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Abstract: In this paper, we investigate the global properties of two general models of pathogen
infection with immune deficiency. Both pathogen-to-cell and cell-to-cell transmissions are considered.
Latently infected cells are included in the second model. We show that the solutions are nonnegative
and bounded. Lyapunov functions are organized to prove the global asymptotic stability for uninfected
and infected steady states of the models. Analytical expressions for the basic reproduction number
Ro and the necessary condition under which the uninfected and infected steady states are globally
asymptotically stable are established. We prove that if Ry < 1 then the uninfected steady state is
globally asymptotically stable (GAS), and if Ry > 1 then the infected steady state is GAS. Numerical
simulations are performed and used to support the analytical results.
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1. Introduction

During recent years, there has been a significant effort to develop mathematical models to study
epidemic and endemic diseases caused by pathogen attacking such as virus, bacterium, fungus,
viroid, and protozoan and studding possible prevention and/or elimination strategies (see e.g. [1-17]).
Mathematical analysis and modeling of diseases dynamics has many benefits including (i) its ability
to test several conditions and introduce new visions into issues which can not be addressed by clinical
or experimental trials, (i1) enhancing diagnosis and treatment strategies in the highest efficiency at the
lowest possible cost, and with the minimum of side effects, which increase the hopes of patients, (iii) we
can use it to evaluate the values of main parameters which control the process of infection or reduce the
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viral load in the body of patients. Certainly, immune response after the pathogen infection is universal
and essential for the control or removal of the diseases. In many pathogen infections, cytotoxic T
lymphocytes (CTLs) is an essential component of natural immune resistance to pathogen infection
and plays an important role in defending the body from pathogens by destroying the infected cells.
So, CTLs are assumed to be the principal host immune factor deciding the viral load. The standard
pathogen dynamics model with CTL immune response was formulated by Nowak and Bangham [18]
as:

S@) =Y —=dS(t) - nP®DS (1), (1.1)
1(t) = nP()S (1) - ®I(t) — gI(HC (1), (1.2)
P(t) = QI(t) — ZP(t), (1.3)
C@t) = YIHC@) — AC(), (1.4)

S(), I(t), P(t) and C(¢) are, respectively, the concentrations of uninfected cells, infected cells,
pathogens and CTLs at time ¢. The uninfected cells are restored at rate (" and die at rate ®S. The
uninfected cells are become infected at rate nPS. The infected cells are killed by CTL at rate ¢g/C and
die at rate @/. Pathogens proliferate at rate {2/ and die by rate XP. CTLs proliferate at rate WIC, die by
rate AC. Accordingly, dynamics of pathogen infections with CTL response has attracted a great deal
of attention recently from researchers in related fields [19-28].

Nevertheless, it has been noted that some pathogens can cause impairment in CTL function during
the infection. In many papers, pathogenic dynamics models with CTL immune impairment were
studied in many papers (see e.g. [29-31]). These papers supposed that the uninfected cells become
infected due to pathogen contacts but pathogen can also spread by direct cell-to-cell transmission.
Many papers studied two types of pathogen transmissions, cell-to-cell and pathogen-to-cell (see
[32-38]). Pathogenic infection models with CTL immune response and two modes of transmission
have been developed in [39-43]. However, these papers neglected the effect of immune impairment.
Pathogen dynamics model with immune impairment and two types of transmissions can be given as
(see [44]):

S(1) =Y — OS (1) = mPOS (1) — pL(DS (1), (1.5)
[(t) = m P(D)S (1) + mL(1)S (1) — OI(1) — gl (H)C (1), (1.6)
P(t) = QI(t) — TP(1), (1.7)
C(t) = YI(t) - AC(t) — BIHC(t), (1.8)

where the terms 7 PS and 7,51 are the incidence rates due to pathogen-to-cell and cell-to-cell
mechanisms, respectively. The impairment of the CTL is represented by BIC.

Another barrier to curing the infection in many diseases is the latent reservoirs in human cell types
or tissues caused by persistent viruses like human immunodeficiency virus (HIV), hepatitis B and
C viruses, several herpesvirus and human T-cell leukemia virus. Viral latency is the tendency of a
pathogenic virus to repose latent within the cell, which is referred to as the lysogenic portion of the
pathogen life cycle. One form of persistent viral infection is a latent viral infection where latent viruses
will incorporate its genetic material into the infected host cell’s genetic material. Because it is possible
to replicate the pathogen genetic material with the host materials, the virus becomes (invisible) with
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respect to the host detection. Latency is the phase in certain pathogens life cycles in which, after
initial infection, a proliferation of virus particles ceases. The viral genome, however, isn’t completely
eradicated. The result of this is that the virus can reactivate and begin producing large amounts of viral
progeny without the host becoming reinfected by the new outside pathogen, and stays within the host
indefinitely. The latent reservoir can explain antiviral therapies failure to remove the infection (see [6]
and [45]). Elaiw et al. [46] studied an HIV dynamics model with latent reservoirs and CTL immune
impairment, but they neglected the cell-to-cell transmission. We note that the pathogen-cell and cell-
cell incidence rates are given by bilinear forms 7, PS and 7,5 I. Experimental work [49] showed that
the bilinear incidence rate is insufficient to describe the pathogenic infection process in detail. As a
result, several pathogen dynamics models with nonlinear incidence were proposed (see e.g. [50,51]).
The aim of this paper is to propose and analyze pathogen dynamics models with impairment of
CTL immunity, which are generalization of several models presented in the literature by including
general incidence rates for cell-to-cell and pathogen-to-cell transmissions. The second model is a
generalization for the first one by taking into account two groups of infected cells, latently infected
cells (remains dormant in the inactive or hidden process) and actively infected cells. We demonstrate
that model solutions are non-negative and ultimately finite which ensure the well-posed of the models.
Biological threshold parameter R, have been derived to determine existence steady states of the models
and their stability. Using Lyapunov method and applying LaSalle’s invariance principle, we investigate
the global stability of the model’s steady states. We demonstrate that (i) if Ry < 1, the uninfected
steady state Iy is globally asymptotic stable (GAS) and the epidemic is expected to be removed from
the patients, (i1) if Ry > 1, the infected steady state I'; is GAS and chronic disease is achieved. We
conduct numerical simulations to establish that the theoretical and numerical results are compatible.

