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Supplementary

A: Proofs for major results

Proof. Proof of Proposition 1. For completeness, users who do not meet all of the constraints in analysis
can be defined as not watching content and not interacting, known as Not View. Since very few users
interact without watching a video at all, we exclude such users. As shown in Figure 2, we let v; be
the user type who is indifferent between View & Engage and View & Not Engage while letting v, be
the user type who is indifferent between view & Not Engage and Not view. Combined with the above
analysis, we conclude the following:

e Users who choose to view the content and engage need to satisfy their rationality constraints
(U4 > 0) and incentive-compatible constraints (U, > Up).

e Similarly, users who choose to view but not engage need to meet IR constraints (U > 0) and IC
constraints (Ug > Uy).
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Proof. Proof of Lemma 1:
The equilibrium solution of the linear model are: gt = 2AC) apg ppr = HENEC)_ - According

M (app+2k2=2km)¢ "
to the analysis in 3.1, we obtain ¢; < &cz. According to Assumption 1, there is ¢; < 1 — ¢, so we get
¢ < {. Moreover, because the external revenue m must be greater than the commission «, g7 > 0 and
n; > 0 are equivalent to 2k* — 2m«k + aff > 0. When m < +2af, aff + 2«> — 2km > 0 is always true.

) \Vm2=2a8 _ \m2-2
When m > 4/2af, k < k or k > k should be satisfied, where k = & — m2 (2'8, K= % + mTaﬂ

(3]

Proof. Proof of Lemma 2: The equilibrium solutions of EOM are:
. okml(2—c =20 -2k (1 — ¢y = &) — kmei(1 = 0)
? (@B + 22 — 2km) (1 = ) ’

af[m—c)(1 =) -kl —cy =] —km(m —«)[Lcr —c1(1 = )]
a(af + 2«* = 2km) (1 = )¢

= -

e (1)g;>0:
The numerator of ¢* is km{ (2 — ¢3 — 20) = 2«*¢ (1 — ¢3 — £) — kmc (1 = ). According to Lemma 1,
we obtain the inequality ¢;(1 — {) < {c», so the numerator of ¢* is greater than km{ (2 — ¢, — 2{) —
2k%¢ (1 = ¢3 — &) — km{c,, which can be rewritten as 2k(m — k), (1 — ¢, — ). Because of m > «
and ¢; < 1=, 2k(m — k){ (1 — ¢, — {) is positive, so the numerator of ¢* is positive. So g5 > 0 is
equivalent to 2«*> — 2m« + a8 > 0, which has been proved in the proof of lemma 1 .

e (2)n;>0:
The numerator of n* is @B [m (L —c1) (1 = &) = ¢k (1 — ¢y — )| — km(m — k) [Lca — c1(1 = £)]. We
assume that 2«* — 2mk + af > 0, the numerator of 7x* is greater than
2km — K)[M(—c))(1 =) =k —c = )] — km(m — k) [Lcy — c1(1 = )], which can be
rewritten as = «k(m — k)A. Where A = 2(m(1 — ) — mc1(1 = ) — 2Lk (1 = ¢y = ) — {mcs.
Similarly, we wuse the inequality c(1 - ¢) < {c;, so we can obtain:
A>2im(1 =)= 2Lk (1 = ¢y — ) — 2{mc,, which can be rewritten as 2(m — k) (1 — ¢, — ) It is
obvious to tell that 2{(m — k) (1 — ¢, — ¢) > 0, which means when 2«* — 2mk + af8 > 0, n; >0
holds. The rest of the proof process is the same as Lemma 1.

Proof. Proof of Proposition 2:
. . oq] )i aT; 2 (m=26)(c1 —0)?
Under the assumption of m < +/2a8, we obtain =t = 2BECmCD 4nq Tu - 20

Ok (af+2xk(k—m))2 ¢ Ok (aB+2K(k—m))222 *
. * IIT* * oIT* ..
Obviously, when k < %, 5@1 > 0 and =4 > 0 hold. When « > Z, Y < 0and 2 < 0. Similarly,
K Ok 2?2 0k Ok
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Proof. Proof of Proposition 3:

e (1), m < 2af, the first order condition of the balanced quality in the EOM is:

a* (X~—K2l1‘lC—C - e
G = LomlealO Where Ay = (—4k{ (1 —ca =) +ml 2=, =20~ mey(1 =)
Because of ¢;(1 — ) < {c,, it can be obtained that A, is larger than (m — 2k){ (1 — ¢, — {), which

can be represented by A;. When « < 3, it is obvious that A; > 0, which means A, > 0. Because
m < 4/2af, the numerator of this first order condition a,BAz - 2k’m ({cy — ¢1(1 = ¢)) > can be
scaled as ’”72142 —2k’m (Ccy — (1 = £)), which can be represented by A4. Because ¢;(1 — ) < lc»,
we can obtain Ay is greater than m(m — 2«){(1- ¢, — ), which is positive. Therefore, when
K< %,% > (18 true.

