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Abstract: The space-time generalized finite difference method was used to solve the time fractional
mobile/immobile diffusion equation. Traditionally, partial differential equations are solved by
separating time and space dimensions, and applying distinct numerical methods to each. Here, the
time dimension was treated as an additional spatial dimension, thus transforming the d-dimensional
spatial problem into a new (d + 1)-dimensional problem in the space-time domain. In the space-
time generalized finite difference method, the complexity of the numerical solution of the problem
was effectively reduced by simultaneously discretizing the space and time dimensions in the space-
time domain, while retaining all the advantages of the generalized finite difference method. We took
the second-order Taylor series expansion as an example to show the numerical algorithm of the 2D
time fractional mobile/immobile diffusion equation, and numerically simulated the one- and two-
dimensional problems where the solution was a sufficiently smooth or weak singularity at the initial
moment, thereby verifying the effectiveness of the algorithm.

Keywords: time fractional mobile/immobile diffusion equation; the space-time generalized finite
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1. Introduction

Consider the following time fractional mobile/immobile diffusion problem:

%(x, £+ SDu(x, 1) = au(x, ) + f(x, 0, (x,0)€Qx(0,T],
au(x, )+ b; Vu(x, 1) -n = ¢i(x,1), x€dQ, te(0,T], (1.1)
u(x,0) = up(x), x€Q,

where 0 < @ < 1, A represents the Laplacian operator, 2 = (0, LY c R, d = 1,2, with boundary QQ,
U;0Q; = 0Q, when a; # 0, b; = 0, 0€); = 9QQ, the problem (1.1) has Dirichlet boundary conditions, ) =
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QJ 0Q, and n represents the unit normal vector . Assuming that f(x, t) satisfies a certain smoothness,
and uy(x) is a given continuous function, OCD?M(X, 1) denotes the Caputo fractional derivative for the
time variable ¢, defined as follows:

C g 3 1 ! B _,0u(x, s)
ODtu(X’t)_—F(l—a)I)(t s) s ds. (1.2)

The fractional mobile/immobile transport model was initially proposed by Schumer et al. [1], which
introduces a time derivative term to describe the motion time, thereby distinguishing between the
moving and stationary states of particles (see [2, 3]). The model also describes problems such as ocean
acoustic propagation and thermal diffusion, has important applications in groundwater solute modeling
[4, 5], and can also be considered as the limiting equation controlling continuous time stochastic walks
with heavy-tailed random waiting times [1]. Therefore, the fractional mobile/immobile transport model
holds significant research importance, and many researchers have attempted to propose stable and
efficient numerical algotithms to obtain reliable approximate solutions.

So far, various methods have been proposed to simulate the time fractional mobile/immobile
equations. Zheng and Wang [6] proposed the averaged L1 compact finite difference method for
solving time fractional mobile/immobile diffusion equations with weakly singular solutions. This
method is unconditionally convergent with a convergence order of O(z?In(r) + h*). Fardi and
Ghasemi [7] proposed a finite difference/spectral method based on Caputo fractional derivatives for
solving time fractional mobile/immobile transport models, and demonstrated the stability and
convergence of the method. Zhang et al. [8] proposed a weighted and shifted Griinwald-Letnikov
difference/Legendre spectral method for solving two dimensional nonlinear time fractional
mobile/immobile convection diffusion equations. Their work introduced correction techniques to
address time singularities and provided theoretical analysis of the method. Nikan et al. [9] developed
an efficient algorithm based on the radial basis function finite difference method for solving time
fractional mobile/immobile transport models. The time fractional derivative is discretized by the
Griinwald-Letnikov difference, and the stability and convergence of the numerical scheme are
rigorously demonstrated through the energy method. Zhao et al. [10] introduced a finite volume
element method with a second-order weighted and shifted Griinwald difference scheme for solving
nonlinear time fractional mobile/immobile transport models, and proved unconditional stability of the
fully discrete scheme. Jiang et al. [11] proposed an alternating direction implicit (ADI) compact
difference scheme for solving two-dimensional semilinear time fractional mobile/immobile equations.
The time first derivative and Caputo derivative are discretized using the second-order backward
differential scheme and L1 scheme, respectively, and the stability and convergence are analyzed using
the energy method. Qiu et al. [12] proposed a time two grid algorithm based on the finite difference
method for solving two-dimensional nonlinear time fractional mobile/immobile transport models.
The time derivative is discretized by the second-order backward difference formula, the Caputo
fractional derivative is discretized by the L1 formula, and the spatial derivative is approximated by the
central difference formula. The stability and convergence of the two grid finite difference scheme are
also proved. However, previous studies have typically discretized space and time using different
numerical methods and then combined these methods, making it difficult to define the stability of the
numerical schemes. In addition, existing algorithms mainly solve problem (1.1) with regular domains
and Dirichlet boundary conditions, which are difficult to apply in practice. In this paper, we consider
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using the space-time generalized finite difference method to investigate the time fractional
mobile/immobile equation.