2. Model with general rate of incidence

In this section, we present a pathogen dynamics model with general pathogen-to-cell and cell-to-cell
incidence as follows:

S0 =T - 0S(1) = ((P®) + ha (1)) f(S (1)), 2.1)
I(t) = (m(P®) + (L) f(S 1) = OI(1) — gl(C (1), (2.2)
P(t) = QI(t) - ZP(1), (2.3)
C(t) = YI(r) — AC(1) — BI()C(p), (2.4)

where S (1), I(t), P(t) and C(¢) are respectively the concentrations of uninfected cells, infected cells,
pathogens and CTLs at time ¢. The uninfected cells are restored at rate (" and die at rate ®S. The
infected cells are killed by CTL at rate g/C and die at rate @/. Pathogens proliferate at rate 0/ and
die by rate XP. CTL cells proliferate at rate Y1, die by rate AC. The impairment of the CTL is
represented by SIC where 'Y, A and § are constants. The uninfected cells are become infected at rate
(h1(P) + hy(I))f(S). Functions f, h; and h, are bounded and continuously differentiable satisfy the
following conditions:

(A1) hi(z) > 0,hy(z) > 0and f(z) > 0 for all z > 0 and h(0) = h,(0) = f(0) = 0.

(A2) hi(z) > 0,h}(z) > 0and f'(z) >O0forallz > 0.

(A3) (L42) <0, (&2) <0and (£L) < 0forall S > 0,7>0and P > 0.
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Remark 1. (i) If f(S) = S, hi(P) = P and hy(I) = I, then model (2. ]) (2.4) will be reduced to the
model presented in [47] in the absent of the time delays, (ii) if f(S) = 1+<1S’ hi(P) =P, ho(I) =1, then
model (2.1)-(2.4) will be reduced to the model presented in [48].

2.1. Basic properties

In this subsection we will discuss the non-negativity and finiteness of model (2.1)-(2.4) solutions:

Lemma 1. For the model (2.1)-(2.4), a nonnegative invariant compact set exists
Q= (. LPC) eR:0<S.I<n,0<P<m,0<C <ny), (2.5)

where Ryg = {x e R: x> 0}.

Proof. 1t is obvious that

$gogy =T >0,

f|(,:0) =h(P)f(S)>0, forallS >0,P>0,
P|(p=0) =QI >0, forall 7 > 0,

C|(C:0) =¥I=0, forall 7 > 0.

This is an evidence for the positively invariant property of Rio for the system (2.1)-(2.4).
Let Q=S + 1+ 55P + 35C, then

Q="7T-0S - (ln(P)+ h(D)f(S)
+ (h(P) + hoy(D)f(S) = O = gIC

® ®
+ 505 Q1 = ZP) + 155 (¥ = AC - IC)

0 L o8 0z OA

=T -8 - 21 - ( 4\1,)10—%13—@6‘
S @A
cr_os - 27 9Fp 0OAL

4 2Q 4¥

) O]
< — — —
T - O'(S+I+2 P+4 C) T-00,

where, oo = min{®, %, 2, A}. Then

T T
Q(t) < e ! (Q (0) - ;) + ;

This yields, 0 < Q(¢) < n; for all + > 0 if Q(0) < n;, where n1 == It follows that 0 < S(r),I(r) <
n1,0 < P(1) < ny and 0 < C(¢) < n3 forall £ > 0if S (0) +1(0) + 5 P(O) + 1% C(0) < ny, where n, = 22X
and n3 = 4‘*’: This prove the boundedness of S, I, P and C. O

The steady state’s existence for the system (2.1)-(2.4) will be introduced in the following lemma.
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Lemma 2. Suppose that Assumption A1-A3 are satisfied and there exists a parameter Ry > 0 such that
(i) if Ry < 1, then only one steady state I'y exists,
(ii) if Ry > 1, therefore two steady states 'y and Ty exist.

Proof. To calculate the steady states we let

0="T-®S — [ (P) + ha(D)] £(S), (2.6)
0 = [ (P) + ho(D)] f(S) — O — gIC, 2.7)
0=QI-3P, (2.8)
0=W¥I- AC - BIC. (2.9)

From Eqgs (2.6)-(2.9) we find that the system has uninfected steady state I'y = (S,0,0,0), where
T
So = o and if / # O we can define another steady state I' = (S, 1, P,C) satisfying the following

equation
hi(P) + hy( S
0= [71(P) + ha(D)] f( )—®—qC
1
such that
QI
P="—, 2.10
- (2.10)
YI
C=—, (2.11)
Bl + A
and S satisfy the following equation
0="-®S - [(P)+ h(D] f(S),
define a function H on [0, co) by
hi(P) + hy( S
i = T DIS) g
Equation (2.10) and the boundedness of A, and &, imply that limI_mh‘;p ) = liml_thT(I) = (. Since

v
lim;_ H(I) = —© — Fq < 0 and lim;_,0H(I) = (%h’l(O) + h'z(O)) f(So) — 0O > 0. Consequently there
QI] ‘PI]

exists 11 € (0, c0) and from Eqs (2.10)-(2.11) we have P, = > > 0and C, = T > 0 when
1
® [(92)12(0) + %) f(So) — 1] > (. Thus, we can define the basic infection reproduction number R as:
Qh(0)  h(0)
= + So). 2.12
0 ( ox ® f(So) (2.12)
It follow that the infected steady state I'y = (S, I, Py, Cy) exists if Ry > 1. O
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2.2. Global characteristics

In the following subsection we are going to confirm the global stability of the model (2.1)-(2.4)
steady states by creating appropriate Lyapunov functions. Define a function g : (0, 0) — [0, c0) as
gv)y=v-1-Inv.

