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Abstract: A novel numerical simulation was conducted for boundary layer flow and heat transfer of 

viscoelastic fluid in a non-Darcy porous medium. The double fractional Maxwell model and 

generalized Fourier’s law were employed in constitutive relation and heat transport, respectively. The 

strongly coupled and nonlinear fractional governing equations were formulated, which were solved 

and validated by the finite volume method combined with the fractional L1 scheme. The influences of 

fractional derivative parameters, Darcy number, porosity, and inertial parameter on the transport fields 

are discussed. Our results demonstrated that the different fractional derivative parameters exhibit 

opposite influences on velocity/temperature distributions. Moreover, the inertial effects induce 

velocity profile crossover that marks the transition between viscous and inertial dominance. These 

findings redefine our understanding of energy transport in complex porous systems. 

Keywords: boundary layer flow; non-Darcy porous medium; double fractional Maxwell model; 

fractional finite volume method 

 

Nomenclature: fc : geometric factor of the base fluid; Pr: Prandtl number; Da: Darcy number; q: 

heat flux; g: acceleration due to gravity; Ra: Rayleigh number; G : shear modulus; t: (dimensionless) 

time; K: permeability of the porous matrix; T: temperature; mk : thermal conductivity of the porous 

medium: u, v: (dimensionless) velocity components; L: length of the plate; x, y: (dimensionless) 

coordinate;   ,   : fractional derivative parameter;   ,  : fractional derivative parameter; m  : 

thermal diffusivity; T  : thermal expansion coefficient;   : dynamic viscosity; f  : kinematic 

viscosity;   : dimensionless temperature;   : porosity; 
f  : density of the base fluid; c  : heat 
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capacity; 1 , 2 : (dimensionless) relaxation time; xy : shear stress component;  : thermal capacity 

ratio;   : shear strain;   : shear rate; ( )   : Gamma function;   : inertial parameter; w: wall 

condition; f: fluid;  : ambient condition; m: porous medium; s: solid matrix 

1. Introduction 

The investigation of heat transfer in porous media has received continuous attention due to its 

widespread applications in geothermal processes, reservoir engineering, storage of foodstuffs, 

chemical reactor engineering [1], etc. For moderate and fast flows, the classical Darcy law is invalid 

because inertia effects are prevalent. Vafai and Tien [2] analyzed the influence of inertia and solid 

boundary adequately in porous media. El-Amin [3] investigated the joint effect of solutal diffusivity and 

thermal dispersion on the heat transfer rate for non-Darcy porous medium. Narayana and Murthy [4] 

investigated the influence of double stratification on dimensionless heat and mass transfer embedded 

in non-Darcy porous media. Pal and Mondal [5] discussed the effect of variable viscosity on the MHD 

convective heat transfer in non-Darcy porous medium. El-Zehairy et al. [6] presented a pore-network 

model to simulate non-Darcy convection through porous medium.  

In recent years, the constitutive relations with fractional derivatives were verified as excellently 

flexible for viscoelastic dynamics in the characterization of memory effects. Song et al. [7] proposed the 

fractional viscoelastic Maxwell model to simulate the dynamic moduli of gum. Xu and Chen [8] 

constructed the fractional differential model to characterize the complex viscoelastic creep characteristics 

of Hami Melon. The fractional fractal diffusion model was established by Yang et al. [9] to describe the 

transmission mechanism of gas in heterogeneous coal matrix. Yao [10] presented an adjustable 

fractional order dashpot that can realize continuous control of dissipation degree between the whole 

dashpot and Maxwell model. Su et al. [11] clarified the physical connotation behind the fractional-

order viscoelastic model by establishing the equivalent viscoelastic correspondence. Wei et al. [12–14] 

presented stability analysis and error estimation of numerical solutions for time-dependent differential 

equations, including fractional Black-Scholes option pricing model and fractional sub-diffusion model. 

Wang et al. made important contributions in other fractional and fractal models [15–17], such as the 

fractional complex Ginzburg–Landau model, low-pass electrical transmission lines model, and 

Schrodinger equation with fractal derivatives. Furthermore, the double fractional Maxwell model was 

found to be more accurate and stable to characterize the constitutive properties of viscoelastic fluids. 

