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APPENDIX: Derivation of Extended Criteria

The extended ranking device is derived in this Appendix. Searching for the optimal portfolio
compatible with the double-index model is the same as the single-index model."! Suppose that short
sales are not allowed, a riskless lending and borrowing rate exists, and the double-index model
adequately reflects the correlation structure between securities. In addition to the symbols defined in
the main text, the following are used:

Ry = the riskless lending-borrowing rate

X; =the relative weights we place on each security (X; > 0 for a long position)
Rp =return on the portfolio (a random variable)

op = the standard deviation of the return on the portfolio

Then the problem is to find a set of X;’s to maximize:

Rp — Ry

Op

9 =

where the bar over a variable denotes its expected value. Now:

N
i=1

! Elton et al. (2014) discuss the portfolio optimization for the single-index model in Chapter 7, and for multi-index models
in Chapter 8.



and
N N 2 N N N
=F (Z XiRi — z Xiﬁi) = ZXiZO'iZ + Z Z Xi}(jo-ij
i=1 i=1 i=1 i=1j=1
j#i
Then:
_ Y, X:(R; — Ry)
- 1/2

N XPol + XN 121 1 XiXjoy

j#i

As noted in Elton, Gruber, and Padberg (1976), 6 is homogeneous of degree zero. Thus,
maximizing 6 without the constraint on the sum of the X;’s yields the same optimum as maximizing
6 with the constraint. To find that set of X;’s which maximize 6, I take the derivative of 6 with
respect to each X; and set it equal to zero.

f—i = (R; — Rf) — (AX10y; + AX,05; + -+ AXyoy) = 0 fori=1, ..., N.

Here, A is a constant. Defining a new variable Z; = AX;, substituting Z; for AX;, and moving the
variance-covariance terms to the right-hand side of the equality yields:

Ri— Ry =Zio? +¥Y.1Zj0; i=1,...,N (A.1)
Jj#i

where R; is the expected return of security i, Ry is the return on the riskless asset, o/ is the variance
of security i, 0;; is the covariance between securities i and j, and Z; is proportional to the amount
invested in security i.

An optimum portfolio can be obtained by solving the following system of simultaneous equations
(A.1). If the double-index model in equations (1 ~ 7) is used to describe the structure of security returns,
then the covariance between securities 1 and j is:

— 2 2
O-l] - ﬂiﬁjo-m + yiyjas
and the variance of security i is:
2

0; = Lam+YLGS +Uel

Substituting these relationships that hold for the double-index model into the system of simultaneous
equations (A.1) yields:

R _Rf —Z(ﬁl Um VL Us +aezl)+Z] lz(ﬁlﬂ]o-m-l_)/ly] ) i=1,...,N

]il

Incorporating the term Z;(B?0% + y?02) within the summation term yields:
R — R =2 O' + Zﬁv 1 (ﬂlﬁ]am + vivjo. ) i=1,....,N

Solving for Z; and taking the constants outside the summation yields:

Ri-Rf  Bioh Yioé -_
Zi = ?if— Jgi Z?’lejﬁ] _U_eZiZ?,:l Z]]/] l-l,...,N (AZ)

Since short sales are not allowed, I introduce the constraints that all Z; = 0. This requires
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employing the Kuhn-Tucker conditions. Since the variance-covariance matrix is positive definite, the
Kuhn-Tucker conditions are necessary and sufficient for an optimum, as shown in (Elton, Gruber, and
Padberg 1976; 1978). The equivalent of equation (A.2) using the Kuhn-Tucker conditions is:

Ri-R iom i 52
Z;=—L— ﬁa Z =1ZiBj — y(;'. Y AZy + (A.3),

Oci

where Z; > 0, u; = 0,and p;Z; =0 foralli.

Now, let me assume for a moment that I can find all securities, which would be in an optimal
portfolio (call the set of such security k) and arrange these securities as i=1, 2, ..., k. For the sub-
population of securities that make up the optimal portfolio, equation (A.3) can be written as:

Ri—Rf  Biof Yio$
Zi = ?Lf ~ Xj=1ZiB; = #Zﬁlzﬂ’j (A.4),

where u; = 0. Note that Z] 1ZiB; = XY, Z;B; and ZJ 1Zjyj = XY_1 Zy; since the set k contains
all securities with positive Z;’s. I express Z; in terms that do not invoke: Zj?:l Z;ipB; and Z;‘zl Z;y;.
First, multiplying both sides of equation (A.4) by f;, summing over all securities in k, and rearranging

yields:

Z§=1[(Rj‘Rf)5j/‘T§j] _ Z§=1(ﬁﬂ/jffs2/%2j)
W (Bon/of) 148 oi/od))

j=1ZiB; = 1 Zyy; (A.5)

Next, multiplying both sides of equation (A.4) by y;, summing over all securities in k, and rearranging
yields:

k Y= z:J 1[(R] Rf)VJ/UE]] Zf 1(3]]’]’0'1271/0'3]')
j=14jYj 1+2] 1()/] o's/o'e]) 1+2‘,] 1(1/] crs/cre])

j=1ZiB; (A.6)

Next, the solution involves solving the system of simultaneous equations consisting of equations (A.5)
and equation (A.6). The system can be written as:

§=1Zjﬁj = 1k — P2k Z;'C=1 Zjyj (A.7)
Z§=1Zﬂ’j = ¢z — ¢4k21 1ZiBj (A.8)

where

Zi=1l(R; = Ry)By/oc)]

Prk = 1+Z 1(:81 Um/ 1)
byr = 21 (Bjvi9¢/0e))
’ 1+Z 1(31 0 /o j)

¢ =Z§=1[(R Rf)y]/ 1]
143k (vfo? /o)
¢4k _ ] 1(ﬁjyjo-m/ ])

1+Z 1(]/] ])

Substituting equation (A.8) into equation (A.7) and solving for Y% j=1ZjB; yields:
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Z?=1 Zj,Bj = (¢1,k - ¢2,k¢3,k)/(1 - ¢2,k¢4,k) (A.9)
Substituting equation (A.9) into equation (A.8) and solving for Z;?:l Zjy; yields:
YiiZy = (b3 — Pribar)/ (1 — PriPar) (A.10)

Substituting equation (A.9) and equation (A.10) into equation (A.4) and rearranging, I obtain the
following expression for Z;:
w; [R; — R
r-gftstee

| W0
i

Oei

, where y; =0, w; = I,Bl-za,%l + yZ0?2, and:

_ ,31'0131 <¢1,k - ¢2,k¢3,k> n )’iUsz <¢3,k - ¢1,k¢4,k>
w; 1—parPak w; 1—parPak

P
Q.E.D.
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