Remark 2. From Assumption (A3) we have @ < limp_,o+ @ = hy(0) and @ < limy_o+ hzl(l) =
h(0).

Theorem 1. For model (2.1)-(2.4), if Ry < 1, then Iy is globally asymptotically stable (GAS).

Proof. Let us define Y (S, I, P,C) as:

S
ACTY SN f(SO)hl(O)P+ 00 -Ro) ~

(S, LRC)=S-So— 70 S 7

dy
Clearly, Y((S,I,P,C) > O for all S,1,P,C > 0 and Y1(S(,0,0,0) = 0. Calculating d_tl along the
system (2.1)-(2.4), we get

dd_Yt] ) (1 . J;((io;) [T = ®S — (u(P) + ha(D)(S)]

+ (1 (P) + (D) £(S) — ©I — gIC

. w QI—3P)+ %RO)(‘PI—AC ~BIC)

i (1 _fS0)
f(S)

.\ wz- FS o), (0)P

) (q o R)))IC _OU-R)A

)(‘Y’ —OS) + f(Som(P) + f(So)ha(l) — ORol

b4
Using T = OS5 and from Remark 2 we get

a, fSO\(,_ S fSOMOQ  f(S0)hy(0)
el 5) o[ )
_ (q s ﬁ®(1lP— R()))IC _ O -RA

¥
_ T(l _ f(So))(1 S ) B (q N /3@(1\11— RO))IC 01— RoA

TOVANED 7

C.

dy
From assumption (A2) we have (1 - %) (1 - SS—O) < 0. Clearly if Ry < 1, then a’_tl < 0 for all

dy
S,1,P,C > 0, moreover d_tl =0 if and only if S(¢#) = Sp and C(¢) = 0. Let
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dy ,
Dy = {(S ,I,P,C): d_tl = O} and D, be the largest invariant subset of 9y, then solutions of the model
(2.1)-(2.4) tend to f)o. For each element in i)o we have S (¢) = Sy and C(¢) = 0, thus Eq (2.4) yields
C(H) =0 =VYI(t) - AC(t) - BI(H)C(1),

Hence /() = 0 and from Eq (2.2) we have

I(r) = 0 = hy(P(1))f(S)

then iy (P(¢)) = 0, which yields P(¢) = 0. It follows that D, contains a single point which is (S, 0, 0, 0).
LaSalle’s invariance principle (LIP) implies that I'y is GAS when R, < 1.
Further to study the local stability of Iy, we need to calculate the Jacobin matrix at I’y = (S, 0,0, 0) as:

o -0 —f(So)hy0)  —f(Seh(0) O
_0S,1,P,C) o= 0 f(S0hy0)-0 f(Sehi(0) 0
TS, LPC) | 0 Q -z 0

0 ¥ 0 -A

Then the characteristic equation at I'y can be derived from the equation |J — AI| = 0, where [ here is the
identity matrix and A is the eigenvalues. We obtain

A+ D)1+ A) [/12 + (Z - f(So)h5(0) + ®) A — f(S)hy(0)Z — f(So)hi(0)Q + ®2] =0. (2.13)
This gives two negative eigenvalues 4 = —® and A = —A. Define a function G, on [0, o) by
Gi(D) = 2 + (T = FSOH(0) +©) A~ F(S)hHO)E — F(S0H, (0 + OF = 0.

We have G1(0) = —f(S0)h,(0)Z— f(So)h} (0)Q+OX = OZ(1-R)) < 0 when Ry> 1 and AlimGl(/l) = oo,
which means that there exists one eigenvalue 4 > 0 such that G; = 0 has a positive real root. Hence,
I'y is unstable when Ry > 1.

Remark 3. From Assumptions (Al)-(A3) we have

hi(P) hi(P
( - 1;11))<h1<P>—h1(P1»so,
ﬁfXj%mymm—mm»sa
1

Theorem 2. For the model (2.1)-(2.4), I'y is GAS when R,y > 1.

Proof. Constructing a function Y»(S, I, P,C) as:

N
f(S)

Y2(S,I,P.C)=S - S, —
2( ) 1 . f(@)
1

(C-C))

I)+f(Sl)hl(Pl)Pl (P)+ q

do+ Ig| - il [ -
18 (11 P, P 2W-pCy)
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Note that ¥ — hC, = Al—f‘ > 0. Clearly Y,(S,1,P,C) >Oforall S,I,P,C > 0 and Y,(Sy, 1, P;,Cy) = 0.
Moreover

%_(1_f(51)
dt f(S)

@——ﬁmwnmmVS)®1qw]

) [T = DS = (hi(P) + ho(D) f(S)]

S Dh(Py) q(C - Cy)
+ Z—Pl (1 — ?)(QI—ZP) + W _AC)) (‘I’I—AC—ﬁIC)
S
=(1—?¢?yT—®SH%MGU+MUDﬂ&)
I
~OU = 1)~ gC U~ 1)~ (n(P) + ha(IDFS)+
N fS Dh(Py) (QI—ZP— QP 1 +2P1)
2P,
4(C - C)
W —hCy) (WI-AC -pIC). (2.14)

Applying the steady state conditions for I';:
T—0S; = ((P)+h(1))f(S1) =6 +q,Cy,

Qll = ZPl,
Tll = AC1 +,811C1,

dy, qm(l_fwoﬂl_§)+0_fmo
AU £(S)

S
1 I
+ (i (P) + ha(D)f(S1) - (E - 1) (hi(Py) + ha(1) f(S 1) = (i (P) + hz(l))f(S)Tl

)(hl(Pl) +ho (1) f(S1)

