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Abstract: This paper is devoted to exploring a diffusive predator-prey system with prey refuge and
predator cannibalism. We investigate dynamics of this system, including dissipation and persistence,
local and global stability of constant steady states, Turing instability, and nonexistence and existence of
nonconstant steady state solutions. The influence of prey refuge and predator cannibalism on predator
and prey biomass density is also considered by using a systematic sensitivity analysis. Our studies
suggest that appropriate predator cannibalism has a positive effect on predator biomass density, and
then high predator cannibalism may stabilize the predator-prey ecosystem and prevent the paradox of
enrichment.
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1. Introduction

Predator-prey systems as one of the most important relationships between two populations have
attracted the widespread attention and been extensively studied in both ecology and mathematical
ecology. Based on ODE systems and PDE systems, various mathematical models have been built to
understand and investigate predator-prey interaction. We refer the reader to the references [1-7] and
references therein.

Cannibalism, defined more specifically as the killing and at least partial consumption of
conspecifics, is widespread in nature [8,9]. It has been observed that cannibalism exists in different
types of animals, such as, insects, fishes, zooplankton, isopods and amphibians. For example, in
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aquatic ecosystems, Shevtsova et. al. [11] have showed that adult Dreissena can feed on many small
zooplankton species including rotifers, polyarthra vulgaris, protozoans, and cyclopoid copepopids.
Chakraborty and Chattopadhyay [12] pointed out that the phenomenon of sexual cannibalism is very
common in many families of spiders and scorpions. For more examples of cannibalism, please see
references [13, 14]. Cannibalism leads to a trophic structure and feedback loops within a population,
and then it has a strong impact on population structure and dynamics. It is well explored in
mathematical literatures that cannibalism can have either a stabilizing or a destabilizing effect on
predator-prey systems [10, 12,15-19].

In order to preserve biodiversity and avoid species extinction, an effective strategy is to establish a
refuge or a protection zone. In predator-prey interactions, prey species can exhibit spatial refugia
which afford the prey some degree of protection from predation [20]. For example, Huffaker and
Kennett [21] showed that cyclamen mites can use strawberry plants as physical barriers to avoid
predation by Typhlodromus mites. Previous studies have shown that refugia have a stabilizing effect
on prey-predator systems with different functional responses [22-25]. In the case of spatial
distribution patterns and dispersal mechanisms, Du and Shi first in [26] investigated dynamics of a
reaction-diffusion predator-prey system with a protection zone for the prey. In [27-33], authors also
studied the effect of a prey refuge or a protection zone in the diffusive predator-prey system.

Motivated by the existing studies and the above considerations, in this study, we consider the
following diffusive predator-prey system with prey refuge and predator cannibalism

%—duAu:ru(l—ﬁ)— al - uy , xeQ, t>0,

ot K h+(1—c)u£H7v

ov era(l = cyuv —an(l — ey)v

— —d,Av = —mv, e, t>0,

a 2 h+ (1—cu+ v e A ~ (1.1)
u %

o0 == Q

o 0, n 0, x€o0Q, t >0,

u(x,0) = up(x) =% 0, v(x,0) = vo(x) =% 0, x € Q.

Here Q is a bounded domain in R"(n > 1) with smooth boundary 0Q and c,e;,e; € [0,1). All the

variables and parameters of system (1.1) and their biological significance are listed in Table 1. When
the spatial distribution is homogeneous and d, = d, = ¢ = 0, system (1.1) reduces to an ODE system

du (l_u) auv

a - K) h+u+n (12)
dv _ ejauv —an(l — e))v? ’
dr h+u+nv

In [18], Kohlmeier and Ebenhoh established the existence and stability of steady states of (1.2) and
proved that cannibalism can have a stabilizing effect. Chakraborty and Chattopadhyay [12] showed that
the paradox of enrichment does not hold for a higher cannibalism rate among predators for system (1.2).
In [34], Prasad and Prasad gave the existence and stability of equilibria and analysed the existence of
bifurcations for system (1.2) with provision of additional food.

There is increasing recognition that the understanding of patterns and mechanisms of spatial
dispersal is a significant issue in the study of predator-prey system. Spatial heterogeneity can make
predator-prey system exhibit more complex dynamic properties. Considering the effect of spatial
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Table 1. Variables and parameters of system (1.1) with biological meanings.

Symbol Meaning Symbol Meaning

u Density of prey v Density of predator

d,,d,  Diftusion coeflicients of prey and r Maximum growth rate of prey
predator, respectively

K Carrying capacity of prey a Maximum consumption rate

h Half saturation concentration of m Loss rate of predator
prey for v functional response

c Constant ratio of prey using refuge 7 Preference factor for feeding

of the predator on conspecifics
(cannibalism rate)

el Conversion rates of converting e, Conversion rates of converting
ingested prey Dbiomass into ingested predator biomass into
predator biomasses predator biomasses

diffusion coefficient on the dynamical properties of system (1.1) is the first research topic in the
present paper. In view of the widespread existence of cannibalism, it is an interesting problem is to
explore how cannibalism affects predator-prey systems. In addition, from the perspective of
protecting biodiversity, we also discuss the effects of prey refuge.

The rest of the paper is organized as follows. In Section 2, we establish the global existence,
dissipation and persistence of positive solutions of system (1.1). In Sections 3 and 4, we investigate the
local and global stability of constant steady states, Turing instability, and nonexistence and existence
of nonconstant steady state solutions. In Section 5, we consider the influence of prey refuge and
predator cannibalism on predator and prey biomass density by using a systematic sensitivity analysis.
In the discussion section, we summary our findings and state some biologically motivated mathematical
questions for future study. Throughout this paper, numerical simulations under reasonable parameter
values from literatures are presented to illustrate or complement our mathematical findings.

2. Global existence, dissipation and persistence

This section is devoted to investigating global existence, dissipation and persistence of positive
solutions of system (1.1).

Theorem 2.1. System (1.1) has a unique global solution (u(x, t),v(x,t)) such that u(x,t) > 0 and
v(x,1) > 0 for (x,1) € Q x (0, c0).

Proof. 1t is clear that (1.1) is a mixed quasi-monotone system for the domain {# > 0,v > 0}. Let
(u(x, 1), v(x,1)) = (0,0) and (i(x, 1), ¥(x, 1)) = (u(?), ¥(2)), where (ia(2), (1)) satisfies

du u
— = ru(l - —),
dt K
dv _ ejauv +an(e; — )v?

dr h+ (1 —-cu+nv

u(0) = up = max up(x) > 0, v(0) = Vg = maxvy(x) > 0.
xeQ xeQ

my,

Mathematical Biosciences and Engineering Volume 16, Issue 3, 1445-1470.