Tan et al. [18] derived an analytical solution for the unsteady flow of viscoelastic fluid between parallel 

plates based on the double fractional Maxwell model. Hayat et al. [19] constructed exact analytic 

solutions for the flows stimulated by periodic oscillations with the double fractional Maxwell model. 

Yin and Zhu [20] presented the unidirectional oscillating flow of double fractional Maxwell 

viscoelastic fluid in the infinite extension of the straight pipe. Chen et al. [21] constructed the double 

fractional Maxwell model to analyze the flow characteristics of viscoelastic fluid in the boundary layer 

on the surface of a stretched sheet. Yang et al. investigated the boundary layer flow and heat exchange 

on a stretched plate with thickness variation and simulated the viscoelastic behavior of arterial walls 

using the double fractional Maxwell model [22, 23]. 

On the other hand, Caputo and Plastino [24] carried out research showing that the interaction 

between solid and water molecules leads to the historical dependence of water flow in porous structures. 

Hence, relevant studies on porous media with fractional derivatives have also been conducted widely 

in the literature [25]. Zhou and Yang [26] introduced fractional order Darcy’s law to describe the non-



887 

Networks and Heterogeneous Media  Volume 20, Issue 3, 885–902. 

Darcy flow phenomena of high and low speed. Zhou et al. [27] modeled the non-Darcy flow and solute 

migration in porous medium by the improved Caputo fractional derivative. Yang et al. [28] constructed 

the Swartzendruber model to characterize the nonlinear seepage in porous structures using conformable 

derivative. Alaimo et al. [29] incorporated the time memory effect into the constitutive equation between 

flux and pressure in the non-Darcy flow by the Caputo fractional derivative. Wei et al. [30] introduced 

two Swartzendruber models based on fractional calculus to characterize nonlinear seepage behavior in 

porous media. Wang developed a new fractal model of the convective-radiative heat transfer equation 

in porous media [31] and proposed a new fractional exothermic reactions model with constant heat 

source in porous media [32]. Parmar et al. [33] proposed a fractional order double-diffusion model to 

analyze the transient nature of fluid flow within a wavy porous cavity. Haider [34] analyzed heat and 

mass transfer in Sutterby fluid within porous media by integrating Caputo's fractional derivative. 

Nevertheless, little research has been conducted to discuss the flow and heat transfer phenomena driven 

by thermal buoyancy in non-Darcy porous media with a double fractional Maxwell model. 

In view of this, we introduce a novel dual-fractional constitutive framework, combining the 

double fractional Maxwell model with an extended generalized Fourier’s Law, to investigate non-

Darcy convective flow and heat transfer in porous media under constant heat flux conditions. The 

interrelated governing equations are constructed with strongly nonlinear fractional convection terms. 

The finite volume method is developed to discretize the fractional boundary layer equations combined 

with the L1 scheme. Exact solutions of special terms are conducted to validate the derived numerical 

solutions. Finally, the influence mechanism of major parameters on fluid velocity distribution and the 

temperature gradient is discussed, such as fractional derivative parameters, Darcy number, porosity, 

and the inertial parameter. 

2. Mathematical formulation  

Unsteady, incompressible, laminar natural convection embedded in homogeneous, isotropic non-

Darcy porous media over a vertical plate is discussed. The x-axis extends along the surface of the plate, 

and the y-axis is orthogonal to the surface. At the initial moment, the fluid is stationary with 

homogeneous boundary conditions. Constant ambient temperature outside and from the plate is T , 

while the wall heat flux q  is maintained as a constant for 0t  . It is assumed that the solid matrix 

and the fluid reach thermodynamic equilibrium in the local spatial domain. Except for the density 

changes with temperature, the rest of the physical properties of the fluid remain unchanged. The 

governing equations of momentum and energy equations can be derived as follows: 

( ) ( ) ( ) 2

2

1 1 1 xy f f

T

f

cu
uu vu g T T u u

t x y y K K

 


  


   
+ + = + − − − 

    
,   (1) 