P Pl

1 P [ A+BI PN
+f(S1)h(P1)(1 P, P11+1) q(‘I’—ﬁCl)(C C)".

) S, S mP) P PP
-QS{l f@)ﬂl S)+”“P““&)Qmﬂ> P Pin(P) Q
FS) MPFSL 1P, Pmam)

h(P)f(S1) |4 - - " L,P
+ (P f( 1)( £S) mPNFSHI LP  Pih(P)

) 1 Ih() A8 DFSI ()
+““”“”mmm_ﬂ+hmm_q+@_fw)_mmvwm_hmmﬂ
A+ I )
_q(\P—ﬁCI)(C_CI) . (2.15)

Equation (2.15) can be simplified as

dYy, iGN, _i Py  P\(.  hP)
E?‘QS%I ﬂﬁ)@ SJ IWQ““% n(Py) PJ@ lmm)
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S mPFSL TP, Phi(PY)
h sif4- - T
thPosC 1)( 7S)  mPfGSOI TP P1h1<P))
fS1)  hDfSH  Th(l)
h SHI3 - - -
+ S 1)( 7S) " mnFGS DI 11h2<1))

)(C_Cl)z-

+h2(11)f(51)(h2(1) I)(l _ hz(h)) ~ ( A +BI

) L)\ k) \w=pC,
Using the geometrical and arithmetical means relationship we obtain

LSED  mPSL 1Py Phi(Py)
T fS)  m®POfSHI LP o Pi(P)
S mDFSL | Th(T)

=7 T fS ol T L)

Using Remark 3 we get that % < 0 and % = 0 at the point (S, 1, P1,Cy). Let D, be the largest

invariant subset of the set {(S, I,PC): % = 0}. Thus, the solutions of model tend to f)l . It is clear

that 9, contains unique point which is I';. The global asymptotic stability of I'; follows from (LIP). O

3

3. The model after considering the latent infected cells

Here, we shall present a pathogen dynamic model with general pathogen-to-cell and cell-to-cell
transmissions as before with immune impairment but we will consider two groups of infected cells,
latently infected and productively infected cells as:

S =T - 0S(1) - (h(P() + ha(I(1))) f(S), (3.1)
L(t) = (1 = n) (i (P()) + ha(1(1)) f(S (1)) = (d + D)L(), (3.2)
1(t) = n (h(P(1)) + ho(1(1))) f(S) = OI + bL — gIC, (3.3)
P(1) = QI(t) - ZP(1), (3.4)
C(t) = YI(t) — AC(1) — BI()C(1). (3.5)

where, L(t) and I(¢) are the concentration of the latently and productively infected cells at time
t, respectively. The uninfected cells are become infected at rate (h(P) + ho(1))f(S), where f, h;
and h, are continuously differentiable satisfy Assumptions (A1)-(A3) in section (2), The fractions
(1 = n) and n with 0 < n < 1 are the probabilities that upon infection, uninfected cells will become
either latently infected or productively infected, b 1is the average number of latently infected cells
become productively infected cells and d is death rate constant of the latently infected cells. All other
parameters have the same meaning as system (2.1)-(2.4).

3.1. Basic properties

Now, we will prove the non-negativity and finiteness of the solutions of the model (3.1)-(3.5).

Lemma 3. For model (3.1)-(3.5) there exists a positively invariant compact set

Q, ={(S,L.IP.C)€R%,: 0< S, LI<n,0<P<m,0<C<ny). (3.6)
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Proof. We have

S0y =T >0,

L)y = (1= m) (n(P) + ha(D) f(5) 2 0, forall S,P.1>0,
]2, = M1 (P)F(S) + BL 2 0, forall ,P,L >0,
P|(P:0) =QI >0, forall 7 > 0,
C|(c:o) =¥I=0, forall 7 > 0.

This shows the positively invariant property of Rio with respect to system (3.1)-(3.5).
Next we will show the finiteness of the solutions for system (3.1 )-(3.5),
let Q=S +L+1+ %P+ %C,then

Q=T —-dS — (h(P)+ (D) £(S)
+ (1= n) (h(P) + hy(D)) £(S) = (d + b)L
+n(hi(P)+ hy(I)) f(S)—0OI + bL — qIC

© ©
— (QI -2P)+ — (W1 - AC - BI
+ 50 ¢ )+ 7 ( C-pIO)

:T—(DS—dL—QI—

0B O OA
Z (“E)IC_EP_WC
)y OA
S‘I’—(I)S—dL—QI—(a—P——C

4 2Q 4¥

® ® ~
<Y -6 — —Cl=T1-¢
<7 G(S+L+I+ZQP+4‘PC) T-60,

9 %,A}). Then

where, 6 = min{®, d, 7,

~ il A T\ T
o) < e (Q(O) - 5) + =

From last equation we conclude that, 0 < Q(f) < n, for all t > 0 if Q(0) < n;, where n, = (XT Since
S (1), L(1), I(t), P(t) and C(t) are all non-negative, then 0 < S(7), L(¢),I(t) < ny, 0 < P(¢t) < ny, and
C(t) <mnzforallt > 0if S(O) + L(O) + 1(0) + %P(O) + %C(O) < ny, where n, = % and n3 = %.
Therefore S (¢), L(t), I(t), P(¢) and C(t) are bounded. |

In the next lemma, we will prove the existence of the steady states for the system (3.1)-(3.5).

Lemma 4. For the model (3.1)-(3.5), suppose that Assumption (Al)-(A3) are satisfied and there exists
a parameter Ry > 0 such that

(i) if Ry < 1, then only one steady state I'y exists,

(ii) if Ry > 1, then two steady states I'y and Ty exist.