1448

It follows from the existence and uniqueness theorem of solutions of ordinary differential equations
that (i(7), v(¢)) is global existence and i(¢) > 0, ¥(t) > O for ¢ > 0. Note that

0

g—b;—a’Au<ru(1—u/K) xeQ, t>0
oo, x€dQ, t> 0,
on

u(x, 0) = up(x) < iy, x € Q,

then from comparison principle of the parabolic equations, it is easy to verify that u(x, ) < u(z).
Similarly, by vo(x) < Vo, we have v(x, 1) < ¥(¢). Then (i(x, 1), v(x, 1)) and (u(x, 1), v(x, 1)) are the coupled
ordered upper and lower solutions of system (1.1). This means that there is a unique global solution
(u(x, 1), v(x, 1)) satisfying

0 <u(x,t) <i(t), 0<v(x,t)<v(f)forallxeQ, t>0.

Moreover, by the strong maximum principle we see that u(x, ) > 0 and v(x, ) > 0 for (x, £) € Qx(0, o).

[ |
Theorem 2.2. If (u,v) is any solution of system (1.1), then
K — 1 —c¢)—mh
lim sup max u(-,t) <K, limsupmaxv(-, ) < max {0 @a-m{d -c)—m } 2.1)
t—00 t—00 Q 7][(1(1 — 62) + m]

Proof. 1t is clear that
—d,pu<ru(l —u/K), x€Q,t>0

3u

8n_ , x€oQ, t>0,

u(x,0) = up(x) 2£ 0, x € Q.
It follows from comparison principle of parabolic equations that the first inequality of (2.1) holds. This
means that for any € > 0 there exists 7} > 0 such that u(x,f) < K + e for all x € Q and t > T,. Then

@ Cdav< eia(l — o) (K + e)v — a(l — e))n? B

ot h+ (1 —-c)K+¢€)+nv
_ [(era=m)(1 = o) (K + €) —mh — (a(l — e2) + m)nv]v
B h+(=c)K+e€)+nv

, xe€Q, t>T,

with boundary value dv/0n = 0,x € 0Q, ¢t > T, and initial value v(x,T}) > 0, x € Q. Let z;(¢) be a

solution of
[(era —m)(1 — c)(K + €) — mh — (a(l — e2) + m)nzi]z

h+(1-c)K +¢€)+nz;
with z;(7T1) = maxv(-, T1) > 0. Note that
O

,t>T,

2y(t) =

elaK(l —-0)

1 =0ifm> ——=
1mzl(t) 01 _h TKI—0)
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) (etja—m)(1 —c)K —mh . e1aK(1l —c)

limz;(r) = ifm< ———.

t—00 [a(l —ep) + mln h+ K(1-c¢)
From the comparison principle, we conclude that the second inequality of (2.1) holds. This completes
the proof. [ |

Remark 2.1. It follows from Theorem 2.2 that

(eya — m)(1 —c)K—mh} )
+e
[a(l — e2) + mln

[0,K + €) X

0, max {0,

is a global attractor of (1.1) in R? for any € > 0.

Theorem 2.3. If
e1aK(1 —c)(rm —a(l —¢))

>a(l —c), m< , 2.2
> all =0, m < e = o) —a(l — o)) (22)
then system (1.1) is persistent, that is,
K(rm—a(l -
lim inf minu(, 1) > 1A= g
e & (2.3)
K(eya —m)(1 — —a(l = ¢)) - rymh '
liminf minv(., 1) > —@ =0 = N = all =) = rmh

50 0 rn?la(l — e;) + m]

Proof. 1t follows from the first equation of (1.1) that

a—u—duAuZu r_a(l—c)_g’ xeQ, t>0,
ot n K

@:O, x€0Q, t>0,
on

u(x,0) = up(x) 2% 0, x € Q.

From comparison principle of parabolic equations, the first inequality of (3.2) holds. Then for any
€ > 0 there is T, > 0 such that u(x, t) > K(rnp —a(1 = ¢))/(rn) —€ := Aforall x e Qand t > T>. By the
second equation of (1.1), we have

ov e1aA(l = c)v — a(l — ex)m?

— —d,Av > - my, e, t>T
a ’ h+(1—0A+ v e 2
L oo, x€dQ, t>Ts,
on B

u(x, Tp) > 0, x € Q.

Note that if z,(¢) is a solution of

[(era — m)(1 — 0)A —mh — (a(l — e3) + m)nzz1z2
h+(1-c)A+nz ’

() = t>T,
with z,(73) = min v(-, T;) > 0, then
O

K(eya—m)(1 —c)(rn —a(l — ¢)) — rmmh
m*la(l - e) + m]

lim z,(¢) =
>0

since (2.2) holds. This proves that the second inequality of (3.2) holds. The proof is completed. [
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3. Analysis of constant steady states

In this section, we investigate the existence and stability of constant steady states of system (1.1).
The constant steady states of (1.1) are listed below: the extinct steady state E, : (0, 0); the predator-
extinction steady state E; : (K, 0); the coexistence steady state E, : (i1, V). To establish the stability
of the above constant steady states of (1.1), we first make some notations. It is well-known that the
operator —A in Q with the homogeneous Neumann boundary condition has eigenvalues

mi €N ={ui:0=po<py <---<p;<---, 1 €Np}, 3.1

where N, := N(J{0}. Let S (u;) be the subspace generated by the eigenfunctions ¢;; corresponding to
Wi, m(u;) be the multiplicity of y;, and {¢; j};f’:(’f") be an orthonormal basis of S (i;). Define X;; = {c¢;; :
mg;)
C € Rz}, X; = @jZI Xija and
X = {(ul, )" € [Cl(g‘z)]2 : By = Byur =0 on 09} (3.2)

satisfying X = @Zo X;. We linearize the system (1.1) about a constant steady state (i, V) and obtain

¢\ e\ Ap ®
( z)’H“"ﬁ)(w)"D(Aw)”@"”(w)’ G-

with domain Xy = {(¢g.¥) € [CY(Q X R*)I? : dgp/dv = 8y/dv = 0}, where

_(d, O _[an an
b= (0 dv) »Ja = (6121 6122)

and
2rit  ah(1 — o) + an(1 — ¢)P? ah(1 = o)it + a(l — ¢)?*i?
T T T hrd—oa+p2 T T T hr A -0+ P
_ejah(l — o) + eyan(l - )P +an(1 - ey)(1 — ¢)P?
= (h+ (1 - o)t + oy ’
4o = eiah(1 = o)it — 2ahn(1 — e;)d + eja(l — ¢)** — an*(1 — ey)9* — 2an(1 — e,)(1 — ¢)id -
2 = -

(h+ (1 = c)it + nd)?