e (2). In addition, under the EOM, the first-order conditions for exposure and profit of both

participants on « ,respectively, are:

oy, bla@k—mm(-1+)+(-af(-1+ 2+ )+ 23 (~1+ 2 + O+ T
P (@B + 2k(k — m)X(~1 + )¢ ’
T = =2km(=2+ ¢y + 20) + m*(=2 + ¢ + 20),

oL, _ By + B, - B,
ok aaf + 2k(k —m))2(=1 + )%

oI, 3 B4Bs
ok (af + 2k(k —m)3 (=1 + )2
Here, By = -*m*(ci(—1+0) +20)? By = afrxmici(—1 + ) + cxd)(cim(=1 + {) + coml +
(=1 + 2+ ), By =a®bl(-1+cr + Oerm(=1+ )+ L{m—ml +2k(=1 + 2 +0)))

By = b (=c1(2k —m)m(=1 + {) + L (af(=1 + c2 + {),

By = -2k3(=1 + ¢ + O)+2km(=2+cr +20) — m* (=2 + ¢, + 20),

By = Bu+By, Bs=(kk—mm(ci(=1+)+c0)+af(cim(=1+)+{m—ml +xk(=1+c2+0))))
The idea of the proof is the same as (1): Use the inequality m < \/m to scale the first-order
condition and replace all terms containing @B. Then, the result can be scaled again using the
inequality c;(1 — {) < {c,, replacing the term containing {c,. Finally, the same kinds of items can

AIT* oIty o
=2 > 0holds. Atk > 2, —2 < 0 and 22 < 0 hold.
K K K

be merged. It can be proved that at x < 7,

Proof. Proof of Proposition 4 :

e - Kled =l =) DiDy
P2 P T Da(aB + 2k(k — m))A(—1 + )R
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Here, D1 = (aff + (k — m)m), D2 = k(k —m)m(cd —ci(1 =0)) + a,BD3, 3 =ci(k—2m)(1 =)+
2m(1 - ¢ ~ kL (2= 2 = 20).

Since m < \/@, then it is obvious that 52 is greater than k(k — m)ym (¢, — c1(1 = Q) + ’%253
Referring to the proof idea in proposition 2, it is easy to prove that x(k — m)m (c2{ — ¢1(1 — 0)) + ’"7253
is positive, which means when « > % D, > 0. Because of D; > 0, therefore, when « > % H;z > H;l

1s true. When 0 < « < m , only 52 > ( holds. For H;Z > H;l to be true, 51 > 0 must be satisfied, so

2_
K>m —af Insummary,when:<> “ﬂ D, > 105 When x < =% T1* < II*,.
m p2 pl

Proof. Proof of Proposition 5:

H* _ ® K(CZé/—c](l_é/))Fl
P2t a(a + 2u(k — m)) (=1 + )22

Here, | = F, + F5, F, = [sz +2afﬁ(/<—m)] (2l —ci(1=0)), F3=QRxk—-—ml(- cy—20).

" . . . . 7 . . 2
F5 > 0 is equivalent to k > 5. To ensure IT;, > IT; , F, > 0 must be satisfied, i.e. « > Zagf’:;z. If
T <k< Zi;f';’lz, then F3 > 0 and ¥, < 0. To ensure IT, > IT7,, ', > O must be satisfied, i.e., ¢; > c.

Moreover, when ¢, < ¢; and ¢; < 0, then ¢; > ¢; constantly holds. In the case of ¢, > ¢;, ¢y > ¢; must
be satisfied. Therefore, it can be obtained that at mo o< 2B s necessary to meet the ¢; < ¢; or

2, ﬁ+ 2
Zeakm® =2aB¢ [m(1-0)—k(2—c2-0)] 2aB(m=2x)(1-0)
K(m2 2(1,8) ’

O

and ¢c; =

¢ > C3,C1 > ¢, and the proof is completed, where ¢; = Taptmran] (-0

Proof. Proof of Corollary 1:
Comparing the conditions of Proposition 3 and Proposition 4, it can be concluded that when
proposition 3 is true, proposition 4 must be true, and the proof is completed.
]

Proof. Proof of Corollary 2:
Let the equilibrium solution be (ql, ) in the linear sharing mode, and the equilibrium solution in the

sharing mode based on the interaction rate is (qz, nz) g5 —q = Lemacalt) When kK> 53.q5>q]

(@B+2k(k—m))(1-0)¢ -~
holds. n; — n} = K(ag :;;;’;%)_(Z;’;(_f_lg;m Additionally, n;— n} > 0 is equivalent to x > = '8 . Thus, when

the conditions of proposition 4 are satisfied, g5 > g} and n5 > nj hold.