The generalized finite difference method (GFDM) is one of the most promising meshless methods
developed from Taylor series expansion and the weighted moving least squares method, which does
not require mesh construction of the numerical product, and its core idea is to represent the derivative
of the unknown function by linear combination of function values at neighboring points. Recently, the
generalized finite difference method has been widely used to solve various scientific and engineering
problems. Qin et al. [13] proposed a meshless method for solving three-dimensional elliptical
interface problems based on the generalized finite difference method. The accuracy and stability of
the method were verified through numerical examples, and some examples showed that the method is
more accurate than the classical immersion finite element method. Gu et al. [14] proposed a new
framework for solving three-dimensional dynamic coupled thermoelastic problems, introducing the
Krylov-Delay correction method for large-scale and long-time simulations. Then, the generalized
finite difference method was used to solve the resulting boundary value problem, and a new distance
standard for adaptive node selection in the generalized finite difference method simulations was
studied. Gu et al. [15] proposed a meshless numerical method based on the generalized finite
difference method for recovering time-dependent heat sources in three-dimensional heat conduction
problems, and verified the accuracy and efficiency of the proposed method through numerical
examples. Song et al. [16] used the generalized finite difference method to solve the steady-state
two-dimensional and three-dimensional Stokes equations, and numerical examples verified the
feasibility of the generalized finite difference method. Urena et al. [17] demonstrated the application
of the generalized finite difference method in solving various nonlinear problems, including heat
transfer, acoustics, and mass transfer problems. Rao et al. [18] developed a new meshless method
called the node control domain meshless method for dealing with porous flow problems with singular
source terms by virtually constructing node control domains. In theory, the proposed node control
domain meshless method has the advantages of previous meshless methods for discretizing
computational domains with complex geometries, as well as the advantages of the traditional
low-order finite volume method for stabilizing various porous flow problems with local mass
conservation. Zhan et al. [19] applied the generalized finite difference method to compressible
two-phase flow in anisotropic porous media, revealing the enormous potential of the generalized finite
difference method in numerical simulation of oil and gas reservoirs. Rao et al. [20] applied the newly
developed the upwind generalized finite difference method to the two-phase porous flow equation.
The computational performance of upwind generalized finite difference method was analyzed,
providing important reference for the development of general meshless numerical methods for porous
flow problems. These problems are all integer-order partial differential equations, and some
researchers have applied the generalized finite difference method to fractional partial differential
equations. Sun et al. [21] used the generalized finite difference method to solve a class of
multidimensional fractional diffusion equations in finite fields, and verified the effectiveness of the
algorithm through numerical examples. Hu et al. [22] used the generalized finite difference method to
handle the inverse Cauchy problem related to fractional heat conduction models with functionally
graded materials. Time discretization was achieved using the standard implicit finite difference
method, and spatial discretization was achieved through the generalized finite difference method,
which effectively avoided the ill posedness in the inverse Cauchy problem. Hosseini et al. [23]
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implemented the generalized finite difference method to solve reaction-diffusion equations. Various
computational domains were considered in the numerical simulation, demonstrating the reliability and
accuracy of the proposed method. The sensitivity of selecting local matching points was also reported.

The space-time generalized finite difference method (ST-GFDM) effectively avoids the
semi-discretization problem in the space-time domain by combining the space-time coupling
approach with the generalized finite difference method. This method prevents the accumulation of
numerical errors at each time layer in numerical simulations, while preserving the advantages of the
generalized finite difference method. Additionally, it enhances computational efficiency and reduces
the complexity of numerical solutions. In the space-time generalized finite difference method, the
derivative of an unknown variable at a point is expressed by the linear combination of the function
values at nearby nodes. Qu and He [24] proposed a space-time generalized finite difference method
with additional conditions for two-dimensional transient heat conduction analysis of functionally
graded materials. The performance of the method was demonstrated through numerical experiments,
and the numerical accuracy of this method was compared with the traditional generalized finite
difference method. Li [25] combined the space-time generalized finite difference method with
Newton’s method to solve the two-dimensional unsteady Burger equation. The accuracy of the
algorithm is demonstrated through numerical examples. Liu et al. [26] used the space-time
generalized finite difference method with auxiliary nodes to solve the bending problem of elastic thin
plates under dynamic loads, and demonstrated the accuracy and stability of the algorithm through
several numerical examples. Zhang et al. [27] applied the space-time generalized finite difference
scheme to solve the multidimensional nonlinear high-order Korteweg-de Vries equation. The
proposed numerical scheme was obtained by combining the space-time generalized finite difference
method, Levenberg Marquardt algorithm, and time marching method. In the calculation process, the
time marching method reduced the computational workload and improved efficiency by dividing the
space-time domain. Benito et al. [28] applied the space-time cloud method and generalized finite
difference method to solve the Zakharov Kuznetsov modified equal width equation, proved the
convergence of the explicit generalized finite difference method, and compared the accuracy and
computational efficiency of the two methods. Li et al. [29] applied the space-time generalized finite
difference scheme to solve nonlinear dispersive shallow water waves. The proposed meshless
numerical scheme was obtained by combining the space-time generalized finite difference method,
two-step Newton method, and time marching method. Numerical examples verified the effectiveness
of the algorithm. Benito et al. [30] applied the space-time generalized finite difference method to
solve partial differential equations, numerically simulated 2D and 3D examples of regular and
irregular node distributions, and compared the results with the explicit generalized finite difference
method in terms of error and execution time. Li et al. [31] combined the space-time generalized finite
difference method with the Newton Raphson and time-marching methods to stably solve the nonlinear
equal width equation in long-time simulation. The matrix obtained by numerical discretization was
effectively solved using the Newton Raphson method. In addition, the time-marching method was
used to process the ST domain along the time axis. As far as I know, the space-time generalized finite
difference method has only been used for integer-order partial differential equations at present, and
has not been applied to time-fractional partial differential equations.

The rest of this paper is organized as follows. In Section 2, the space-time generalized finite
difference method based on the second-order Taylor series expansion is introduced. In Section 3, the
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time fractional mobile/immobile diffusion Eq (1.1) is discretized. In Section 4, numerical simulations
are conducted for various examples to verify the effectiveness of the algorithm. In Section 5, the
algorithm is discussed. Finally, in Section 6, the paper is summarized.

2. The space-time generalized finite difference method

This section briefly introduces the space-time generalized finite difference method.

In the space-time generalized finite difference method, the time direction is treated as an additional
dimension, allowing a time-dependent d-dimensional problem to be considered as a (d+1)-dimensional
steady-state problem, and the numerical procedure of the generalized finite difference method can be
directly used for the (d + 1)-dimensional problem. For illustrative purposes, this paper focuses on the
time-dependent 2D problem in the x—y—f space-time domain. The generalized finite difference method
employs the second-order Taylor series expansion. After dispersing the points over the entire space-
time computational domain, each point has m nearest points forming the support domain, referred to
as the point star, where m is the numerical empirical parameter. In addition, nodes can be selected and
corresponding point stars determined based on criteria such as distance, quadrant, or octant [32].