(1, 9) is locally asymptotically stable if all eigenvalues of the operator H;;, have negative real part,
and it is unstable if at least one eigenvalue has positive real part. In the following subsections, we will
discuss the existence, local stability and global stability of Ey, E; and E».

3.1. The extinct steady state and predator-extinction steady state

This subsection focuses on the existence and stability of the extinct steady state E, and the predator-
extinction steady state E;. It is clear that £y and E; always exist.

Theorem 3.1. E is always unstable with respect to (1.1).

Mathematical Biosciences and Engineering Volume 16, Issue 3, 1445-1470.
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Proof. 1t follows from (3.1) and (3.3) that the corresponding k-th characteristic equation for the
linearized system of (1.1) at Ej is

A = (=(d, + d)py + r — m)A + (ddy + (dum — dyr)py — rm) = 0.

Note that two eigenvalues are r and —m when k = 0. This means that E is unstable. ]

Theorem 3.2. If m > e;aK(1 — ¢)/(h + K(1 — ¢)), then E; is globally asymptotically stable with
respect to (1.1).

Proof. From (3.3), we have
aK(1-c¢)

_ h+K(1-o¢)
Tio) = ejaK(1 —c)

h+ K(l-c)
It follows from (3.1) that the corresponding k-th characteristic equation for the linearized system of
(1.1) at E; is
A+du +r)A+du +m—eaK(l —c)/(h+ K(1 —c¢))) =0.
It is clear that 4 < O for any k € Ny if m > eja(1 — ¢)/(h + K(1 — ¢)), which implies that £, is locally

asymptotically stable.
From (2.1), we conclude that if m > e;aK(1 — ¢)/(h + K(1 — ¢)), then

lim supmax u(-,¢) < K, limsupmaxv(-,t) = 0. (3.4
Q

11— Q —o00

This means that v — 0 uniformly on Q as ¢ — oco. For any € > 0 there exists 7 > 0 such that v(x, ) < €
for all x € Q and ¢ > T. From the first equation of (1.1), we have

a—u—duAqut r—g—m, xeQ, t>T
ot K h +ne

@:0, xeoQ, t>T,
on

u(x, T) >0, x € Q.

Note that if z(¢) is a solution of

t>T

, ru ae(l —c)
ND=ulr-—-——]|,
2 =u (r K h +ne )
with z(T) = minu(-,T) > 0, then lim,,, z(f) = K since € is sufficiently small. By using comparison
Q

principle of parabolic equations, we obtain liminf, ., ming u(-,#) > K since € is sufficiently small.
Combining with the first inequality of (3.4) gives u — K uniformly on Q as t — oo, which means that
K 1s globally attractive. Hence, E is globally asymptotically stable. [}
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3.2. The coexistence steady state

The interior coexistence steady state (i, V) can be obtained by solving

r(l—ﬁ)— a(l —c)v _0 eia(l —cyu —an(l —ey)v B
K/ h+(-cu+nv h+{-cu+nv

Let
y =K + e, —ex)(1 —¢) — rhn(1 — e;) — K(eja — m)(1 = ¢)*.

A direct calculation gives

v+ \/y2 +4rhimK(1 + ey — ex)(1 = ¢)(rn(1 — ep) + m(1 — ¢))
2rm(l + e; —e))(1 —¢) ’
v = ((e;a—m)(1 - c)iu — mh)/(an(1 — ;) + nm).

I
Il

m=0.

(3.5)

(3.6)

Note that # > K and ¥ < 0 when m > ejaK(l —c¢)/(h+ K(1 —¢)), u = K and vV = 0 when m =
e1aK(l1-c¢)/(h+K(1-¢)),0<un< Kandv > 0whenm < e;aK(l1 —c)/(h+ K(1 —c)). Therefore, we

conclude that if
m < ejaK(l —c)/(h+ K(1 - ¢)),

then system (1.1) has a unique coexistence positive constant steady state E,.
We now establish the local stability and global stability of E,. Let
K1 —c)m+a(l —ep)) —ah(l —ey)
a= .
all —c)1 —e;+e)+ (1 —c)m+a(l —ey))

We first give a relatively strong local stability criterion for Ej.

(3.7

Theorem 3.3. If (3.7) and ut > @ hold, then E, is locally asymptotically stable with respect to (1.1).

Proof. 1t follows from (3.3) that

app dap
J(u,v) = (_ ),

ax axn
where
_ | r a(l —c)* _ ah(1 = o)it + a(l — ¢)%ir?
ayg =u\——+ —— | di2=— >
K (h+(-ocu+nv) (h+ {1 —-c)u+nv)
eiah(1 = o)p + eyan(1 — o)v* + an(1 — e;)(1 — ¢)v?
ay = ,
2 (h+ (1 = )it + nv)?
eran(l —c)uv + ahn(1 — ey)v + an(1 — ey)(1 — c)uv
axy = — .

(h+ (1 = ¢)in + nv)?

The corresponding k-th characteristic equation for the linearized system of (1.1) at E; is

A —TA+ D, =0,
where

Ty =—(d, +d)u +an + an,

2 _ _ _ _
Dy =d,d,p; — (d,axn + d,ay)u + @G — anas; .

(3.8)

(3.9)

(3.10)
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Note that if 7, < 0 and D; > 0O for all k € Ny, then Ej is locally asymptotically stable. From (3.5), we

have . .
— —u/K
angz=u —L + ( C)r( _l/l/ ) <0.
K (-e+e)d-cu+h(l-e)
if # > a. Combining with (3.8) gives T} < 0 and D, > 0O for all k € N. ]
Let

g1 = (1 =c)a(l = ex) + m)((1 + e = e2) = (1 =) —a(l = )*(1 + € = ¢2),
g2 = (a(l = e2) + m)((1 — e2)(h = K(1 = ¢)) + K(1 = o)(1 — ¢ —eyn) — ah(l - e2)(1 = ¢),
g3 = —hnK(1 — ex)(m + a(l - e3)).

Theorem 3.4. Assume that (3.7) and it < a hold. If

qiit® + qoit + q3 < 0, (3.11a)
ay1ay — 241201 — 2 \Vapay (anay — anan) d,
v <& (3.11b)
61%2 d,

then E; is locally asymptotically stable with respect to (1.1).