The engagement-based sharing model leads to higher exposure (n; > n’{), which increases the size of
the total number of users. When calculating consumer surplus, the additional surplus brought about by
the expansion of the total number of users is not considered, and only the change in consumer surplus of
users who have remained in the market is calculated. Thus, the user’s consumer surplus can be defined
as:

1

U]
CS = §v+§q*—c1dv+f v+ gt —c —cu.
v2

U1

Using CS; to represent the consumer surplus in the linear mode and CS, to represent the consumer
surplus in the interaction-rate-based sharing model yields:
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2B + 2k(k — m))A(—1 + )2

CS,-CS,

where G, = G, +20BGs, Gy = k(c1(=1 + &) + c20)m(B —40) + k(=2 + 40)), Gz =(=1+c, +
¢,)(=1+¢)¢. Using the condition 2a8 > m?, G, is scaled down to obtain: G| > G, +m?>G; = G4+ (¢,Gs.
Where Gy = (=1 + ) (—=m{ + ¢ (km(3 = 40) + m*{ + k2(=2+ 47))) and Gs = m*(—1 + ) + k{(m(3 -
40) + k(=2 + 4{)). Using the condition {c, > ci(1 = ), G4 + (¢G5 was scaled down to obtain:
Gy + L2Gs > mP(c; — (=1 + {) > 0. Therefore, G, > 0 holds. CS, < CS holds when « < 2. When
k> %,CS, > CS holds. In conclusion, g; > g7, n; > nj and CS, > CS§ all hold when the conditions
of proposition 4 are satisfied.

]
Proof. Proof of Proposition 6:
o \2 _ 2208 _ 22
()&(ii): Since m > 2af,k < 5 < m - %‘Z'B < k. where k = 7 — m2 & K= 54 m2 o>
. . . . . 7 b
According to the conclusmn of Proposmon 1, it can be obtained: k < «, (q' > 0, aﬁl >0, ;K‘ > 0, - >
on’
0. Atk >k, q' < 0 “‘ <0, "' < 0 ”‘ < 0. Slmllarly, according to the conclusion of Pr0p051t10n2 it
g, b g, on}
can be proved that:<</< D> 0, 6"2 > 0, 8”2 >0, 61’2 > 0. Atk > &, ‘12 <0, 6uz <0, ”z <0, apz <0
K K K K K

(iii): Since m > +/2ap, so k < % < 2(21;_{’:12 < k. So according to the conclusion of proposition

3 and proposition 4 , when k > k, H;z > H;l and IT', > II’, hold. So when k < k, HZZ < H;1 and
IT*, < IT*, hold.

O

Proof. Proof of Proposition 7:

(D). T, (k) = 3798 T1,0(0) = "5 andTlp(m) = "GEHOR0" S0 there s TT,(0) <
H;l (KT) < IIn (K;) and by the intermediate value theorem, &, € (O, K;) exists, such that IT, (£1) =
I, (KT) Since the «, is increasing on (O, K;), &1 is unique. In the same way, there is I1,,(m) <
H;l (KT) < II» (K;) which can be known from the intermediate value theorem and monotonicity,
and there is only one unique &, € (K;,m). Thus we have I1,, (&) = H;l (K’l‘) Therefore, when
&1 < Ky < &1, (k) > IT;, (k}) holds.

=
m¥(e1(=1 +0) + c2f) (crm?(=1 + ) + (2 + 2 (-2 + m?) - 2£) )

21+ ’

I1,» (m) =

M,(0) = 0. Similarly, the existence of nandy, € (0,m) means I,y (71) = Mo () = IT, (x;)
is true and can be proved by the intermediate value theorem and monotonicity. Therefore, when
m < ky <m, 1L (k) > 117, (KT) In other words, there is a maximum value of II,,, in the interval (£}, &)
and a maximum value of I1,, in the interval (77, 17,).

]
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Proof. Proof of Corollary 3:
(1)We need to prove that the set (Q, K_z) is a non-empty set. Here, Ky = max {€1,m}, k2 = min{&, ).
The maximum point of T, (k») is represented by k,, and the maximum point of I1,; (x;) is represented

_ .+ _ _A-VB _ m(c1=)(=1+{) — — —
by Ky, Where K, = Ky = %= K0 = com?(—14+0+(2+c2 (-2+4m2)-20) ¢’ A=mCZ-c=20)+af-c)

= Em(1 = &)? = 2cm?(1 - 4)24 +(=c3 (m*= 2) + 2c5 (m* = 2) (1 = ) + 2(1 = £)*) 2. According
to the conclusion of proposition 7,&; < k, < & and 7 < k, < 1, hold true. It can be proved

that when m < 4/2af,k, < 5 < K, holds, so & < % < 1, holds. On the interval (k,, &), there is

(k) > sz( ) > H* ( ) I1,, (&). Since «, < %, and given monotonicity and the Intermediate

Value Theorem, we have that 5 < &. Because Huz(Kb) > Huz( ) > 1T ( *) I, (71) and 3 < «y,

m

and given monotonicity and the Intermediate Value Theorem, it can be concluded that n; < 7. To
sumup, 71 < 3 <mand & < § < &, then 7 must be an element in (Q K_z) and the set (Q, K_z) isa
non-empty set. Figure 4 shows a set of feasible parameters. (2)According to (1), it is established that the
set (ﬁ, K_z) is non-empty. Assuming the validity of the proof for g} > g,(m/2) > ¢;, it becomes evident
that (Q, K_z) constitutes a subset of (qz, q’{) Consequently, our sole objective reduces to demonstrating

that g7 > g»(m/2) > g5, which can be readily inferred from the monotonicity property. Figure 4 shows a
set of feasible parameters. O
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