( ) ( ) ( ) ( )
m f

T q
c c uT vT

t x y y
 

    
+ + = − 

    
,      (2) 

where u  and v  are the velocity components,   is the porosity, 
f  is the density of the base fluid, 

xy  is the shear stress component, g  is the acceleration due to gravity, T  is the thermal expansion 

coefficient, T  is the temperature, 
f  is the kinematic viscosity, K is the permeability of the porous 

https://webofscience.clarivate.cn/wos/woscc/general-summary?queryJson=%5B%7B%22rowBoolean%22:null,%22rowField%22:%22AU%22,%22rowText%22:%22Parmar,%20Deepika%22%7D%5D&eventMode=oneClickSearch
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matrix, Fc  is the geometric factor of the base fluid， ( ) ( ) ( )( )1
m f s

c c c    = + − , ( )
f

c , and 

( )
s

c  are the heat capacities of the porous media, base fluid, and solid matrix, respectively, and q  

is the heat flux. 

The fractional constitutive relation with a double Maxwell model is an advanced viscoelastic 

model that exhibits two distinct relaxation times corresponding to different molecular or 

microstructural relaxation processes [35]. This model is particularly useful for capturing viscoelastic 

responses observed in polymers, biological tissues, and other soft materials, which is employed as: 

1 1

xy

xy G
t t

 
 

 

 
  

 
+ =

 
, 0 1    ,      (3) 

where   is the shear strain, G  is the shear modulus, 
1 / G =  is the relaxation time of velocity, 

  and   are the fractional parameters of shear stress and shear strain, respectively, and / t    is 

the Caputo fractional derivative operator defined as [36]:  

( ) ( )0

1 ( , , )
( , , )

1

t f x y d
f x y t

t t





 

  

 
=

  −  −
 ,      (4) 

where ( )  is the Gamma function. 

For the considered problem, the derivative of   on the right side of Eq (3) is interpreted as a 

fractional integral of order 1 − , and the constitutive relation becomes: 

1 1 1

1 1
1

1 1

xy

xy

u
G

t t t y

  
  

  

 
   

− −
−

− −

    
+ = =  

    
,      (5) 

where   is the dynamic viscosity that satisfies 
f f  = . 

Combining Eqs (1) and (5), the momentum equation is transformed in the following form: 

( ) ( )

( )

1 1

1 1

1 1

1 11 1 2

2 1 1
2

1 12 1 1

1 1

f f F
T

u
uu vu

t t t x y

cu
g T T u u

y t t K K

  

  

  

  

  

  

 
 

 
  



− + −

− + −

− + −

− + −

− + −

− + −

        
+ + +    

       

    
= + + − − −   

     

    (6) 

A similar process is conducted on heat flux using generalized Fourier’s law with the double 

fractional Maxwell model; hence, Eq (2) is also transformed as follows: 

( ) ( )2 2

1 1 2
1 1

1 1 2m

T T
uT vT

t t t x y y

  
  

  
   

− + −
− + −

− + −

        
+ + + =   

       
,    (7) 
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where ( ) ( )
m f

c c  =  is the thermal capacity ratio, ( )m m f
k c =  is the thermal diffusivity, 

and mk  is the thermal conductivity of the porous medium. The fractional parameters of heat transfer 

have similar properties to Eq (3), namely 
2 ,  , and  . 

The initial and boundary conditions are given as: 

( ), ,0 0u x y = ,
( ), ,0

0
u x y

t


=


, ( ), ,0 0v x y = , ( ), ,0T x y T= , 

( ), ,0
0

T x y

t


=


, ( ),0, 0u x t = , ( ),0, 0v x t = , 

( ),0,
m w

T x t
k q

y


− =


, 

( )0, , 0u y t = , ( )0, ,T y t T= , ( ), , 0u x t = , ( ), ,T x t T = . 

The dimensionless variables are employed in the following form: 

* x
x

L
= , * 1/4y

y Ra
L

= , * 1/2

m

uL
u Ra



−= , * 1/4

m

vL
v Ra



−= , * 1/2

2

mt
t Ra

L


= , * 1/21

1 2

m Ra
L

 
 = ,

* 1/22
2 2

m Ra
L

 
 = , 

( )/w m

T T

L q k
 −
= , 

f

m

Pr



= , 

4

T w

m f m

g L q
Ra

k



 
= , 

2

K
Da

L
= , 

2

fc L

K


 = , 

where L   is the plate length, Pr   is the Prandtl number, Ra   is the Rayleigh number, Da is the 

Darcy number, and   is the inertial parameter that quantifies the nonlinear drag in porous media 

when flow velocity is high. This parameter is critical for modeling flows in oil/gas reservoirs, 

groundwater systems, and industrial porous materials. 