Proof. consider (S, L, I, P,C) be any steady state achieve the following equations:
0="7-0S — (h(P)+ hD)) f(S), (3.7)
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0= -n)(h(P)+ ho(D) f(S)—(d+b)L, (3.8)
0 = n(h(P) + ho(D) £(S) + bL — OI — gIC (3.9)
0=QI-%P, (3.10)
0=YI-AC - BIC. (3.11)

T
From Eqgs (3.7)-(3.11), the system has a uninfected steady state I'y = (S, 0, 0,0, 0), where Sy = o and
if I # 0 we can define another steady state I' = (S, L, I, P, C) satisfies the following equation

o= MPIHIUNFS) o dL_
1 1
such that
po % (3.12)
_ (=) (P) + (D) f(S)
L= T , (3.13)
wI

and S satisfy the equation

0=T-0S — (i (P) + hy(D)f(S).
Define a function H on [0, c0) by

(nd + D)(h (P) + ha(1) f(S)

H(I) = -0 -4qC
@ d +b)l 1

Since limy o H(I) = 0 — 24 < 0 and limy_oH(I) = ©[(22) (21 (0) + W) f(S)— 1] > 0
ince lim/H(I) = -0 - 2% < 0 and lim/_oH(I) = | (L) (£17(0) + BH(O0) £(Sp) — 1] > 0.
Consequently there exists I; € (0, c0) and from Eqs (3.12)-(3.14) we have P; > 0,L; > O and C; > 0

when O [(QZ)‘;O) %) f(So) — 1] > 0. Thus, we can define the basic reproduction number Ry as:

nd+b \[(Q

=|——|| =H;0) + K0 So). 3.15
Ro (@(b+d))(2 1(0) + 15 ( ))f( 0) (3.15)
It follows that the infected steady state I'y = (S, Ly, I;, Py, Cy) exists if Ry > 1. |

3.2. Global characteristics

In this subsection, we will show the global stability of the model (3.1)-(3.5) steady states by
choosing appropriate Lyapunov functions.

Theorem 3. For the model (3.1)-(3.5), Iy is GAS when R, < 1.
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Proof. Let Ry < 1 and constructing a Lyapunov function N,(S, L, I, P,C) as:

f(So)Q b, b+d, f(So)h1(0)P Ol -Ry) b+d

Ny(S,L,I,P,.C) =S — ¢ — .
1( ) ) TFo Y T hdvb Thd+s T 3 Y% nd+b

So

dN
Clearly, Ni(S,L,I,P,C) > Oforall S,L,I,P,C > 0 and N(S,0,0,0,0) = 0. Calculating d_tl along
the system (3.1 )-(3.5), we get

A (1 _ f;f(SS 0)))(‘r — ®S = (1 (P) + ha(D) £(S5)
% [(1 =) (ha(P) + ha(1)) £(S) ~ (d + b)L]
. n” d*:; [n (hi(P) + ho(D)) f(S) ~ ©I + bL — gIC]
LG O;hll Qar-sp+ ®(1; Ry nb dtf; (¥I - AC - BIC)
- (1 -8 0))) (0 = 05) + ((P) + ha(D)fS) ~ Ror -2 @
16O O;% © (QI - ZP) - nbdii (q + 8 1lp_ RO)) IC - nb dti ®A(1\P— Re

From Remark 2 we get

dN, FSON(. S\ b+d [ OB1-Ry) b+d OAI-Ry)
73‘]('(1_]%9))(1 _) nd+b( Ty )IC nd+b W

So
Since Ry < 1, then dN =+ <0forall §,L,1, P,C > 0 and can easily note that dN =+ = 0atI. Applying LIP,
we conclude that Fo 1s GAS.
Furthermore, using the same method that was previously discussed in Theorem 1, the characteristic
equation at I'y is given by
(A + @)+ A) + AL + BA+ D) =0, (3.16)

where

A= —nfSO0) + O +b+5+d,
B=-nf(SOMO)E +d+b)+0Ob +d+5)+3(d+b),
—[(nd + b) (QK,(0) + EI5(0))] F(So) + OZ(d + b)
nd + b\ (Qh(0)  h(0)
1_(d+b)( or )f(SO)]
= @X(d + b)(1 - Ry).

=0X(d+Db)

This gives 4 = —® and A = —A. Define a function G, on [0, o) by

G,(1) = >+ AA> + BA+ D.
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We have G,(0) = @X(d + b)(1 — Ry) < 0 when Ry > 1 and }im G>(A) = oo, which means that G, has a
positive real root. Hence, Iy is unstable for Ry > 1 and this completes the proof. i
Theorem 4. For the model (3.1)-(3.5), I'y is GAS when Ry > 1.
Proof. Let a Lyapunov function N,(S, L, I, P, C) be defined as:

N>(S,L,I,P,C)=S8 -8, -

s

fS) b I3 (L) b+d1 ( ) f(Sl)hl(Pl) (P)
——Pig

I Py

d6
70 T a8\ T a8 P,

N q b+d
2(¥ - BCy) nd + b

Clearly, No(S,L,I,P,C) > O for all S,L,I, P,C > 0, and N»(S, Ly, I;,P,Cy) = 0. Calculatlng sz
along the trajectories of (3.1)-(3.5), we get

% - (1 ];(Ssl))) [T = ®S = (m(P) + ho(D)) £(S)]

" ndb-i- b (1 IZ
nbd-:_a;? (1 — I—l) [n(h(P) + hy(D) f(S) — OI + bL — gIC]
+ ACIVIICY 12) ;lll(Pl) (1 - i)(QI XP) + v —qﬂC1 nbd++62

(C-C)

)[(1 = n) (hi(P) + ha(D) f(S) — (d + b)L]

+

(C - C)) (PI — AC - BIC)

= (1 - f;((il))) (C = DS) + (h (P) + ho(D) £(S1)

_ % [(1 — 1) (hy(P) + ho(D)) f(S)— +(d+ b)Ll]

_ nbdi‘z [n (hy(P) + hy(D)) f(S)7 +OU-1)+ bL17 +qC(I - 11)]
+f<Sl>h1<P1>(§;1 - ap 1)

