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I. Adaptive weights estimation

The choice of B significantly influences feature selection and clustering accuracy. Following the
adaptive strategies proposed by [5], we present the adaptive updating procedure for 8 in Algorithm
2. Specifically, given a range of @ and a fixed n, we first fit GSFRC with y = 1 and uniform feature
weights 5; = 1. We then identify the value of « that yields the desired number of clusters, obtaining
the initial estimate X.

We update the weights in two aspects. On one hand, adaptive feature weights are constructed based
on the initial estimate 3 =1/ (1X. jll +0.01). These weights impose a strong penalty on noise features
such that corresponding IX. jll2 tends to 0. On the other hand, to reduce the influence of noise features
in A on similarity measurement, we apply min-max normalization to 8 to obtain ds and use dj as
sample weights for each feature, i.e., ||(A;. — Ay.) © d,;llz, which refines the computation of the original
distance ||A;. — Alv.llé. Here, “©” denotes Hadamard product.
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Algorithm 2 Adaptively adjusting 8 and w,

Input: Data matrix A, hyperparameter n
Parameters: Tuning parameter sequences for @ and y

Step 1. Fit GSFRC withy =1, 8; = 1 for j = 1,2,...,d, and a sequence of a.

Step 2. Select optimal « that yield the desired number of clusters; Obtain the preliminary estimate
X.

Step 3. Update the adaptive weights:

e Feature weights: §; = rj=1,2,...,d.

— o
IXll2 + 0.01
exp( - oA - Ao dgll)). if i) ee

e Fusion weights: @, = { herwise
) otherwise

Step 4. Fit adaptive GSFRC with updated weights 8, @, and sequences of @ and y; Find optimal
and 7y that achieve the desired number of clusters and features.
Output: Final cluster assignments, selected features, and refined estimate X.

II. The proof of Lemma 4.2

Proof. 1) According to (4.2) and (4.8), we get

f:T(T?H), X(t+1); Y(ZHD, 8(z+1)) _ ﬁT(Y(ltH), X(’“); 'I'(’), g(z))
— <P(t+1) _ P(t) DX(t+1) _ E(t+1)> + <G(t+l) _ G(t) X(r+1) _ F(t+l)>

+(GUD — GO, XD _ Dy 4 gD _ 0
6.1)

1

— ;HT(;H) _ T(zt)”%" + 8(t+1) _ 8(t)
0

< ;IIX(”” - Xl

where the second “="" and the first “<” hold via (4.7) and Assumption 4.1, respectively.
Let

1 T 1
Q/(X) = SIIX - Al + SIDX - E™Y + ;P@n%

+ gnx _pe g Lgop %ux _peny Lgop
T T
Since X*V is the optimal solution of X-subproblem, VQ,(X“*V) = 0. Combined with the strong
convexity of Q,(X), we derive that
-Z:T(T(lHl), X(t+l); T(zt)’ 8(1)) _ ‘Z:T(T(lt+])7 X(z); T(21)’ 8(1))
= 0(X"D) - 0,(Xx?) (6.2)

2t +1
< _T”X(Hl) _ X(t)”i_
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Similarly, by the optimality of E/*V for the E-subproblem, F*" for the F-subproblem, and F*D
for the F-subproblem, we get

Q(B) + SIDXO ~ B+ LPO < g(E) + SIDX? - BV + PO,
RED) 4 21X - FOD %G(”H% <r(FO)+ SIXO - FO + %G(”H%, (6.3)
ry(FDy 4 gllX(” — F&D 4 %G(”II% < rp(F?) + %llX(’) - F" + %G(’)H%.
Using (6.3), we have
ﬁr(YYH), X(’); Y(Zt)’ 8(:)) L (Ta) . T;”, 8(:)) <0. (6.4)
Summing both sides of (6.1), (6.2), and (6.4), we can obtain

L0, X0y ) - L0, X000, 60)
- (z+1) ®)12

< -wlIX = XlE

<0,

where w = 2L — Q

2) Based on the below optimality conditions of the E-subproblem, F-subproblem, F-subproblem,
and X-subproblem

0 € 9g(E™) — t(DX"V — E® + LpU-D),
0 € Or(F?) — (XD — FO + 1Ggt7Y),
0 € Ory(F?) — (XD — FO 4 1G01),
0=X"-A+D"P"+G" +G",

(6.5)

and the subdifferentials of ij(T(lt), X0y (t) , &) with respect to E®, FO, EO, X®_ PO G, and G”

opL. = dg(E®) — 2PV 4 P,
opL. = or (F?) - 2G? + GV,
AL, = Ory(FV) = 2G? + GV,

OxL. = XD — A+ DTQPD — Pi-D) (6.6)
+2G0 — GV 4+ 2GD — GV,
O, Lo =100 =y,
we have
OpL. 3 DX — X0y 4 pi-h _ p).
oL, > (XY - X0) + GD - GO, o