Finally, the dimensionless governing equations are normalized by omitting the mark “*” for 

simplification as: 

0
u v

x y

 
+ =

 
,          (8) 

( ) ( )
1 1

1 1

1 1

1 11 1

2 1 1 2
2 2

1 12 1 1 1/2

u
uu vu

t t t x y

u Pr
Pr Pr u u

y t t DaRa

  

  

  

  

  

  

  


    

− + −

− + −

− + −

− + −

− + −

− + −

       
+ + +   

      

    
= + + − −  

    

,   (9) 

( ) ( )2 2

1 1 2
1 1

1 1 2
u v

t t t x y y

  
  

  

 
    

− + −
− + −

− + −

        
+ + + =   

       
.   (10) 

The dimensionless initial and boundary conditions are derived as: 
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( ), ,0 0u x y = ,
( ), ,0

0
u x y

t


=


, ( ), ,0 0v x y = , ( ), ,0 0x y = , 

( ), ,0
0

x y

t


=


, ( ),0, 0u x t = , ( ),0, 0v x t = , 

( ),0,
1

x t

y


− =


, 

( )0, , 0u y t = , ( )0, , 0y t = , ( ), , 0u x t = , ( ), , 0x t  = . 

3. Numerical discretization method 

In the following chapter, the fractional finite volume method is employed to discretize the 

governing equations. To obtain the integration of the governing equations over a single control volume, 

the solution region is discretized into a finite control volume, and the schematic diagram of the grid 

system, as shown in Figure 1, is established, where the central nodal point is noted by P . Then, we 

integrate Eq (10) over a control volume and finite time step t . Finally, a numerical discrete iterative 

equation is yielded by the following approximation steps. 

 

Figure 1. Schematic diagram of the grid system for the control volume. 

The first term with time derivative in Eq (10) is discretized using the backward difference scheme, 

which yields: 

( )1 ( )
t t

k k

P P
t V

dVdt V O t
t


   

+
−




= −  + 

  ,     (11) 

where V x y =    is the control volume. 

The volume integral of convective term is transformed into a surface integral form that is 

estimated by the first-order upwind difference formula as follows: 

( ) ( ) ( ) ( )1 1 ( )
t t k k k k k k

P n P S s Sn st V
u dVdt uA uA t u A u A t O x

x
    

+
− −



  = −  = −  + + 
   , (12) 
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( ) ( ) ( ) ( )1 1 ( )
t t k k k k k k

E e E P w Pe wt V
v dVdt vA vA t v A v A t O y

y
    

+
− −



  = −  = −  + 
   ,  (13) 

where A  represents the face area, w eA A x= =  , n sA A y= =  . 

The right side of Eq (10), representing the term of the diffusion effect, is approximated by a 

central difference format for the interface gradient: 

2
2

2
( ).

k k k kk k
t t

P WE P
e w

t V
e w

dVdt A A t A A t O y
y y y y y

    +



       −−  
= −  = −  +       

           
   (14) 

The fractional derivative of time is approximated discretely by the fractional L1 numerical 

method [37]: 

( )
( ) ( )

1
2

1 0 1

1

( ) ( ) ( ) ( )
2

k

k k k j j k j

j

t
f t f t f t f t O t

t

 



  



− −
−

− − −

=

  
= − − − +  

  −  
 ,  (15) 

where 0 1  , ( )
1 11j j j
 
− −= + − , 1 = −  or 1  = + − . 