We take a point Xo = (xo, yo,fo) in the computational domain as an example to demonstrate the
numerical approximation process of the space-time generalized finite difference method. Let uy and u;
be the function values of the center point X, and X; = (X, Vi, %), kK = 1,2,--- ,m, in the point star. The
Taylor series expansion of X; at X, is denoted by

auo 6u0 8 1 26 Mo 1 26 Mo 1 6 Uuo
= g+ m 20 4 2o p2 2
o= Mo T TR tme 4 g * ok by? s
uo 0%u 0u
el h l
" kk3x0y+ L K avor

where hy = x; — Xo, lx = Yx — Yo, My = fx — lo.
By truncating the Taylor series expansion of X; at X, after the second derivative, one can define
residual function B(u) as

< al/lo al/t() 6u0 1,0 1 26 l/l() 1 262140
Blug) = e+ 20 2 B P 220
(1) ;[Wk(”o ot gy Ty T T 7zt 3k oy 2" ge o
0%uy 0uy 0%up\ 12 '
el 210 4 lom )]
Ty T iy “oyoi

where wy represents the weighting function at point X;. w; weights the residuals at point X; within
B(uyp), decreasing as the distance between X; and X, increases. There are various choices for the
weighting function, such as potential functions, exponential functions, cubic splines, and quartic
splines [32]. Benito et al. [32] and Fan and Li [33] proved that different types of weight functions
have little impact on the calculation results, and typically choose quartic spline functions to calculate
the weights in Eq. (2.1). In this study, we also use the quartic spline function as the weight

function wy.
‘ di \? d; d;
we=1- 6(d_) " 8(d_) B 3(d ) 22)
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where d; = /hi + [ + m?, and d,, is the maximum value of dj in the point star.
Define

(2.3)

Ouy Ouy Ouy Puy Puy uy Puy FPuy % ugl’
“’:[?i€’257’7ﬁ" 0x2° 02" O 9xdy’ 9xdt’ Iydt lo:
To minimize the residual B(u), we take the partial derivatives of the variance B(u) with respect to
the unknown variables in the vector D,,. Then, setting 98 (”0) = 0, we get a system of linear equations
AD,, = b, A = PTW?P. Here,

P:(Pl,Pz," P)
2 P22 T

Pu= (sl e, = %, S i e ) = 1,2, m, y

W =diag(wi, wa, -+ ,wn), @4

= ( Z kak, wlPl, , W,Zan)(l/lO, Up, -+, um)T = BU.
k=1
Thus, D,, can be expressed as

D, =A"'"b=A"BU =EU, (2.5)

where E = A™'B = (e; )oxm+1)-
Thus, the derivative of u at X, can be represented by the linear combination of the function values
of m adjacent points in the point star, such as

m

(9140

—— ‘= eélUy+ § €1 k+1Uks
=1

m
= ey Uy + Z €2 k+1Uks
Ox

=1

Ouy

dy

m m

6u0 62u0

o, ‘T ezl t+ Z €3k+1lUk, o 1= €5 lUp T E €5 k+1Uk,
ot k=1 dy k=1

(2.6)

where e; ; is an element of E generated in the formula (2.5) for the center point X,.

By applying the above numerical procedure at each node, the weighted coefficient matrix E is
obtained for all nodes in the computational domain. Since the required data are only related to the
node X, and the nodes X; = (x, i, %), k = 1,2,--- ,m, in the point star, and the sparse matrices are
formed by the space-time generalized finite difference method discretization problem. Additionally,
the space-time generalized finite difference method can be easily extended to solve 1D (3D) problems
by using Taylor series expansions of functions with two (four) variables.

3. The discrete problem

In this section, we discretize problem (1.1), Q C R?, and the numerical scheme of problem (1.1)
is derived.

Due to the adoption of the space-time generalized finite difference method, the time axis in

problem (1.1) is treated as the 3rd spatial axis, with the initial boundary value conditions being
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considered as the boundary conditions of the new problem. At¢ =T, u(x, T) is enforced to satisty the
governing equation, without any imposed boundary conditions or final conditions.

Taking positive integers M;, M, and N, where M; and M, represent the number of nodes selected
on the interior Q/AQ and boundary 0Q, respectively, and N represents the number of time partitions.
Let M = M; + My, Q, = (XX, € Q1 < m < M}, Q, = {X,lX, € Q1 <m < M), and Q; =
{t,lt, = n7,0 < n < N}, where 7 = % is the size of the temporal steps, and we obtain the point set
QX Q= {(Xps t)|Xm € Q1 =01, 1 <m <M, 0<n<N).

The time fractional derivative at point (X,,,%,), | <m < M, 1 <n < N, is discretized.

SDY (Xpus )

B 1 " (X, §)
ST -a) J, - )"
_ 1 S (X, S)
T -a) £ )y (6= 9)*

X

I I~ l -
Z —— (X, f1) + ———uy(X ,tk)](t —85)"%s
F(l—a)klf o=t h—tier "
n—1

1 o 1
= 1"(2——01)0” - fo)l u(Xpm, 1o) + m Ap 1 U (X, 10) + Z(an,kH = A ) )U (X, 1) — Ay Uty (Xim, 1)

k=1
= D%(Xm’tn)a

3.1

where ) )

t,—1t —(l_tn_t_ -
= WG B Ty n=12, N,
Tk — Tk
Thus, the discrete scheme of Eq (1.1) at the point (x,,, t,) is
_(Xma n) + DY, (Xm’ n) - AM(Xma 1} ) + f(Xma n)’ (Xma tn) € Sgzs X Qz/{fo},

3.2)

Cll'l/t(Xm, n) + bi v M(Xm, tn) ‘n= ¢i(Xm9 tn)9 (Xm9 tn) € Qs/fzs X Qt’

u(Xm’ O) = M()(Xm), Xn € Qs-

Based on the introduction of the space-time generalized finite difference method in Section 2, the
first- or second-order derivatives of u at the point (x,,, #;) in Eq (3.2) with respect to space and time are
approximated by the function values of the nodes in its point star. The specific details are as follows.