Proof. 1t follows from (3.9) and (3.10) that

Ty = —(d, + d)u + ayy + axn

r(q i + qait + g3)

— <0
Ka(l-c)(h(1 —e))+ (1 =c)(1 — ey + e))in)

= _(du + dv)ﬂk +

for all k € Ny if (3.11a) holds. A direct calculation gives a;a,> — @2a,; > 0. From the second equality
of (3.10), we have the following two cases: (1) —a;/a» < d,/d,. It is clear that D; > 0 for all kK € N
and y; € A since d,d, > 0 and ay 4y, — aax; > 0; (2) —ay/ax > d,/d,. It is not difficult to show that
if

apaxn — 2a2a; — 2A - dy - apax — 2a2a;; + 2A

_2 _2 b
a» dy ax»

where A = \/6_1126_121(6_1126_121 — 6_1116_122), then (duc_lzz + dVC_lll)z - 4dudv(6_1116_122 — 6_1126_121) < O, which 1mplles
that D, > 0 for all £ € N. Hence, if (3.11b) holds, then we have D, > 0 for all k € N, since

a1y — 24520y — 2A - ar - a4y — 2aay + 2A

— — )
ay a2 )
The proof is completed. [

Remark 3.1. The local stability of E, is independent of diffusion coefficient d,,d, when it > « in
Theorem 3.3, and related to diffusion coefficient d,,d, when i < a in Theorem 3.4.

Let

Ay ={(m,n,h)m < By, n>a(l —c¢)/r, h> K(1 —¢)},

Mathematical Biosciences and Engineering Volume 16, Issue 3, 1445-1470.
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AZ = {(m’ n’ h)lm < BZ, T] > a(l - C)/n h < K(l - C)},
As ={(m,n,h)|B, <m < By, n>max{a(l —c)/r,A}, h < K(1 —¢)},
A4 = {(ma 779 h)|B3 <m< Bla maX{a(l - c)/r7A2} < 77 < Ab h < K(l - C)},

where
Ay = Ka(l — ¢)*(e1 + (1 — €2))/[2rh(1 — e2)],
As = Ka(l = ¢)*(e; + (1 — e2))/[re)(K(1 = ¢) = h) + rh(1 — e3) + rK(1 — e5)(1 = ¢)],
By = e1aK(1 — ¢)(rn — a(l — ¢))/[rnh + K(1 — ¢)(rp — a(1 — ¢))],
B, = [ran(l — ex)(h — K(1 - ¢)) + e;aK(1 — ¢)(rn — a(l — e)I/[K(1 — ¢)(2rn — a(l - ¢))],
By =ale; +e,—1)/2.
By direct calculation, we conclude that B, > B; when h > K(1 —¢); By > B, > By when h < K(1 —¢)

andn > Ay; By > B; > Bwhenh < K(1 —c)and A, <n < A;.
We next investigate the global stability of E; by using the upper and lower solutions method.

Theorem 3.5. E, is globally asymptotically stable with respect to (1.1) if (m,n, h) € Ay, Ay, Az, Ay.

Proof. Note that if (m,n,h) € A, Ay, Az, Ay, then (3.7) and (2.2) hold. It follows from Theorem 2.2

that
(era —m)(1 — o)y — mh

limsupmax u(-,t) < K :=i; >0, limsupmaxv(-, ) < =9 > 0.
t—00 Q t—o0 Q n[a(l - 62) + m]

From Theorem 2.3, we have

K(rm —a(l -
lim inf minu(-,r) > S = =)
t—o0 Q rn

(erta—m)(1 = c)u, —mh
=,

> 0,

u

> 0.

lim inf min v(-, ¢) >
1£r_1)g1 ngnv( ) nla(l — e;) + m|

For any 0 < € < y, there existsa T > O such that v > v, — e and v < v, + € for all (, x) € [T, 00) X Q.
Then

u a(l = cu(y, —€)
Uy = dubit < m(l B E)_ n+ (1= oty + (v, — )
ulr(h + (1 = o)y +n(y, — ONK —u) — Ka(l — o)y, — €)]

K(h+ (1 —-c)u; +n(y, —€) ’

and
u, —d,Au > ru(l - ﬁ) - a(l =~ Ju(vy +_E)
K/ h+(1-cu +ni +e)
B ulr(h + (1 = cu, + n(vy + )K — u) — Ka(l — c)(v; + €)]
B K(h+ (1= cu, +n( + ) ’
which imply that
i <K Ka(l - c)y, _ N
1) < - — = >0,
it sup max u( 1) W+ (—om+nv) 2
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Ka(l —c)v
lim 1nfm1n u(-,t) > K al = — = u, >0.
1—00 (h +(=u, +nvy) ~
Let
Ka(l -
p1(s1,8) = K - al - ) , 851,52 >0,

rth+ (1 —-c)s; +1ns;)

_ (eja—m)(1 —c)s —mh
() = na(—e)tm s> 0.

A direct calculation gives

6901 d¢

>0, — <0, > 0.
851 57 ©5(5)

Hence,

uy <uy =@y, V1) < @iy, y,) =iy <ig, v, =ei(y) <ei(i) = .

We construct four sequences {u.}, {v,}, {i;} and {v;} by
ZHI = wl(ﬂi’ ‘_}i), ﬁi+l =@ (ﬁi’ 2,’)3 Zi = ‘102(21')’ ‘_)i = CPZ(ﬁi)’

u; < liminf min u(-, ) < lim sup max u(-, 1) < i,
Q Q

t—00 t—00

v; < liminf mm v(-,1) < limsup max v(, 1) < ;.

I—00 t—00

It follows from (3.12) and (3.13) that

Zi < Zi+1 = Qol(zia ‘_}l) < QOl(ﬁi, Xt) = ﬁi+1 < ﬁi’

Vo<V =e1(u,,) <@l = iy <.

Then we have
limu, =y, lima; =y, limy, =¢, limy; = ¢
i—0o — - i—00 — >

and 0 <y < ¢,0 < ¢ < ¢. By (3.13), we get

g = Qol(ﬂ’ @, lp = 901(‘;’ ?)’ ? = (PZ(%)’ q_ﬁ = ‘pZ(lp)

and then
—0)é Ka(l -
y-K- KaQ -0 ;_p_ al —of ’
r(h+ (1 = o) + 1) r(h+ (1 =) +ng)
(ea-m( - —mh _ (¢;a—m)(1 - ) — mh
O et —e+m T pati—en+m)

We now prove ¢ = W and ¢ = ¢. Two equations subtraction in (3.16b) gives

(ea—m(1 - )i - ¥)
0= @ —en +m)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16a)

(3.16b)
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which means that if ¢ = ?, then ¢ = v, and vice versa. Substituting (3.16b) into (3.16a), we obtain
(K —y)(ah(l—ey)+(1-c)((a(l —e2)+m)£+(e1a—m)t/_/)) = Ka(1-c)(eya—m)(1=c)—mh) (3.17)