Hence, the integrations of the multi-term fractional derivatives in Eq (10) yield: 

( )
( )( )

1
1 1

1 1

1

 

,
2

t t

t V

k
k k k j k j

P P j j P P

j

dVdt
t t

t V
R






 





     



+



− −
− − − −

−

=

  
 

  

  
= − − − − + 

 −  

 


    (16) 

( )

( )
( )( )

1 1
1 1 1 1

1 2

1

 

,
2

t t

t V

k
k k k k k j k j k j k j

P n P S s S j j P n P S s S

j

u dVdt
t x

t
u A u A u A u A R






 

 


     



+



− + −
− − − − − − − −

−

=

 

 

 
= − − − − + 
 −  

 


 (17) 

( )

( )
( )( )

1 1
1 1 1 1

1 3

1

 

,
2

t t

t V

k
k k k k k j k j k j k j

E e E P w P j j E e E P w P

j

v dVdt
t y

t
v A v A v A v A R






 

 


     



+



− + −
− − − − − − − −

−

=

 

 

 
= − − − − + 
 −  

 



 (18) 

where the truncation errors 1 ( )R C t  , 2 ( )R C t x  +  , 3 ( )R C t y  +  . 

The integer-order derivatives of the momentum equation are dealt with in a similar process. The 

single term   or u  in Eq (9) is integrated by a semi-implicit scheme as: 

( )1 ( )
2

t t
k k

P P
t V

V t
dVdt O t  

+
−



 
=  + +   ,     (19) 
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( )
( )( )

1 1
1 1

1

1

 ( )
2 2

kt t
k k k j k j

P P j j P P
t V

j

t V
dVdt O t

t

  





       



− + −+
− − − −

−


=

   
= + − − + +  

  −  
  .  (20) 

Particularly, the non-Darcy term in Eq (9) is integrated using linear treatment: 

( )2 1 
t t

k k

P P
t V

u dVdt V t u u O t x y
+

−


 =    + +  + +  .    (21) 

Finally, the iterative calculation formula on the node P is derived: 

k k k k

P P S S W W E E Pa a a a S    = + + + + ,       (22) 

where    denotes velocity or temperature, and    is the truncation error that satisfies 

( )C x y t   + +  . For the temperature term, the coefficients of Eq (22) are in the following forms: 
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. 

Additionally, the expression of the velocity component in y-direction is obtained by the integral 

continuity equation: 

( ) ( ) ( ) ( )
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2
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  (23) 
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
.    (24) 
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4. Validation of the numerical results 

The numerical values k   at the kth time level are derived from the iteration equations. The 

coefficient matrix in each solving step is tri-diagonal and full-rank; therefore, the fractional difference 

scheme is uniquely solvable. To validate the numerical accuracy of the fractional difference scheme, 

two source terms in the special case are introduced as: 

0
u v

x y

 
+ =

 
,          (25) 
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The initial conditions and boundary conditions are reduced to homogeneous forms: 
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The exact solutions of Eqs (25)–(27) are constructed in the following forms: 

( ) ( ) ( )
2 22 2 2, , 1 1u x y t x x y y t= − − , 

( ) ( )( ) 3 4 5 21 1 1
, , 2 1 1 2

3 2 5
v x y t x x x y y y t

 
= − − − − + 

 
, 

( ) ( ) ( )
2 22 2 2, , 1 1x y t x x y y t = − − . 

 

Figure 2. The comparison result of numerical solutions and analytical solutions. 

Due to the strong nonlinearity and coupling of the control equation system, the constructed finite 

volume scheme is conditionally stable. Figure 2 describes the comparative analysis of numerical 

results and analytical solutions of velocity or temperature. The distributions maintain good agreement, 

and the truncation accuracy and convergence of the presented difference scheme are demonstrated 

accordingly. 

5. Results and discussion 

The effects of major parameters on fluid velocity distribution and the temperature gradient are 

analyzed, namely the fractional derivative parameters, Darcy number, porosity, and the inertial 
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parameter. For simplicity, other parameters are fixed as a constant, such as 1  and 2 , which are 

both 0.1 , Pr  is 2 , Ra  is 610 , and   is 1. 

 

Figure 3. Influence of   on velocity profiles. 

 

Figure 4. Influence of   on velocity profiles. 