The point set Q; X €, is arranged in time layers from ¢ = O to t = T, and the spatial node distribution
18 the same in different time layers. Letg = (n — 1) x M + m, X, = (X, 1,), and we obtain

ou .
e 4 q
i Xy 1) 1= €y Uy + E €3 jp1Ughs (3.3)

k=1

where e;’j is the element in the matrix E obtained in Section 2 with X, as the center node, and u
represents the kth node out of m nodes that are closer to the node X,. wu,(X,,) can obtain an
approximation similar to g—‘;(xm, t,) in Eq. (3.3).
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In addition, we have

0u 0u
A M(Xm, tn) = @(Xm, tn) + a_yz(xm, tn)

m m 3.4)
4 q q q
ey gt Z €4 xr1Ugk T €5 Ug + Z €5 kr1Uqk
k=1 k=1
and 3 3
u u
v M(Xm, tn) n= _(Xm’ Z‘n)(”lm)x + _(Xm, tn)(nm)y
0x ay
m m 3.5
=le? ug+ Y el ug]mn)e + el u, + > el ug](n,)
= 1eyUq 1k+1Ugk)Utm)x + 165 4 Ug 2.4+ 4ak )Tt )y,
k=1 k=1

where (n,,), and (n,,), denote the components of the unit normal vector n,, on the x-axis and y-axis at
point x,,, respectively.

4. Numerical examples

In this section, we discuss the solutions of the time fractional mobile/immobile diffusion equation
under two scenarios. First, we assume that the solution is sufficiently smooth on the entire solution
domain. Second, we assume that the solution has weak singularities at the initial moment (the solution
and its first derivative function with respect to variable ¢ are continuous at ¢t = 0; however, the second
derivative function with respect to variable ¢ exhibits a singularity at # = 0). Numerical examples are
provided to verify the stability and accuracy of the algorithm under different spatial dimensions and
different boundary conditions. To verify the effectiveness of the algorithm, the L* errors and the root
mean square errors are defined as follows:

L” = max  |ut - Uk,
1<m<M;, 0<k<N
1 4.1)
= J— k _ JTk)2
RMSE_Orggv\/ ,- D k- Uk
1<m<M;

here, M; denotes the number of spatial internal nodes in a temporal layer. When nodes are uniformly
distributed, the convergence order can be defined as follows.

_ log (L(h)/ L(h))
log(hy/hy)

here, L represents L* or RMSE errors, and A; (i = 1,2) represents the unidirectional step size. After
perturbing uniformly distributed nodes, the convergence order is also computed according to (4.2). We
used MATLAB R2020b to calculate numerical examples on a computer with 2.90 GHz processor and
8 G memory running an Intel 8-core 17-10700 CPU.

In the following numerical simulation, unless stated otherwise, the boundary conditions for
problem (1.1) are Dirichlet boundary conditions, with 7 = 1. Nodes in the point star are selected
based on distance criteria.

Rate 4.2)
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4.1. The solution is sufficiently smooth

In this section, the solution is assumed to be sufficiently smooth on the entire solution domain.

4.1.1. One-dimensional situation

Assume that the exact solution of problem (1.1) is u(x, ) = £ sin(x), Q = (0, 1).

Set @ = 0.6, with nodes uniformly distributed and the unidirectional step size is A. The space-
time generalized finite difference method employs 2nth-order (n = 1,2, 3, 4) Taylor series expansions,
and the calculation results are shown in Table 1. The data indicates that using a second-order Taylor
series expansion, both the L™ error and the root mean square error exhibit second-order convergence.
Employing 4th-order or higher-order Taylor series expansion yields a more accurate solution. However,
due to the linear interpolation approximation used for the first-order derivative of the function in the
integral term during the discretization of the time fractional derivative, the convergence order is limited
to second order.

Table 1. The errors and convergence orders of the 2nth-order (n = 1,2, 3,4) Taylor series
expansion in the ST-GFDM with a = 0.6.

L 2nd-order (m = 16) 4th-order (m = 30)
L= Rate RMSE Rate L= Rate RMSE Rate
1/50  5.90x107* - 4.17x107* - 1.87x 107 - 1.34x 107 -
1/60 4.08x107* 2.0238 2.89x107* 2.0197 1.31x 107 1.9802 9.31x107° 1.9921

1/70  2.99x10™* 2.0161 2.12x10™* 2.0127 9.62x107° 1.9778 6.85x107° 1.9872
1/80 229x10™* 2.0096 1.62x 10™* 2.0070 7.39x107° 1.9771 5.26x107° 1.9849

1/90 1.81x107* 2.0041 1.28x107* 2.0021 5.86x107% 1.9772 4.17x107% 1.9838
1/100 1.46x10™* 1.9994 1.04x10™* 1.9979 475% 107 19776 3.38x107% 1.9834
I 6th-order (m = 120) 8th-order (m = 200)
L Rate RMSE Rate L= Rate RMSE Rate
1/50 1.87x1073 - 1.34x 107 - 1.88 x 107 - 1.34x 1073 -
1/60  1.31x107° 1.9640 9.32x107°% 1.9739 1.31 x 107 1.9733 9.34x 1075 1.9826

1/70  9.65x107° 1.9704 6.88x 107° 1.9784 9.66 x 107 1.9751 6.88x107° 1.9830
1/80 7.41x107° 19739 528x107% 1.9808 7.42x107° 1.9766 5.28x 107 1.9834
1/90 5.87x107° 19762 4.18x107% 1.9822 5.88x107° 1.9778 4.18x 107 1.9837
1/100 4.77x107° 1.9778 3.39x 107 1.9831 477x107° 1.9790 3.39x 1075 1.9843

Next, we investigate the impact of the number of nodes in the point star on the numerical results.
In the space-time domain, nodes are uniformly distributed with a single-direction step size of h = %,
and the total number of nodes is 1681. The space-time generalized finite difference method employs
2nth-order (n = 1,2,3,4) Taylor series expansions, for different values of @, and the variation of L™

error as the number of nodes m in the point star is shown in Figure 1. The figure indicates that the
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space-time generalized finite difference method uses a 2nd-order Taylor series expansion, and the error
increases with the number of nodes in the point star increases. The method employs 4th-order Taylor
series expansion, and the error does not exhibit clear positive or negative correlation with the number
of nodes in the point star. However, the method uses 6th- or 8th-order Taylor series expansions, and
the error slightly decreases as the number of nodes in the point star increases.