N q b+d
Y—-BCind+b

(C-C)YI-AC-pIC). (3.17)

Collecting terms of Eq (3.17) and applying the steady state conditions for I';:

T = @S = (h(Py) + hao(11)) f(S1)s
(1 = n) (hi(Py) + ha(1))) f(S1) = (d + D)Ly,
n(hi(Py) + hao(1))) f(S1) + DLy = Ol + g1, Cy,
QI =3P,
WI, = AC, + BI,C,

and

b+ b+d
Ol e = TG

[n (h(Py) + ho(11)) f(S1) + bLy ]
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_ b+d b(1 — n)
= nd+bn(h1(P1)+h2(11))f(51)+ b

= (h(Py) + hy(1))) f(S 1),

(h(Py) + hao(1) f(S1)

we get
d—f = @S, (1 J;((Sl)))( _ S_l) + (1 - J;((Sl)))(hl(Pl) + ha(1)) £(S1) + (I (P) + ha(D)) f(S1)

bd b(d +b
rid )(hl(P)+h2(1))f(S)— ( dib)
b+d ,

_ d+ . [n(hl(P) +h2(1))f(S)— +(n (hl(Pl)+hz(11))f(51)+bLl)(Z _ 1)]
b —n) QI P QI

=2 )+ o) 7 + FS Dhi(Py) (ZPl S 1)
gAN+hl) b+d

e nd+b(C_C1)'

dN; fSO\(,_ S, mpP) P
W—cbsl(l f(S))(l Sl) hl(Pof(Sl)(h](P]) Pl)

fS)  Li@P)fES) LL T T P11)

‘(P‘)f(s‘)(4 T 7S LmPyfSy IL, L L PI
D) LL  Li(DfES)

() 1) L= )hz(ll)f(Sl)( TS L —)

b(l )
nd

+h2(11)f(51)(

() I nd + f(§) ILy Lhy(I))f(Sy)
e o3 - - S T T )
e el (Sl)( J;((i‘l)) } ;2];5;3}]1?1)))
S R

@_(DSI AT S h(P) P +Ph1(P1) 1
m(P)) P, Pih(P)

T ) 1——)+h1(P1)f(Sl)(
fSy)  LimP)flS) LL Pl Phl(Pl))

S
< 3 e L
h(P1)f( 1)( f(§) Lh(P)f(Sy) IL, PI, Pih(P)

b(1 - )
" nd +

b+d fS) 1P, Lin(P)f(S) Phi(Py)
T d b”hl(Pl)f(Sl)(“ TS LR ImPHfGSy Plhl(P))
hh(I) I Ih(1)
+ )] (Sl)(hz(h) "I 1)
b(1 —n) fS1) LL Lihh(DfS) [Th(l)
td Ty PSS 1)( TS TIL T DGy Ilhzu))
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L fS)  Lhh(fS)  Thyly)
h S - -

nd + b” (IS 1)( fS)  Ih(I)f(Sy) Ilhz(n)

g(A+hD) b+d

_ _ 2

¥ — BC, nd 5 €V
) S, S M) P\ [ hP)
‘QS‘(l f(S))(1 Sl)”l(Pl)f(Sl)(hl(Pl) Pl)(l h1<P>)

Lb-n, 1(Pl)f(sl)( fS)  Li(P)fS) LL P _ Phl(m)
nd + fS)  Lh(P)f(S) ILy PL Pih(P)
b+d fSy 1Py Lim(P)f(S) Phi(Py)

Y de b”hl(Pl)f(Sl)( TS LIPS P1h1<P>)

h(D) 1)(1 ) h2<11>)

n) I hy(I)

+h2(11)f(51)(
b(1 =) FS) LL  LbFS)  Th()

oy G 1)( THS) TIL T ISy Ilhzm)
R dnhz(ll)f(S])( £5)  Lha()f(S) _Ih2(11))

nd +b F©S)  Ihh(I)f(S1)  Lih(I)
CqA+hD b+d
v —pc, map € (3.18)

If Ry > 1, then we have Sy, Ly, I, P;,C; > 0. The geometrical and arithmetical means relationship

implies that

S N Lin(P)f(S) L AL IL N P N Phi(Py)
= fS)  Lh(P)f(Sy) IL,  PIL,  Pihy(P)
< fSy IPy Lin(P)f(S)  Phi(P)
< +— + + :

f&S)  LP In(P)f(S1) Pih(P)
< fGS) LL  Lihh(Df(S) Thy(1)
< +— + + ,

fGS) IL  Lhy(I)f(S1) ©Lihy(I)
< S N Lihy (D) f(S) N Thy (1))

TS Ih()fS) L)

Thus, 42 <0 forall S,L,/,P,C >0and 22 =OwhenS =S§,,L=L,I=1,,P =P and C = C.
Using LIP we conclude that I'; is GAS when ‘RO > 1. O

4. Numerical simulations

In this section, we propose two examples and carry out numerical simulations to approve our
theoretical results shown in this paper. All of numerical computations are carried out by MATLAB.

4.1. Example of the model (2.1)-(2.4)

To perform numerical simulations and demonstrate the global asymptotic stability of the steady

states of models, we choose the following functions f(S) = =< o hi(P) = 12212 7
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where 171,171 > 0, @, > 0 and r < 1. We introduce the following model as a special case of the
system (2.1)-(2.4)

. 7]1P 7]21 ST
S=T-0S5 - + , 4.1
(1+01P 1+C¥21)1+C¥3Sr ( )

o mP ol | S

I = + -0l —¢qlIC, 4.2
(1+CZ]P 1+021)1+Q3Sr q ( )
P=QI-P, 4.3)
C = WI - AC - BIC. (4.4)

Now we verify the conditions (A1)-(A3):
(A1) It is clear that f(S) = —~— > 0as S >0, iy (P) = 22 > 0as P > 0 and h(I) = 25 > 0 as

1+a3S” 1+a P 1+apl
I > 0 where a, @, and a3 are a positive constants, also f(0) = h1(0) = hy(0) = 0. ’
(A2) /() = 5 > 0 where r is a positive, W(P)= —L— > 0and hy(I) = —2— > 0.