9Ly > T(XD = X0) 4 G — GO,
5X£T — DT(P(’) _ P(t—l)) +GY —GD + GO — G(t—l),
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and
A-XD=DTPY 4+ GO + GO, (6.8)

Thus,

dlSt(O, a‘Z:T(-r(ll), X(l); ‘r(zl), 8(t)))

<NOpLr, 0p Ly, 0pLr,dx L, e, LolIr

1
< 27+ 7V 2ua(DTD) + DIX? = XY + (= + DICY =X )Ix
T
Vo O _ y-1)
<+ 7Va(D™D) + 1 + — + VO)IX© = X V)|
T

N N D
T
< WX = XY|p + VelD = 20),

where the second “<” holds via (6.6)-(6.8) and Y (a;)* < (XL, a;)* when g; > 0, and the third “<”
holds via Assumption 4.1 and Y, (@;)* < (3L, a;)* when a; > 0. O

I11. The proof of Lemma 4.3

Proof. 1) From Lemma 4.2, we get

L0, X000, 6Dy > > 2000, X0, £0)
1

= SIX? = Al + g(E?) + ri(F®) + ra(F)

+ z||DX(’) _ E(t) + lp(t)”z + Z”X(t) _ F(t) + lG(t)llz
2 T L) T F
A Y )
2 T F 20T 2 F

Then, LAT(T(]I), X T(Zt), &) is coercive, bounded from below, and lower semi-continuous since the
objective function in (1.4) is coercive, bounded from below, and lower semi-continuous,
fT(T(ll),X(l);T(zl),g(”) < +oo, and Assumption 4.1 holds. Further, it is obvious that the generated
sequences {\"} and {X®}** are bounded.

2) In accordance with the boundedness of {('I'(lt),X(’),Tg))};of and the Bolzano-Weierstrass
theorem, there exists at least one cluster point Y = (r,.X;Y,) and a subsequence
(O, X S (e, XO,cO))E such that

1=

lim (¢, X; ) = 1, (6.9)

Jjo+oo

where Y| = (E, F, I=7) and Y, = (i’, G, é).
From the properness and the lower semi-continuity of £,(-), we can get

lim inf £.(07, X; X, £ > £,(T) > —co.

Jj—o+oo
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Using Lemma 4.2, we have

tj-1

t+1) _ (D)2
IX XIE
t=1

Tj-1

1 ~ A

< = 2 (L X0, 6) - LD, XY, 5))
w =1
L, 4 1 1 e tj : tj :

< (L X 6 0) - Lo X0, 60),

which indicates that

+00
Z XD — XO|2 < 00 as j — +oo. (6.10)

t=1

Subsequently, it holds from Assumption 4.1 that

+00 +00 +00
Z ||-r(2t+1) _ T(zt)”%" — Z Qllx(ﬂ—l) _ X(t)”i- + Z T(S(Hl) _ 8(!))
=1 t=1 t=1

+00
— Z 0||X(H_l) _ X(t)”%, _ Tg(l) (611)
=1
< 400,
Moreover, we obtain with (4.7) that
+00 1 +00
DU =P < - DI =PI < oo, (6.12)
t=1 t=1
Therefore, it follows from (6.9)-(6.12), that
Jim e, X0 00) — (o, X0 0|, = 0.
O

IV. Optimal parameter settings

We compare the accuracy of different methods on raw, unprocessed real-world datasets in Section
5. The optimal parameter values for each method are listed in Table 6, with “-” indicating the absence
of a corresponding parameter. It is important to note that while the optimal parameters may lie within
a range, we have reported only a single representative value for conciseness.
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Table 6. Hyperparameter settings of different clustering methods on real-world datasets.

Datasets Methods a 0% n ¢ k T
K-means - - - - - -
CC 8 - - 107 3 -
Authors SCC 3756 1 - 5 3 1
SGLCC 5756 07 2% 5 3 04
ERC 150 - - 107 3 -
GSFRC 5255 001 2% 5 3 04
K-means - - - - - -
CC 110 - - 107% 3 -
Lung-discrete SCC 7809 ! _ > 301
SGLCC 5961 1 2% 5 3 05
ERC 11.028 - - 107 4 -
GSFRC 5250 6 2% 5 3 05
K-means - - - - - -
CC 19 - - 107 3 -
SCC 937 0.7 - 5 6 1
GLIOMA SGLCC 909 003 277 5 6 03
ERC 6 - - 107 4 -
GSFRC 942 005 277 5 6 03
K-means - - - - - -
CC 48 - - 1070 3 -
Brain SCC 6300 0.04 - 5 3 1
SGLCC 5488 001 2* 5 3 08
ERC 25 - - 1070 3 -
GSFRC 5224 0.004 2% 5 3 08
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