(K =) (ah(1-e5)+(1—c)((a(l —e2)+m)tﬁ+(e1a—m)£)) = Ka(l-c)((e;ja—m)(1 —c)%—mh) (3.18)
(3.17) minus (3.18) gives
Ka(1 - o(era — m)(@ — ) = ranh(1 - e)(f — )
+ (1 = )a(l - &) + m — Y@ + ¢ - K)
+mK(1 = c)(eia —m) — ).
If ¢ # Y, then

K(1 - o)a(l —c)eja—m) + rn(a(l —ey) + m) — rn(eja — m)] — ranh(1 — e;)
m(l = c)(a(l — ey) + m) )

by =
This shows that if (m,n, h) € Ay, A,, then  + Y < 0, which is a contradiction. (3.17) plus (3.18) gives

- ahK(m(1 = ¢) + r(1 — e2)) + K(eya — m)(1 = c)(rn — a(1 = )Y + ¢)

s (1 = o(era —m) — (@l = e3) + m) |
This proves that if (m,n,h) € Az, A4, then Yoy < 0, which is a contradiction. The above results
suggest that ¢ = y and ¢ = @ if (m,n, h) € Ay, Ay, Ay, Ay. Combining with (3.5), we have § = ¢ = @i
and = ¢ = 7. From (3.14) and (3.15), we obtain lim,_,..(u(x, ), v(x, 1)) = (@, ¥) uniformly on Q. The
proof is complete. ]

3.3. Turing instability

It has proved that diffusion could destabilize an otherwise stable steady state of the
reaction-diffusion system and lead to nonuniform spatial patterns. This kind of instability, essentially
originated in landmark work of Turing [35], is usually called Turing instability or diffusion-driven
instability.

We assume that iz < «, (3.11a) and

d Gy — 2812021 — 2 Vanay (anar — ana)
0<% v (3.19)
d, as,

hold. Then the quadratic equation d,d,w? — (d,a» + d,a;)w + @182, — G1»a>, = 0 has two real positive
roots

d,ay +d,a — \/(duflzz +d,ay)? —4d,d, (4114 — G12021)
2d,d, ’
d,ay + d,ap; + \/(dué_lzz +d,ay)? —4d,d, (4118 — a12021)
2d,d, '

U)](du, dv) =

U)Z(dua dv) =
Theorem 3.6. Assume that it < «, (3.11a) and (3.19) hold. Then we have the following conclusions:
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1) if AN (w(dy,d,), wr(d,,d,)) =0, then E, is locally asymptotically stable with respect to (1.1);
1) if AN (w1, d,), wr(d,,d,)) # 0, then the positive constant steady state E, of system (1.1) is
Turing unstable;
(ii1) for a fixed d, > 0, there exists d. > 0 such that E, is Turing unstable when 0 < d,, < d,;
(iv) there exists d* > 0 such that E, is locally asymptotically stable when d, > d* and d,, > ay;/u,.

Proof. Obviously, (i) and (ii) hold. Note that

}iﬁ}) wi(d,, d,) = (anax — anay)/(d,an) > 0, [}imo wy(dy,d,) = oo

for a fixed d, > 0 and
lim wl(dua dv) =0, lim wZ(du’ dv) = all/du >0

d,—oc0 d,—00

for a fixed d, > 0. This implies that (iii) and (iv) hold. ]

3.4. Simulations

In this subsection, we do some numerical simulations to illustrate our analysis of steady states for
system (1.1). This has been showed that at some stage in the life cycle, 90% of some zooplankton’s
food is obtained by cannibalism [12]. This also means that cannibalism is widespread in aquatic
systems. Therefore, here the set of parameter values we use is derived from the
phytoplankton-zooplankton system. The values of all parameters are listed in Table 2.

Table 2. Numerical values of parameters of system (1.1) with references.

Symbol Values Units Source Symbol Values Units Source
dy,d, 0.1 m? day™!  [36,37] r 0.5 day™! [12,38]
K 10 mg L™ [12,38] a 0.4 day™! [12,38]
h 0.6 mg L~! [12,38] m 0.15 day™! [12,38]
c 0.45 - Assumption 7 0.47 - Assumption
12} 0.48 - Assumption e, 0.1 - Assumption

Predator v

20

20 -
10

X X 0
Timet Space x Timet 0 Space x

Figure 1. Predator-extinction steady state E;. Here m = 0.18, Q = [0,40] and other
parameters are from Table 2.
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Predator v

X N 0o
Timet Space x Timet 0 Space x

Figure 2. Coexistence steady state E,. Here m = 0.06, Q = [0, 40] and other parameters are

from Table 2.
£ 300 l ‘
: I > : :

Prey u

F TR emm—
..’

ENEE Y
o

Predator v
©

@

S

So -~ N
-

Time t Space x

Figure 3. Turing instability. Here d, = 0.01,d, = 10,7 = 0.11,m = 0.06,Q = [0,40] and
other parameters are from Table 2.

In mathematical theory, the total extinction of predator and prey will never occur since Ej is unstable
(see Theorem 3.1). However, this can happen in real nature when the predator and prey density become
very small. Figure 1 and Figure 2 show solutions of (1.1) converge to constant steady states E; or E,
for different parameter value m while other parameters are from Table 2. For the case of m = 0.18,
one can see that the extinction of predator with prey reaching its carrying capacity (E;) is a possible
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outcome of system (1.1) (see Theorem 3.2 and Figure 1). For m = 0.06, predator and prey can coexist
together at a positive constant steady state E, (see Figure 2). In Figure 3, Turing instability may arise
from system (1.1) if (ii) or (iii) in Theorem 3.6 holds. Turing instability destroys the spatial symmetry
and causes the pattern formation which is stationary in time and oscillatory in space [6, 39].

4. Nonconstant positive steady state solutions

As an indication of dynamical complexity of predator-prey systems, it is important to investigate the
existence of nonconstant positive steady state solutions, also called stationary patterns, in the spatially
inhomogeneous case. In this section, we explore the nonexistence and existence of nonconstant positive
steady state solutions of (1.1), which satisfy

—d,Au = ru(l - 1) - all — Juv , x€Q,
K/ h+(1 —c)u;—nv
—-d,Av = erall = uv = a(l = ex)y —my, Xx€RL, 4.1)
P 5 h+ (1 —-cu+nv
u v
- - = Q.
on * On 0, X0

4.1. A priori estimates and nonexistence of nonconstant solutions

To establish the existence and nonexistence of nonconstant positive steady state solutions, we need
to derive some a priori estimates for positive solutions of (4.1). We introduce the following maximum
principle.

Lemma 4.1. (Maximum principle [5,40]) Assume that f € C(Q) and c; € C(Q) with j=1,2,--- ,n.