(1+a3S7)? (1+a; P)? (1+an])?

SS)Y _ S72r-D-a3S8"] P\ _ _-ma (Y _ _—mx
(A3) (£2) = Slehoas] <o, (B2) = 289 < 0and (£22) = 222 <Oforall § >0, P >0

. . . . S
and I > 0. The basic reproduction number for the previous functions is Ry = (% + %2) (1 W‘; 57 )
0

We shall carry out numerical simulations for the system (4.1)-(4.4) using the parameters values given
in Table 1. We choose three initial conditions as:

IC1: S(0) =900, 1(0) = 50, P(0) = 100,C(0) = 5.5,

IC2: S(0) = 600, 1(0) = 30, P(0) = 50,C(0) = 4.5, and

IC3: S(0) =300, 1(0) = 20, P(0) = 20,C(0) = 3.5.

Case (1) To study the effect of 77; on steady states stability:

We choose 5 = 0.1, @ = a; =0, a3 = 0.01 and n, is varied as:

@) if n; = 0.05, then we compute Ry = 1.7395 > 1. Lemma 2 states that the system

has two steady states ) and I';. As we can see from Figure 1 that numerical results agree
with theoretical results of Theorem 2 and the system solutions converge to the steady state I'y =
(124.5669, 45.2466, 82.9521,4.8919) for all IC1-1C3.
(ii) if ; = 0.02 then, Ry = 0.7181 < 1. From Lemma 2, the system has only one steady state I'y. For
Figure 1 we note that, uninfected cells concentration is growing up to its original value S, = 1300,
while the concentration of infected cells, pathogens and CTL cells are decreasing and approaching zero
for ICI-IC3. It shows that, I'y is GAS and this means that the pathogens are cleaned up, so it supports
Theorem 1.

Case(2) Effect of 3 on the pathogen dynamics:

For this purpose, we let ; = 0.05, a3 = 0.01, and B is varied. Suppose a new set of initial
conditions as: IC4: §(0) = 700, 1(0) = 20, P(0) = 35, C(0) = 20. As it is illustrated in Figure 2 that as
B is decreased, the uninfected cells concentrations are increased. While the infected cells concentration
and the pathogens are decayed as a result of CTL cells concentration is increased. Also 8 has not effect
on R, value, therefore it does not effect the steady states stability properties.

Case (3) Effect of a3 on the pathogen dynamics:

For this, let ; = 0.005 and a3 1s varied. We suppose the initial conditions

IC5: §(0) = 600,1(0) = 20,P(0) = 35,C(0) = 4. From Table 2, we note that R, values are
increased as a3 is decreased and we find that: if @3 > af = 0.001464, then Ry < 1 and the solutions
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converges to Iy, and if 0 < @3 < 0.001464, then Ry > 1 and the system solutions converge to I';.
Figures 3 with Theorem 2 have proved the compatibility of numerical and theoretical results.

Table 1. Parameters values of the model (4.1)-(4.4).

Parameter Value Parameter Value Parameter Value

T 260 7 0.002 z 3

) 0.2 ® 5 v 0.5

r 1 q 0.04 A 2
ap, a; 0.01 Q 5.5 n,nm,as3 B varied

Table 2. Variable a3 and corresponding steady states and R, values for model (4.1)-(4.4).

a3 Steady state Ro
0.01 I, = (1300,0,0,0) 0.2074
0.001464 I't =(1297.7,0.0858,0.01579, 0.4545) 1.000
0.0005 I'y = (853.4725,17.2105,31.5526,4.7254) 1.7596
0 I} = (656.7340,24.7780,45.4263, 4.8060) 2.9033

1400

1200 -

1000 -

S(t)

I I I I I I
8 10 12 14 16 18 20

(a) Susceptible cells (b) Infected cells
6
5
t\ /
N R0>1
4378 SN
AN
Ny
23 AN
© \\\\\
AN
NN
2 NSNS
N N
R°>1/7 Sy
~ SN
1r S - Ry<1
S8 s
R <1 SEx:a
R 0 ‘ ‘ ‘ ‘ ‘ ;""‘\"---
10 12 14 16 18 20 0 5 10 15 20 25 30 35 40
t
(c) Pathogens (d) CTL cells

Figure 1. The trajectories simulations of model (4.1)-(4.4) with IC1-1C3.
AIMS Mathematics Volume 6, Issue 1, 114-140.



131

950 : 35 ‘
£=0.001 £=0.001
......... 6=0.01 sasenaans 620,01
- — . p=0.03 - — - p=0.03
......... £=0.05 weeneees 52005 | ]
£=0.1 £=01 [
el =2
500 ‘ ‘ ‘ ‘ ‘ 10 ‘ s s s s
0 10 20 30 40 50 60 0 10 20 30 40 50 60
t t
(a) Susceptible cells (b) Infected cells
60 : 60 ;
=0.001 $=0.001
......... B=0.01 | | sasenans 620,01
- = . =003 | - — - B=0.03
......... $=0.05 sennennes 320,05
B=01 3 £=0.1
‘ 0 : : : : :
20 30 40 50 60 0 10 20 30 40 50 60
t t
(c) Pathogens (d) CTL cells

Figure 2. The trajectories simulations of model (4.1)-(4.4) with different values of £.

AIMS Mathematics Volume 6, Issue 1, 114-140.