Figure 3 describes the variation characteristics of fluid velocity profiles with different  . With 

the augmentation of  , the velocity profile rises slightly, so that the variations are not sensitive, and 

the momentum boundary layer is almost unchanged. As 0 =  , the fluid transforms to fractional 

second-order fluid and has the smallest velocity. Figure 4 depicts the influence of   on velocity 

profiles. Oppositely, the velocity profile declines with the expansion of fractional shear strain 

parameter  . Thus, the extreme point of each profile moves closer to the plate. As 1 = , the fluid 

degrades into the single fractional Maxwell model but possesses the biggest value of velocity. These 

results demonstrate that the fractional shear strain parameter   has a greater influence on the velocity 

field. Figure 5 depicts the influence of   on temperature profiles. As   increases, the temperature 

distribution rises, but the thickness of the thermal boundary layer also has a slight augmentation. 
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Figure 5. Influence of   on temperature profiles. 

 

Figure 6. Influence of   on velocity profiles. 

 

Figure 7. Influence of   on temperature profiles. 

The influence of    on the velocity and temperature profiles are shown in Figures 6 and 7, 

respectively. With the increase of  , the velocity and temperature profiles rise, and the field boundary 

layers become thicker with an increase in energy dissipation. As 0 = , the fractional second order fluid 

has the lowest velocity and temperature profiles but maintains the highest transport efficiency. 

Distribution curves of fluid velocity and temperature for different   are illustrated in Figures 8 and 9, 
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respectively. With the augmentation of  , the velocity and temperature profiles decline remarkably, 

while the thickness of the momentum boundary layer and the thermal boundary layer becomes thinner. 

As 1 = , the single fractional Maxwell fluid has the lowest values of velocity and temperature, but 

the transfer efficiency remains the highest. 

 

Figure 8. Influence of   on velocity profiles. 

 

Figure 9. Influence of   on temperature profiles. 

Figure 10 illustrates the influence of Da on velocity distributions. With the rise of the Darcy 

number, the velocity profile increases significantly first but intersects with each other as the distance 

from the plate increases. The gap between the curves decreases, which demonstrates that the sensitivity 

to Darcy number decreases. Figure 11 describes the velocity profiles for different  . The increase in 

porosity results in a significant increase in fluid velocity distribution, and the extreme value of each 

profile moves further away from the plate, but the momentum boundary layer thickness remains 

unchanged. The temperature distribution curves for different   are shown in Figure 12. With the 

augmentation of  , the temperature gradient decreases significantly, and the thickness of the thermal 

boundary layer decreases. The gap between the curves decreases gradually, and the thermal sensitivity 

to porosity also decreases. 
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Figure 10. Influence of Da on velocity profiles. 

 

Figure 11. Influence of   on velocity profiles. 

 

Figure 12. Influence of   on temperature profiles. 

The influence of   on velocity profiles is depicted in Figure 13. With the increase of  , the 

velocity profile first declines, intersects with others in the middle of the boundary layer, but rises 

slightly in the end. The temperature gradient distributions for different inertial parameters are 

illustrated in Figure 14. As the inertial parameter increases, the temperature distribution increases 

regularly, and the thickness of the thermal boundary layer enlarges slightly. 



899 

Networks and Heterogeneous Media  Volume 20, Issue 3, 885–902. 

 

Figure 13. Influence of   on velocity profiles. 

 

Figure 14. Influence of   on temperature profiles. 

6. Conclusions 

We investigated the unsteady natural convective heat transfer of a viscoelastic fluid in non-

Darcy porous media. The double fractional Maxwell model combined with the generalized Fourier 

heat conduction theory is applied. The finite volume method combined with the L1 scheme of 

fractional derivatives was presented to solve the interrelated nonlinear equations. The influences of 

involved parameters on the velocity and temperature fields are analyzed in detail. The conclusion is 

summarized as follows: (i) The velocity rises with the increase of   , but declines with the 

augmentation of  . The temperature profile increases as   rises; (ii) distribution curves of fluid 

velocity and temperature rise with the increase of  , but decline remarkably with the augmentation 

of   ; (iii) with the rise of the Da, the velocity distribution increases significantly at first, but 

intersects with others. As   increases, the velocity profile increases, but the temperature profile 

declines; (iv) as   rises, the velocity profile first declines and rises slightly in the end, while the 

temperature profiles increase regularly. 

In the future, researchers could explore other fractional rheological models and employ 

high-order discretization techniques to improve computational efficiency for multi-scale 

fractional problems. 
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