) x10°  The ST-GFDM with 2nd-order Taylor expansion 10 The ST-GFDM with 4th-order Taylor expansion
T T T T T 34 r T T T T T
—B—a=02
6F a=04 B%
—%—0a=08 5
5 =08 5
5y 5
8 8
- -

g AR 24k

10 15 20 25 30 35 40 30 40 50 60 70 80 90

g 2671 0=04 °8’ 261 a=04
- —*—a=06 | —*—q=08
2=08 a=08
241 1 241
22 Il Il Il Il Il Il Il Il 22 Il Il Il Il Il Il
60 80 100 120 140 160 180 200 220 240 100 150 200 250 300 350 400 450
m m

Figure 1. The variation of L™ error with the number of nodes m in the point star.

4.1.2. Two-dimensional situation

Assume that the exact solution of problem (1.1) is u(x, y, t) = £* sin(7rx) sin(rry).

Consider the square domain Q = (0, 1)2. We will investigate the impact of spatial nodes on errors
under different distributions. First, we consider nodes uniformly distributed, selecting positive integers
M and N to represent the number of subdivisions in the spatial and temporal directions, respectively.
The spatial step size in one direction is denoted as h = ﬁ, and the temporal step size as 7 = % This
yields spatially uniform grid €, = {(x;, y;)|x; = ih,y; = jh,0 < i, j < M} and the set of temporal nodes
Q. ={t,|t, =nr,0<n <N}.

Then, by employing inline MATLAB code to introduce minor random perturbations for the mesh,
we define the spatial interior non-uniform grid points ﬁh ={(X, )% = xi + QA ; — 1),5; = y; +
hn(24;;—-1),1 < i, j < M — 1}, where A, ; represents a random number between O and 1,and 0 <5 < 1
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is the mesh parameter used to adjust the non-uniformity of the mesh. Obviously, when n = 0, Q,
indicates a uniform grid. As 7 increases, the non-uniformity of the spatial grid gradually increases and
reaches its maximum when n = 1. It is noteworthy that the non-uniform grid is generated randomly.
Under different distributions of internal nodes in space, the nodes at the spatial boundaries and in the
time domain remain uniformly distributed. Define ), = §~2h U 0Q),, where 0, denotes the set of spatial
boundary nodes. When M = 20, n = 0,0.1,0.2,0.3,0.4, 0.5, the distribution of spatial nodes at each
time layer is shown in Figure 2, where the solid and hollow pentagrams represent the internal and
boundary nodes, respectively.

1‘:A‘};§Q(}tk‘}n;0(/§(}tA‘};}Q(}tA 1t~%ﬁﬁ¢tA7z7:ﬁ0‘lf}¢tA%ﬁQ¢~% 1‘#&A‘};§Q¢AA;‘7:§§0‘2§%*A‘};§Q(}*A‘}
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Figure 2. The distribution of nodes with M = 20.

In the next calculation, we set @ = 0.6, and the number of time subdivisions is the same as the
number of subdivisions in space single direction. The space-time generalized finite difference method
employs second-order Taylor series expansion, the computed L™ errors, root mean square errors, and
convergence orders under different spatial node distributions are listed in Table 2. The data show that
for non-uniform mesh parameters n = 0,0.1,0.2,0.3, setting the number of nodes m = 30 in the
point star yields second-order convergence result. For n = 0.4, 0.5, the increase in non-uniformity of
the node distribution requires the linear combination of more node function values in the point star
to approximate the derivatives, in order to achieve the desired results. For n = 0.4,0.5, the node
distribution is more irregular, and it is necessary to increase the number of nodes in the point star to
achieve good calculation results. If the value of 1 increases further, the non-uniformity of the node
distribution becomes more pronounced, with some nodes clustering together and some areas having
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sparse nodes. When selecting nodes in a point star based on distance, most chosen nodes may become
concentrated in a specific direction relative to the central point, potentially leading to inaccuracies in
the resulting computations.

Table 2. The errors and convergence orders of second-order Taylor series expansion in the
ST-GFDM with different nodes.