132

1300 ; = - -
=
7 - —-—--a3=0
(R S ,=0.0005
1200 + /2 =
/ — — -a,=0.001464
(; a,=0.01
1100 - /]
1
/i
_ 10001 4
F 1
900 [!
e
1
800 jr s
700 H:
S e T R —
600 :
0 10 20 30 40 50 60
t
(a) Susceptible cells
50
........................... - —————,=0 |
K @3
whd e ,=0.0005 | |
/ - = .a,=0001464
.................................................. 4=0.01
30 3
E
g 20
1
\
10y
\
~
0f Y—=—om
10 ‘ ‘ ‘ ‘ ‘
0 10 20 30 40 50 60

t

(c) Pathogens

30 ‘
—-—--a3=0
] R S ,=0.0005
y — — -a,=0.001464
/
! ,=0.01
20 ! :
15
= R
= ’.\“
10
d
'
5
AY
~
-~
ol -
5 I I L 1 L
0 10 20 30 40 50 60
t
(b) Infected cells
5 ‘ ‘
P ————ay=0
0 e ,=0.0005
a0\ — = .a,=0.001464 |
ay=0.01
3b
S
ol
1L
0 ‘
0 10 20 30 40 50 60

(d) CTL cells

Figure 3. The trajectories simulations of model (4.1)-(4.4) with different values of a;.

4.2. Example of the model (3.1)-(3.5)

In this subsection, we will implement numerical simulations for a special case of the model (3.1)-

(3.5) as
. P I S
S=T-05- (1 Zlalp 1 Zza/zl) 1+asS" (*)
L=d _")(1 Zﬁp 1+a21) 1 +Sar33r ~ @+ Bk, (+6)
izn(IZ‘OZPJr 122;1 1+S;3Sr - @I - bL - 4IC, 4.7)
p=QI-XP, (4.8)
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C =W¥I - AC - BIC, (4.9)

where the parameters values given in Table 3. We suppose that @; = @, = @ with no loss of generality.
We will choose three sets of initial conditions as:
IC1: S(0) =900, L(0) = 200, 1(0) = 15, P(0) = 30,C(0) = 4.4,
IC2: S(0) = 600, L(0) = 150, 1(0) = 10, P(0) = 20,C(0) = 3, and
IC3: S(0) =400, L(0) = 75,1(0) = 5, P(0) = 10,C(0) = 2.

Case (1) Effect of 77, on steady states stability:

We choose @ = 0.01,8=0.1,n = 0.5,g = 0.04 and 5, is varied as:

(i) if 7; = 0.0005, then we compute Ry = 0.9682 < 1. From Lemma 4 we have that the system has
only one steady state Ij). We observe from Figure 4 that, uninfected cells concentration is rising and
tends its free-disease value Sy = 1350, on the other hand we find that the concentrations of latently
infected cells, productively infected, pathogens and CTL cells are decreasing and tend to zero for
IC1-IC3. This proves that, I'y is GAS, the pathogen will be cleared and this consistent with Theorem 3.

@ii) if n; = 0.005 then, Ry = 2.3182 > 1. As we discussed before in Lemma 4 that the
system has two positive steady states [y and I';. We note that Figure 4 results are consistent with
Theorem 4 results. It is seen that, the solutions of the system converge to the endemic steady state
Iy = (734.2778,205.2407, 14.4357,26.4654,4.6761) for all IC1-1C3.

Case (2) Effect of saturation on the pathogen dynamics:

For this purpose, let 7, = 0.005,8 = 0.1,n = 0.5 and « is changed and we will choose the first
set of initial conditions. The effect of saturated incidence is incorporated so in Figure 5, we note as
a is increased, both pathogen-to-cell and cell-to-cell infection rates are decreased. Accordingly, the
susceptible cells concentration is increased, the latently infected cells, productively infected, pathogens
and CTL cells are decayed. Also a does not change the value of R, and therefore the saturation has no
effect on the steady states stability properties.

Table 3. parameters values of system (4.5)-(4.9).

Parameter Value Parameter Value Parameter Value

T 270 n varied Q 5.5

d 0.2 b 0.1 ) 3

m varied d 0.2 b4 0.5

m 0.005 C 55 A 0.1
a, @ varied q 0.4 B varied

a3 0 r 1
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Figure 4. The trajectories simulation of model (4.5)-(4.9) with IC1-IC3.
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Figure 5. The trajectories simulation of model (4.5)-(4.9.) with different value of &
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5. Conclusion and discussion

In this paper, we proposed and analyzed two pathogen dynamics models with impairment of CTL
immune response and two modes of transmissions, pathogen-to-cell and cell-to-cell. The pathogen-
cell and cell-cell incidence rates are represented by general nonlinear functions which generalized
several specific forms presented in the literature. In the second model we included the latently infected
cells. We proved that the solutions of the model are nonnegative and bounded. We showed that the
model has two possible steady states, uninfected steady state I'y and infected steady state I';. We
derived the basic infection reproduction number R, from the existence of the infected steady state
I';. We constructed Lyapunov functions and applied LaSalle’s invariance principle to prove the global
asymptotic stability of the two steady states. We proved that if Ry < 1, then Iy is GAS, and if Ry > 1
then I'; is GAS. The theoretical results were illustrated by numerical simulations. We note that the
cell-to-cell transmission has a significant effect on the pathogen dynamics. From model (2.1)-(2.4), the
basic infection reproduction number can be written as:

QI (0) h5(0)
oy S+ =g

Ro =Ry + RS = f(So),

where R and Rg are the basic infection reproduction numbers due to the pathogen-to-cell and cell-
to-cell transmissions, respectively. Since Ry = RY + ROC > RY, therefore, neglecting the cell-to-cell
transmission can lead to under-evaluated basic infection reproduction number.

Our proposed pathogenic infection models can be extended and generalized to take into account
different biological effects such as stochastic interactions [52], reaction-diffusion [53-56]. Pathogen
dynamics model given by fractional-order differential equations can provide better understanding on
the dynamical behavior of the pathogen within-host [57]. We mention that our models assume that the
pathogen infects one class of target cells. It has been reported in several works that some viruses such
as HIV can infect two or more classes of target cells [58]. We leave these extensions for future works.
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