() If w € C2(Q) N CY(Q) satisfies

Aw+ Y (D, + f(x) 20, xeQ,
0,w <0, x € 0Q

and w(xy) = max w(x), then f(xg) = 0;
0

(i) If w € CHQ) ;\e C'(Q) satisfies

Aw+ Y ci(Nwy, + f(0) <0, xeQ,
o,w >0, x €0Q

and w(xy) = min w(x), then f(xy) < 0.
xeQ)

We first have a priori upper bound estimates for any positive solution of (4.1).

Lemma 4.2. Assume that (u(x), v(x)) is a positive solution of (4.1). If (3.7) holds, then

0 <maxu(x) < K, 0 <maxv(x) < (K(eya —m)(1 —c) —mh)/(n(a(l — e;) + m)). “4.2)
o Q
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Proof. Let u(x;) = max u(x), v(x,) = max v(x). From (4.1), we have
Q Q

—d,Au < ru(l —u/K), x e Q, du/on =0, x € Q.

By Lemma 4.1, we obtain ru(x;)(1 — u(x;)/K) > 0, which means that max u(x) < K. It follows from
o}
(4.1) that
eiaK(1 —c)v —a(l — ex)m?
h+ K —-c)+nv

—d,Av < —mv, x € Q, dv/on =0, x € 0Q.

Lemma 4.1 shows that

e1aK(1 — ov(x) = a(l = ex)nv(x,)?
h+ K(1—-c¢)+nv(x,)

—mv(xy) = 0.
Then max v(x) < (K(eja — m)(1 — ¢) — mh)/(n(a(1l — ey) + m)). ]
Q
We now establish the nonexistence of nonconstant positive solutions of (4.1) if the diffusion

coefficients d, and d, are large.

Theorem 4.1. If (3.7) holds, then there is a d > 0 such that system (4.1) has no nonconstant positive
solution when d,,, d, > d.
Proof. Let (u,v) be a positive solution of system (4.1), and denote i = |Q|! fQ udx,v = |Qf! fQ vdx.

Then fQ(u — )dx = fQ(v — P)dx = 0. Multiplying the first equation of system (4.1) by u — @, and
integrating over €2, we obtain

2 . _u 3 e a(l — cyuv
dufg;W(u—u)l dx—fg;(u u)m(l K)dx fg;(u u)h+(1—c)u+77vdx

= f(u — i) [ru(l —u/K)—ria(l —i/K)]dx
Q
a(l — c)uv a(l — ¢o)av

_fg(”_ﬁ) ht(—cu+tq h+(—oi+ngy

-0 a(l —o)ith+ (1 —couw)(u— i)y —7v)
= rfg(“_”) dx_fg(mu —our i+ d—oar ™

~ f a(l — c)v(h +nv)(u — ir)*
oth+d=-0cu+nv)h+ (1 -c)i+nv)

3 a(l —o)ith+ (1 —couw)(u— i)y —7v)
= rfg(”_”) dx_fg(mu S S AL B g

S(r+g)L(u—ﬁ)zdx+gL(v—\7)2dx.

From Lemma 4.2, max v(x) < (K(eja—m)(1 —c)—mh)/(n(a(l —e,) +m)) := 6. Multiplying the second
Q

equation of system (4.1) by v — ¥, and integrating over €2, we have

Cokdx= [ |aedzuw —al —em?
dVLIV(v Rl dx—fg(v v)l hr(—ousm mv]dx
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3 - eia(l — ouv — a(l — e))mp? B J
_fg;(v ” h+ (1 -cu+nv myex

_f( ¥ ela(l—c)ﬁﬁ—a(l—ez)nfzz_ o\
o Y W+ (1 =)+ my | dx

N a(l —cvle;(h +nv) + n(l — ex)v](u — )(v — )
- fg(v ~Pidx+ fg G+ -ourmhrd-citm &
B f an(1 — e))(h + (1 = Auw)(v — )*(v + 7) + an*(1 — ex)vi(v — 7)? dx
o (h+A -cu+nv)th+ (1 -oc)i+nv)
N f era(l = o)iith + (1 = u)(v — v)?
o+ =-cu+nv)h+(1-oc)i+nv)

< (ela—m)f(v—ff)zdx+(€la(1 —9) el -ad _62))f(u—17t)2dx
Q Q

2n 2h
1 - 1—o)(1 -
N era(l —¢) N ad(l —c)(1 - ey) f(" o
2 2h o
Let
Ci=r+ a. era(l —c) N aé(1 —c)(1 - 62)’
2 2n 2h

1- o(l —o)(1 -
C2:elat—m+g+ela(277 c)+a ( Zl( 62).

Hence, by the Poincaré inequality, we get

d, f IV(u — i)|*dx + d, f V(v — 9)|?dx < C, f (u — i)*dx + C» f (v — v)*dx
Q Q Q Q
C C
< (u — i)*dx + =2 f(v - ¥)%dx.
M1 Jo M1 Jo

This means that if min{d,, d,} > max{C,/u,, C,/uz},then V(u —it) =V(v—-9) =0andu =it,v=7. 1

4.2. Existence of nonconstant positive steady state solutions

In this part, we explore the existence of nonconstant positive solutions to (4.1) by using degree
theory. To do this, we recall the following Harnack inequality.

Lemma 4.3. (Harnack inequality [5,41]) If u € C*(Q) N CY(Q) is a positive solution of

Au(x) + b(x)u(x) =0, xeQ,
ou =0, x € 0Q,

where b € C(Q) N L¥(Q), then there exists a positive constant L which depends only on M, satisfying
Iblle < M, such that

max u(x) < L min u(x).
Q Q

We now establish a prior lower bound estimates for positive solutions of system (4.1).
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Lemma 4.4. If (u(x), v(x)) is a positive solution of (4.1) and (3.7) holds, then there exists a constant
C > 0 depending possibly on d,, d,, 2, n and parameters of (4.1), such that

minu(x) > C, minv(x) > C. “4.3)
Q Q
Proof. Let u(x3) = minu(x). From (4.1) and Lemma 4.1, we have
Q

r—ru(x3)/K —a(l —c)v(xz)/(h+ (1 — c)u(x;3) + nv(x3)) < 0.