f n=0,m=30 n=0.1, m=30
L” Rate RMSE Rate L® Rate RMSE Rate
1/5 8.02x1072 - 3.85x 1072 - 8.40x 1072 - 3.95x 1072 -
1/10  2.17x 1072 1.8874 1.08x 1072 1.8341 2.18x 1072 1.9484 1.08x 1072 1.8662
1/15  9.33x107° 2.0788 4.72x 107 2.0380 9.36x 107 2.0825 4.74x 1073 2.0389
1/20  5.20x 1073 2.0303 2.60x 1073 2.0668 527%x 107 1.9991 2.62x 1073 2.0528
1/25 3.26x 1073 2.0925 1.64x107% 2.0751 327x 1073 21389 1.64x 1073 2.1141
1/30  2.24x1073 2.0535 1.12x 107 2.0758 2.26x 107 2.0330 1.12x 1073 2.0629
5 n=0.2, m=30 n=0.3, m=30
L® Rate RMSE Rate L® Rate RMSE Rate
1/5 7.78x1072 - 3.890x 1072 - 9.21 x 1072 - 4.43x1072 -
1/10  223x1072 1.8056 1.13x107% 1.7861 1.95x 1072 22396 9.95x 1073 2.1547
1/15  945x 1073 2.1125 4.78x 1073 2.1219 8.84x 1073 1.9514 4.58x 1073 1.9140
1/20  5.12x 1073 2.1310 2.59x 1073 2.1269 5.15x 107 1.8743 2.57x 1073 2.0092
1/25 3.24x107 2.0534 1.62x1073 2.1144 3.34x 1073 1.9407 1.69x107% 1.8659
1/30  2.28x107 1.9109 1.17x 1073 1.7870 2.29%x 107 2.0691 1.16x 107 2.0791
5 n=04, m=>50 n=20.5 m=280
L® Rate RMSE Rate L® Rate RMSE Rate
1/5 1.21 x 107! - 5.79 x 1072 - 1.70 x 107! - 8.52x 1072 -
1/10  3.26x 1072 1.8910 1.65x 1072 1.8093 499x 1072 1.7678 2.38x 1072 1.8393
1/15  1.42x1072 2.0472 7.06x 107 2.0971 229%x 107 19164 1.12x 1072 1.8546
1/20  7.90x 107 2.0459 3.95x 107 2.0166 1.33x 1072 1.8854 6.58 x 107 1.8544
1/25 5.15x107 1.9163 2.56x 107 1.9522 9.05x 107 1.7373 4.37x107 1.8338
1/30  3.55x 1073 2.0462 1.76 x 1073 2.0338 6.45x 107 1.8561 3.19x 1073 1.7264

Consider employing the eight quadrant criterion for node selection in a point star. Specifically,
when n = 0, four nodes are selected from each quadrant, yielding a total of 32 nodes per point star;
when 1 = 0.5, five nodes are selected per quadrant, resulting in 40 nodes per point star. The computed
L* errors, root mean square errors, and convergence orders are presented in Table 3. The results
indicate that for uniformly distributed nodes, the eight-quadrant criterion is less accurate than selecting
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nodes based on distance, as it ignores nearby nodes on the coordinate plane. Conversely, for unevenly
distributed nodes, the eight-quadrant criterion uniformly gathers nodes from all directions, and when
the number of nodes in the point star is not large, a more accurate solution can be obtained.

Table 3. The errors and convergence orders of second-order Taylor series expansion in the
ST-GFDM with different nodes.

N n=0,m=32 n=20.5, m=40
L” Rate RMSE Rate L” Rate RMSE Rate

1/5 1.37x 107! - 6.54 x 1072 - 1.44x 107! - 7.86 x 1072 -

1/10  3.92x 1072 1.8035 2.02x 107> 1.6938 4.08x 1072 1.8213 2.10x 1072 1.9043
1/15  1.89x 1072 1.7954 9.53x 107 1.8521 1.99% 1072 1.7672 1.01x 1072 1.8165
120 1.21x 1072 1.5544 6.07x107° 1.5667 1.26x 1072 1.6017 6.12x 107 1.7274
1/25  8.63x 1073 1.5135 431x107 1.5329 8.70x 1073 1.6452 4.38x 1073 1.4993
1/30  6.33x107° 1.6942 3.19x 107 1.6564 6.33x 107 1.7459 3.17x 1073 1.7735

Consider problem (1.1) with Dirichlet and Neumann mixed boundary conditions

x €0Q;, te(0,1],
x €0, te(0,1],

I/l(X, t) = ¢1(X’ t),
Vu(x,t)-n=¢yX,1),

where 0Q; = {(x,y)lx = 1,y € (0, 1)}, 0Q2; = 0Q/0Q,. The space-time generalized finite difference
method adopts second-order Taylor series expansion, and the number of nodes in the point star is
m = 30. The computed root mean square errors and convergence orders are listed in Table 4. The data
shows that the algorithm can effectively calculate mixed boundary condition problems.

Table 4. The errors and convergence orders of second-order Taylor series expansion in the
ST-GFDM with mixed boundary conditions.

a=02 a=04 a=0.6 a =028
RMSE Rate RMSE Rate RMSE Rate RMSE Rate
1/5 5.81x1072 - 5.71x 1072 - 5.58 x 1072 - 5.45x 1072 -

1.74x 1072 1.7410
7.61 x 107 2.0381
4.20x 1073 2.0658
2.65x 107 2.0706
1.81 x 107% 2.0683

1/10
1/15
1/20
1/25
1/30

1.69 x 1072 1.7540
7.39x 107 2.0420
4.08 x 1073 2.0644
2.57x 107 2.0666
1.77 x 107% 2.0631

1.63x 1072 1.7776
7.08 x 107* 2.0551
3.90 x 107 2.0693
246 x 107 2.0666
1.69 x 107 2.0602

1.55x 1072 1.8141
6.67 x 107 2.0806
3.66 x 107 2.0851
2.30x 1072 2.0761
1.58 x 107 2.0656

Consider a circular domain Q = {(x,y)|(x — 0.5)*> + (y — 0.5)> < 0.5%}, with uniformly distributed
spatiotemporal nodes. The unidirectional step size is &, and adjacent node arc lengths s = & on the

1

circumference. We set h = L
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and the distribution of spatiotemporal nodes observed from different
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angles is shown in Figure 3. Here, blue dots represent nodes on Qx{t = 1}, green dots represent nodes
on Q X {t = 0} and 0Q2 X (0, T), and black dots represent nodes in Q x (0, T).

0.8
0.6 -
04

02

Figure 3. The distribution of nodes in the space-time domain.

We set @ = 0.6, the generalized finite difference method uses second-order Taylor series
expansion, and the number of nodes in the point star domain is m = 30. The computed errors,
convergence orders, required time (in seconds), and the speedup ratios are listed in Table 5, where the
values in the “Serial” and “Parallel” columns represent the required time for serial and parallel
computing, respectively. The parallel algorithm is computed using the MATLAB Parallel Computing
Toolbox, which is connected to the parallel pool (number of workers: 8). The data indicates that the
generalized finite difference method can also handle problems in circular domains. When the number
of nodes 1s small, the advantages of multi-core processing are not fully demonstrated. However, as the
number of nodes increases, the time required for parallel algorithm computation is significantly less
than that of the serial algorithm.

