotirza | NO) = n+ 1, J(0) = |
— Z E [ZX(O'n) 1{0'n<7, Jom=h) ZX(T)—X(Un)wY(T)H{TSO_H_I} | N(O) =n+1, J(O) = l]

= EI:ZX(O-n) 1{0')1<T, ](O’n):k}| N(O) =n+ l’ J(O) — l]
X E [ZX(T)WY(T) 1{1’30’,,,1} | NQO)=n, JO) = k]
= ) Ga(@h(z,w),

(B.2) leads to
c—1
B[ Lirgg, | N©) = n+ 1, JO) = i| = hiz, w) + )~ Gi(@hulz, w).
k=0

Substituting (B.3) into (B.1) yields

c—1

A U —in
hi ) = hi , + Gi h , + o .
@w) = T i w) kzo (D) |+ v

Rearranging the above expression, we obtain the following:

c—1
1 ;
hi(zw) = p ) Gul@huzw) + —w' .

k=0

Furthermore, it can be expressed in matrix form as:

h(z,w) = pG(2)h(z, w) + b(w),

B.1)

(B.2)

(B.3)

(B.4)
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where

1
b(w) = —(wc_l, weZ e w, 1)T.
c

which yields (2.5).
By applying an argument similar to the one used to derive (B.4), we can derive the following
equations: Forn=1,2,...,c—1,|z7l < land |w| < 1,

A C
e W) = e (st @) + Gt (e W) + a0
This yields (2.6). The proof is complete. O

C. Proof of Proposition 3
Forlzl<1l,wl<1l,n=1,2,...,andi=0,1,...,min{fn — 1,¢c — 1},

Gnilzw) = B[ ZXOW O L | NO) = 1, J(0) = i]
+E[ OO Ly | NO) =1, J(0) = i]. (C.1)

Note
B[O Lay | NO) = . J0) = i] = e w)
and, if n > 2, then

E [ ZX(T)WY(T) ]]-{a'<‘r}
min{n—-2,c—1}

E [ZX(T)WY(T) Lio<r. ()=} | NQ©O)=n, JO) = i]

N(0) = n, J(O) = i]

k=0
min{n—2,c—1}

E [ X1 (<. J()=k) AX@O=X(@), Y@

N() = n, J(0) = i]
k=0

min{n—-2,c—1}

- Z E[ZX(U)1{0<T,J<U>:1<}| N(©O) = n, J(0) = i]

=0
X E [ZX(T)WY(T)

N(@©)=n~-1, JO) = k]
min{n—-2,c—1}

D Guil@ sz w).

k=0

Hence, (C.1) is written as

¢1.i(z, w) = hyi(z, w),
min{n—-2,c—1}

bui@w) = hi@ W+ D Gu@burzw), n=23,...

k=0
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These are written in matrix form as

d1(z,w) = hy(z,w),
&z, w) = hy(z,w) + G(2) Proi(z,w), n=2,3,....

Thus, (2.7) and (2.8) are proved. From the last equation,
Bz, W) = D P (ha(z, W) + Go(2) a1 (2 W)

=ZﬂWMMHGﬂWH@M+§hW@@%4mw

n=c+1

1 —
= Eh(z’ W) + GC(Z) ¢C—1(Za W) +p G(Z) ¢(Z, W),

which yields (2.9). The proof is complete. O
D. Proof of Lemma 1

Let Ny denote the total number of customers in the system, including the arbitrary customer,
immediately after the arrival of the arbitrary customer. By the Poisson Arrivals See Time Averages
(PASTA) property, Ny — 1 has the same distribution as the stationary distribution of the number of
customers in the system. Thatis, P(INy — 1 =n) = p,,n =0, 1,2,..., where

1 n
_ L W@ cn<e
Py = D (cp,p) n!
—(C’O) o ifn>c+ 1.
D.(cp,p) c!
Thus, the distribution of N is given by
P(No=n)=p,-1, n=12,.... (D.1)

To derive the distribution of NV, we make the following observations:

1. If Ny =n, for 1 < n < c, the arbitrary customer begins service immediately upon arrival. Thus,

PIN=n)=PWNy=n)=p,-1, n=12,...,c. D.2)

2. If Ny = n, forn > c, the arbitrary customer begins service after n—c service completions following
its arrival. Note that each service completion occurs after an exponentially distributed time with
mean 1/(cu). Therefore, the number of arrivals during one service time follows a geometric

distribution with probability mass function ﬁ(lpr)k, k = 0,1,2,..., and hence its probability
generating function is given by pl_pz. Consequently, we have
E[ZN_C Ny = n] = ; n>c. (D.3)
(1 +p—pzy=c’
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By (D.1), (D.2) and (D.3), we have

i
A\l
=

I

[

P(No = m)E [2Y| No = n]

3
—_

o

Cc

(1 +p—p)"°

Z

= > pnaZ'+ Pl ——————
n=1 1 nzc;l 1(1 +p ,DZ)" ‘

_ 1 (cp)"™! Z (Cp)c
D.(cp,p) | (n— 1)‘ o

N B | 7 L ) &
D.(cp,p) |~ (n— D! ¢! 1-pz

~ Dc(cp.p) | & (n - 1)! Tle-

This completes the proof of the lemma.

E. Glossary of notation

Cc

4

1 [ c—1 n—1 c—1 c—-1 ]
COMPCL SN <p>1)’ ,,LHZ”}_

n=c+1

For convenience, Table 1 summarizes the key notation used throughout the paper.
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Table 1. List of notations.

Symbol  Description
p =5
N(1) the total number of customers in the system at time ¢, including the tagged customer
J(@) the number of customers in service at time ¢ who arrived after the tagged customer
X() the number of customers who overtake the tagged customer during the time interval [0, 7]
Y(@) the number of customers who are overtaken by the tagged customer over the same interval
o o =inf{t > 0: N() = N©O) -1}
T the departure time of the tagged customer from the system
the (min{n — 1,¢ — 1} + 1) X (min{n — 2, ¢ — 1} + 1) matrix with entries
G(2) Gnif(@) =E[2"7 Liger sy | NO) = n, J(0) = ],
where 0 < i <min{n—-1,c—1},0 < j <min{n - 2,¢ — 1}
G(2) G =Gu(p)forn>c+1
the (min{n — 1, ¢ — 1} + 1)-dimensional column vector with components
R (z, ) E[OW'® Lizey | N(O) = n, J(0) = ],
where 0 < i < min{n - 1,¢— 1}
h(z,w)  h(z,w) = h,(z,w) forn > ¢
the (min{n — 1, ¢ — 1} + 1)-dimensional column vector with components
Bu(z, W) Gni(z,w) = B[ XOw @ N©) = n, J(0) = ],
where 0 < i < min{fn - 1,c— 1}
dw)  Plzw) = . p" Pz, w)
X the number of times an arbitrary customer is overtaken
Y the number of times an arbitrary customer overtakes others
N the total number of customers in the system, including the arbitrary customer, immediately after that
customer begins service
O(z,w)  D(z,w) = E[z¥wY]
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