Hence,
ru(x3)/K + a(l — c)v(xz)/h > r. 4.4)

Let

by(x) = S [r(l _ K)_ a(l —c)v

$b -
d, K/ h+({-cu+nv . d, h+((-cu+nv

1 |eja(l —c)u—a(l —ex)nv
2(x) = —[ —m

There is a positive constant M depending on d,, d,, 2, n and parameters of (4.1) such that ||b||. < M,
l|b2]le < M since (4.2) holds. By using Harnack inequality in Lemma 4.3, there exists a positive
constant L which depends only on M such that

max u(x) < Lminu(x), maxv(x) < Lminv(x).
Q Q Q Q

It only need to prove that there exists a L > 0 such that

max u(x) > L and max v(x) > L.
Q Q

If it is not true, then there exists a sequence of positive solutions {(u,(x), v,(x))} >, such that

max u,(x) — 0 or maxv,(x) = 0asn — oo. 4.5)
o o

From the standard regularity theorem for the elliptic equations, there exists a subsequence of
{(un, vi)}” |, which we still denote by {(u,,v,)} ., and two nonnegative functions i,V € C*(Q) such
that u, — @t and v, — ?in C*(Q) as n — 0. By (4.2), (4.5) and (4.4), we have 0 < i < K and either
n=0,v#0o0ra 0,9 =0. Note that (u,, v,) is a positive solution of (4.1), then

f ru, a(l —co)v,
U, |r— - dx
o K h+{-0u,+nv,

f . [ela(l — Ouy —a(l —e)nv, m] dr = 0. (4.6b)
Q

h+(1-cu, +nv,

=0, (4.6a)

If i =0, £ 0, then
era(l — cyu, —a(l — ex)nv,

h+(1-cu,+nv,

-m<0, xeQ

for sufficiently large n since u, — 0 as n — oo. It is a contradiction to (4.6b) since v, > 0. If
it # 0,9 = 0, then from (4.6a), we obtain fQ (1l —a/K)dx = 0. It follows from 0 < it < K that it = K.

Thus, we have
era(l — cu, —a(l — ex)nv, e1aK(1 -c)

Qalll =9 <0
it (L= Oy + v, " T KO-o M
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as n — oo since (3.7) holds. This contradicts (4.6b).
Summarizing the discussion above, we conclude that (4.5) holds, which implies that (4.3) holds.
This completes the proof. [ |

We now investigate the existence of nonconstant positive solutions of system (4.1) by using the
Leray-Schauder degree theory ( [42]) and the methods in [5,43]. Denote

0O = {(u,v) € X|C/2 < u(x),v(x) < 2C for all x € Q},

where C = max{K, (K(e;a —m)(1 — ¢) — mh)/(n(a(l — e;) + m))} and X can be found in (3.2). Note that
if (3.7) holds, then (4.1) has a unique positive constant solution E, = (i, v). Let

( u a(l — cyuv
rull — —) -

K/ h+(-cu+nv
eia(l = ouv — a(l — e))m? B

h+ (1 -cu+nv

GW) = 4.7)

with U = (u,v)” € X and (I — A)~! be the inverse of I — A. Then system (4.1) can be rewritten as
F(d,d,U)y=U-I-n"{D'GU)+U}=0 (4.8)

where I — A satisfies the homogeneous Neumann boundary condition. Frechét derivative of system
(4.8) with respect to (1, v) at (i1, V) is

Fy(d,d,a,v)=1-I-2r)"YD'Gy(,v) + I} = 0.

It is clear that { is an eigenvalue of Fy(d;,d,, i1, v) on X; with i € Ny if and only if {(1 + ;) is an
eigenvalue of the matrix

L = pl = D™'Gy(a,v) = (ﬂi —au/de  Gn/d, ) _

an /d, Wi — an/d,
Then

1
S du’ dv’ i)
dd. ( Hi)

1
detL; = ﬁ(dudvlljz — (dyaxn +d,an)i + anaxn — anay) =

where
S(d,,d,,pu) = dd,p* — (dyary + dyay)u + @1z — @12y, .

From Subsection 3.3, if i < @ and (3.19) hold, then S (d,, d,, i) = 0 has two positive roots

o dy) = w1(dyed,) = d,ay + d,ay, — (d,axn + d,a)* — 4d,d, (@82 — G12G21)

2d,d, ’
sl dy) = wa(dyed,) = d,ax + d,ay + (d,axn + d,a)* — 4d,d, (@82 — G12G21)
2d,d,
and
dlim u(d,.d,) =0, dlim ui(d,,d,) = an/d, >0 4.9)

for a fixed d, > 0. Let
W, d,) = {/J >0: /J—(du’ d,) < u< ,u+(dm d,)}.
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Lemma 4.5. ( [5]) If Sd,,d,, ;) # O for all u; € A, then index(F(d,,d,, '), (i1,Vv)) = (—1)7, where

o= > m(u;) when ‘W(d,,d,) N A # ¢ and o = 0 when W(d,,d,) N A = ¢. In particular, if
€W (dyody)OA
Sd,,d,,u) >0 forall u >0, then o = 0.

Theorem 4.2. Assume that d, > 0, it < a, and (3.19) hold. If a\,/d, € (ug, tg+1) for some g € N
and Zle m(u;) is odd, then there is a positive constant d, such that forany d, > d,, (4.1) has at least
one nonconstant positive solution.

Proof. It follows from (4.9) and a,,/d, € (ug4, p4+1) that there exists a sufficient large d, such that for
any d, > d,

0 <p-(dp,dy) <pi, Hg < pa(dusdy) < flgs- (4.10)
From ATheorem 4.1, system (4.1) has no nOI}constant positive solution for any d,,d, > d. We choose
d, > d such that a,;/d, < u, and d, > max{d, dy} such that

0 < u_(dy,d) < ps(d,,d,) < u. 4.11)

Assume that the conclusion of Theorem 4.2 is not true. Then there is some d, such that system (4.1)
has no nonconstant positive solution for d, > d,. For k € [0, 1], we let D, = diag(xd, + (1 - K)d,, kd,, +
(1 — k)d,) and consider the following system

-D,AU =G(U), x€Q,
(4.12)
o,U =0, x € 09),

where G(U) is defined in (4.7). Obviously, (4.12) is equivalent to
OU,x)=U-(I-8)"{D/'GU)+U}=0, Uex.
Note that ®(U, 1) = F(d,,d,, U), ®(U,0) = F(d,,d,, U) and
Fuy(dy, dy,t,7) = I = (I - 1) {diag(d,, d,)™' Gy (@, 7) + 1} = 0,
Fy(dy» dy,,7) = I = (I = 2)" {diag(d, d,) Gy (@, 7) + 1} = 0.

The above arguments show that ®(U, 1) = 0 and ®(U, 0) = 0 have no nonconstant positive solution.
From (4.10) and (4.11), we have

W(did) VA = {1, i, o ptg), Wdind)NA =0,
which imply that
index (®(. 1), (&, 7)) = (~DE"#) = —1,  index (@(,0), (@,7) = (~1)° = 1.