Table 5. The errors, convergence orders, computation time, and speedup ratios of second-
order Taylor series expansion in the ST-GFDM.

h L= Rate RMSE Rate Serial Parallel Ratios
1/5 7.16x1072 - 4.48x 1072 - 0.1779 0.2447 0.7270
1/10 2.07x107% 1.7894 1.16x 1072 1.9551 1.7960 0.8526 2.1065
1/15 8.92x107% 2.0775 4.86x 107> 2.1343 21.1992 3.8431 5.5162
1/20 5.10x107% 1.9408 2.77x107% 1.9534 142.3594 22.5884 6.3023
1/25 320x107% 2.0944 1.74x107° 2.0843 598.4483 133.8610 4.4707
1/30 2.17x1073 2.1204 1.18x 107 2.1431 1776.0657 465.6100 3.8145

Consider an amoeba-like irregular domain whose boundary is determined by the function p(6), with
o) = %[ exp(sin 6) sin?(26) + exp(cos 0) cos?(26)], 0 < 6 < 2rx, and then x(6) = p(6) cos(d) and
y(6) = p(0) sin(8). The nodes in the space-time domain are uniformly distributed, with a unidirectional
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step size of h. At the same time layer, the Euclidean distance between two adjacent nodes on the

boundary is V2h. When h = %, the spatial node distribution at each time layer and spatiotemporal

domain node distribution are shown in Figure 4. The space-time generalized finite difference method
adopts second-order Taylor series expansion, with a node number of m = 30 in the point star. The
computed root mean square errors and convergence orders for different @ are shown in Table 6. The
data shows that the proposed space-time generalized finite difference method can also effectively solve
irregular domain problems.

081
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Figure 4. The distribution of nodes in an amoeba-like irregular domain.

Table 6. The errors and convergence orders of second-order Taylor series expansion in the
ST-GFDM on an amoeba-like irregular domain.

a=02 a=04 a=0.6 a=0.38
RMSE Rate RMSE Rate RMSE Rate RMSE Rate
1/5 3.14x1072 - 3.13x 1072 - 3.12x 1072 - 3.12x 1072 -

1/10 8.31x107° 1.9196 8.13x 107 1.9430 7.89x 107 1.9828 7.56 x 107 2.0446
1/15 3.48x 107 2.1497 3.37x 107 2.1733 3.22x 107 2.2124 3.02x 107 2.2661
1/20 2.11x107 1.7277 2.05x 107 1.7210 1.95x 107% 1.7313 1.80 x 107* 1.7870
1/25 1.37x107° 1.9364 1.33x 107 1.9466 1.26 x 107 1.9664 1.15x 107* 2.0075
1/30 9.43x10™* 2.0589 9.09 x 10™* 2.0896 8.54 x 107 2.1360 7.71x 107 2.2023

4.2. The solution with weak singularity

In this subsection, assuming that the solution of problem (1.1) has weak singularity at the initial
moment satisfying % e O(t'** %), k = 0,1,2,3, when the center point is (x;, %), i = 1,2,--- , M, the
points in the point star cannot be approximated by higher-order Taylor expansion. Specifically, the
values of the derivatives at point (X;, fy) cannot be approximated using weighted values of the function
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in the point star. In this case, it is necessary to make appropriate adjustments to the aforementioned
space-time generalized finite difference method, defining

ou ou
E(Xi’ fy) = E(Xi,tl) + O(h). 4.3)

Additionally, for the point (x;,#), i = 1,2,--- , M, k # 0, if its point star contains the point (X}, f),
J=1,2,--- M, then u(x;, 1o) = u(X;, ) + (x; — x) 34(X;, 1) + ( —yi)%(xi, 1) + (fo — 1) 3 (X;, 1) + O(h?),
ford = 2.

4.2.1. One-dimensional situation

sin(zx), Q = (0, ).

Assume that the exact solution of problem (1.1) is u(x, 1) = [1 + %

The space-time generalized finite difference method employs second-order Taylor series expansion
with uniformly distributed nodes, and the number of nodes m = 30 in the point star. The computed L™
errors, root mean square errors, and convergence orders for @ = 0.2,0.4,0.6, 0.8 are listed in Table 7.
The data indicates that when the solution has weak singularity at the initial moment, for different values
of @, as the number of nodes increases, the error gradually decreases, and the convergence order tends
toward 2.

Table 7. The errors and convergence rates of second-order Taylor series expansion in the
ST-GFDM with m = 30.

i a=02 a=04
L” Rate RMSE Rate L® Rate RMSE Rate
1/50 2.34x1073 - 1.62x 1073 - 2.24%x1073 - 1.55% 1073 -
1/60  1.64x 1073 1.9247 1.15x107 1.9029 1.58x 107 19134 1.10x107> 1.8923
1/70  1.22x 1073 1.9323 8.53x107* 1.9138 1.17x 107 1.9213 8.20x 10™* 1.9034
1/80 943 x107* 1.9369 6.60x107* 1.9211 9.08x10™* 1.9264 6.36x10™* 1.9113
1/90  7.50x107* 1.9399 5.26x107* 1.9262 7.23x10™* 1.9301 5.07x107* 1.9170
1/100  6.11x10™* 1.9418 4.29x10™* 1.9298 590x 107 1.9328 4.14x107* 1.9214
i a=0..6 a=0.28
L” Rate RMSE Rate L” Rate RMSE Rate
1/50 2.04x1073 - 1.42x 1073 - 1.77 x 1073 - 1.23x 1073 -
1/60  1.44x1073 1.9097 1.01x1073 1.8889 1.25x 107 1.9230 8.71x107™* 1.9027
1/70  1.07x 107 1.9165 7.50x 107* 1.8990 9.28x10™* 1.9280 6.49x107* 1.9109
1/80 8.31x10™* 1.9211 5.82x107* 1.9062 7.17x10™* 1.9311 5.02x107* 1.9166
1/90  6.62x10™* 1.9243 4.65x107™* 1.9116 571x10™* 1.9333 4.01x107* 1.9208
1/100 5.40x10™* 1.9269 3.80x10™* 1.9158 4.66x 107 1.9348 3.27x10™* 1.9240
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To visually observe the variation of error with the number of nodes, we set the nodes uniformly
distributed and the number of subdivisions in a single direction as M. The space-time generalized
finite difference method employs second-order Taylor series expansion, with the number of nodes
m = 30 in the point star. The results of the maximum errors and root mean square errors under
different subdivisions are depicted in Figure 5 for tests @ = 0.1,0.3,0.5,0.7,0.9. Figure 5 shows that
for different @, the error decreases as the total number of nodes increases, and the convergence order
tends toward 2.
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Figure 5. The errors on log-log scale of second-order Taylor series expansion in the ST-
GFDM with m = 30.