By using Lemmas 4.2 and 4.4, we obtain (u,v) € ® for any solution (u, v) of system (4.1) on Q. Then
®(U, k) # 0on 00 for all k € [0, 1]. It follows from the homotony invariance of Leray-Schauder degree
that

deg(®(-,0),®,0) = deg(®(-, 1),0,0). (4.13)

Note that ®(U, 0) = 0 and ®(U, 1) = 0 have only the constant solution (iz, V) in ® and hence,

deg(®d(-,0),®,0) = index (®(-,0), (&1, v)) = 1,
deg(d(-, 1),0,0) = index (O(-, 1), (iz, V)) = —1,

which is a contradiction to (4.13). The proof is complete. ]
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5. Influence of prey refuge and predator cannibalism on biomass

The predator and prey biomass density in an ecosystem is an important index for avoiding
population extinction and protecting biological diversity. In this section, we will investigate the
influence of prey refuge and predator cannibalism in (1.1) on predator and prey biomass density. To
facilitate the discussion below, we let Q = [0,40] and use the spatial average of u(x,?) and v(x, )

defined as
I I
U@ = 10 j: u(t, x)dx, V(t) = 0 j: v(t, x)dx.

We consider the effect of predator cannibalism rate r7. In Figure 4, we compare the (spatial averaged)
coexistence constant or nonconstant steady states (U, V) for different values r7. From Figure 4 left panel,
one can observe that prey biomass density is increasing gradually with the increase of 7. This shows
that predator cannibalism is beneficial to prey biomass density. From Figure 4 right panel, there exists
a n* such that predator biomass density is increasing gradually when 0.125 < n < %, and decreasing
gradually when n > n*. This confirms that appropriate predator cannibalism (1 = 7%) has a positive
effect on predator biomass density, and then high predator cannibalism has a negative effect on predator
biomass density.

When predator cannibalism is low (1 = 0.08), Figure 5 shows that system (1.1) can produce Hopf
bifurcation which destroys the temporal symmetry and induces periodic oscillations that are uniform
in space and periodic in time for carrying capacity K = 10 of prey. But when predator cannibalism
is high, predator and prey biomass density converge to a positive constant steady state (see Figure 2).
These indicate that high predator cannibalism may stabilize the predator-prey system, and prevent the
paradox of enrichment.

Prey refuge is an effective strategy for protecting prey population and avoiding over-predation.
Figure 6 shows that prey refuge has a beneficial influence on prey biomass density, and a negative
influence on predator biomass density. From the perspective of biodiversity conservation, prey refuge
in point has a better effect for maintaining the persistence of predator-prey system (see Theorems 2.2
and 2.3). Excessive or low prey refuge is likely to destroy the balance of ecosystems.
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Figure 4. Influence of predator cannibalism rate n on predator and prey biomass density.
Here parameters are from Table 2 and 0.125 < n < 0.5. Left panel: steady state U of prey
biomass density; Right panel: steady state V of predator biomass density.
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Figure 6. Influence of prey refuge rate ¢ on predator and prey biomass density. Here
parameters are from Table 2 and 0 < ¢ < 0.9. Left panel: steady state U of prey biomass
density; Right panel: steady state V of predator biomass density.

6. Discussion

In this paper, we analyze a diffusive predator-prey system (1.1) with prey refuge and predator
cannibalism. We now roughly summarize our main results as below: (1) system (1.1) is dissipation
and persistence (see Theorems 2.2 and 2.3); (2) the existence, local and global stability of constant
steady states are established (see Theorems 3.2, 3.3, 3.4 and 3.5); Turing instability caused by
diffusion is given (see Theorem 3.6); (3) the nonexistence and existence of nonconstant steady state
solutions is investigated (see Theorems 4.1 and 4.2); (4) Studies show that appropriate predator
cannibalism has a positive effect on predator-prey ecosystem (see Figure 4).

We do some theoretical analysis to explore threshold conditions for the regime shift from extinction
to coexistence of predator and prey. Our results show that the total extinction of predator and prey
will never occur, but this can happen ecologically even though the equilibrium at the origin Ej is
unstable. This is because that organisms are discrete and can be completely eliminated when the
densities become very small. If m > e;aK(1 — ¢)/(h + K(1 — ¢)), then predator is extinct and prey
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reaches its maximum environmental capacity. The above condition also shows that the possibility of
predator extinction increases with the gradual increase of prey refuge ratio. This means that excessive
prey refuge has a negative effect on predator-prey system, and is also not conducive to biodiversity
conservation. Predator and prey can coexist together in three different forms: constant steady state:
nonconstant steady state; periodic oscillations in time or space.

In previous studies, it has been widely believed that predator cannibalism has a negative effect on
predator biomass density. However, our studies point out that appropriate predator cannibalism can
not only increase prey biomass density, but also enhance predator biomass density under the right
circumstance. From the ecological point of view, the reason why this can happen is that appropriate
predator cannibalism can moderately reduce predator pressure of prey and enhance prey biomass
density that leads to an increase in predator biomass density. On the other hand, it is worth noting that
high predator cannibalism may stabilize the predator-prey system, and prevent the paradox of
enrichment. This is because that high predator cannibalism increases intraspecific competition among
predators, and then reduces the possibility of population oscillation. Results above indicate
appropriate predator cannibalism has a positive effect on predator-prey ecosystem.
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Figure 7. Influence of diffusion coeflicients d,, d, on predator and prey oscillation. Here
n = 0.08,m = 0.06,Q = [0,40] and other parameters are from Table 2. Upper panel:
d, =0.001,d, = 0.1; Lower panel: d, = 100,d, = 0.1

Spatial environmental parameters d,,d, have an important influence on dynamical properties of
system (1.1). If diffusion coefficients d,, d, are sufficiently large, then predator and prey are evenly
distributed in space. By contrast, when d, is very low for a fixed d,, E; loses its stability and Turing
instability occurs. This produces a steady state solution of spatial inhomogeneity called the pattern
formation. This implies that spatial distribution patterns and dispersal mechanisms can make predator-
prey system exhibit more complex dynamical properties. Our numerical simulations also show that
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diffusion coeficients d,,d, have no significant effect on predator and prey oscillation. By comparing
Figure 7 and Figure 5, when d, takes three different values: 0.001, 0.1 and 100 for a fixed d, = 0.1, there
is no obvious change in the period and amplitude with time for predator and prey biomass density. This
indicates that diffusion coefficients do not have a fundamental impact on the paradox of enrichment in
system (1.1).

This paper attempts to investigate dynamics of system (1.1) and the influence of prey refuge and
predator cannibalism. It is important to understand the existence and stability of Hopf bifurcation when
predator cannibalism rate n changes, which are not discussed in this paper. In view of the important
role of Allee effects or time delay in the predator-prey system, it will be of interest to further model
dynamic properties of system (1.1) with Allee effects or time delay.
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