We set @ = 0.6, with uniformly distributed nodes in the space-time domain and a unidirectional step

size of h = 6—10. The space-time generalized finite difference method uses second-order Taylor series
expansion, with the number of nodes m = 30 in the point star. The numerical and exact solutions
at different times are shown in Figure 6. The image shows that the numerical solution fits the exact

solution very well.
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Figure 6. Numerical and exact solutions at different times.

We set @ = 0.6, the space-time generalized finite difference method adopts second-order Taylor
series expansion, the number of nodes in the point star is m = 30, the nodes in the space-time domain
are uniformly distributed, and the number of partitions in each direction is M = 20, 40, 60, 80, 100, 120.
Select the quartic spline function (2.2), potential function: wy = %, exponential function: wy = e 104,
and cubic spline function: '

2 4d? +4d3), 0<dy <025,
wi = (4 —ddy +4d} - 1)’ 025 <d, <05,
€_10, dk > 05,

as the weight function wy in formula (2.1). The computed errors are shown in Figure 7. We can observe
that the accuracy of the computed results varies depending on the choice of weight function, and the
quartic spline function as the weight function yields more accurate results.

4.2.2. Two-dimensional situation

T(2+a)

The nodes are uniformly distributed with a total number of 9261, meaning that the step length in a
single direction is & = 2—10. The space-time generalized finite difference method employs second-order
Taylor series expansion, and the number of nodes m = 30 in the point star domain. Setting @ = 0.6,
the exact solution, numerical solution, and absolute errors at various spatial points at 7 = 1 are shown
in Figure 8. The figure shows that the trends of the exact and numerical solutions are similar, with
absolute errors on the order of 1073, indicating that the numerical solution can approximate the exact
solution very well.

The space-time generalized finite difference method employs second-order Taylor series expansion
with uniformly distributed nodes. In the point star, the number of nodes is set to m = 30. The computed

Assume that the exact solution of problem (1.1) is u(x, y, t) = [1 + tli] sin(rx) sin(ry), Q = (0, 1)%.
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Figure 7. The computed errors adopting different weight functions in ST-GFDM.
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L errors, root mean square errors, and convergence orders for different @ are shown in Table 8. The
data indicates that second-order convergence can be achieved for various values of a.

Table 8. The errors and convergence rates of second-order Taylor series expansion in the
ST-GFDM with m = 30.

5 a=02 a=04
L® Rate RMSE Rate L” Rate RMSE Rate
1/5 1.16 x 107! - 5.56x 1072 - 1.10x 107! - 5.28x 1072 -
1/10  3.10x 1072 1.9055 1.54x 1072 1.8519 2.93x 1072 1.9089 1.46x 1072 1.8555
1/15  1.34x1072 2.0739 6.75x 107 2.0331 1.27x 1072 2.0745 6.40x 107 2.0337
1/20  7.48x 107 2.0127 3.74x 1073 2.0492 7.10x 107 2.0116 3.55x 1073 2.0481
1/25 4.72x107 2.0681 2.37x107 2.0506 4.48x 107 2.0664 2.25x 107 2.0490
1/30  3.26x 1073 2.0255 1.63x107° 2.0478 3.09x 1073 2.0239 1.55x 107 2.0462
P a=0.6 a=0.28
L” Rate RMSE Rate L” Rate RMSE Rate
1/5 1.04 x 107! - 4.97x 1072 - 9.68 x 1072 - 4.64x 1072 -
1/10  2.74x1072 1.9210 1.36x 107> 1.8678 2.52%x 1072 1.9422 1.25x 1072 1.8893
1/15  1.18x 1072 2.0818 5.95x 1073 2.0410 1.08 x 1072 2.0961 5.45x107 2.0552
1/20  6.59x 107 2.0148 3.30x 107 2.0513 6.02x 107 2.0227 3.01 x 107 2.0591
1/25  4.16x 1073 2.0671 2.09x 107 2.0497 3.79x 1073 2.0707 1.91x 1073 2.0532
1/30  2.87x1073 2.0234 1.44x107° 2.0457 2.62x 107 2.0245 1.31x107 2.0468

To visually observe the variation of errors with time, we set nodes uniformly distributed with a
single directional step size of % The space-time generalized finite difference method employs
second-order Taylor series expansion, with the number of nodes m = 30 in the point star. For
a =0.2,0.4,0.6,0.8, the relative error’s variation at different moments from ¢ = 0 to # = 2 is shown in
Figure 9, where the relative errors at the moment #, are defined as

> lup = UL
. 1<m<M;
relative errors =
> lun?
1SmSM,'

The figure shows that the error is convergent over time.

We set @ = 0.6, with uniformly distributed nodes in the space-time domain and a single directional
step size of h. We adopt the space-time generalized finite difference method proposed in this paper,
the averaged L1 generalized finite difference method (AL1-GFDM: the time derivative is discretized
using the averaged L1 method, and the spatial derivative is approximated using the generalized finite
difference method), and the mean L1 finite difference method (AL1-FDM) [34] to compute
problem (1.1), respectively, where both the generalized finite difference method and the space-time
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Figure 9. The relative errors of second-order Taylor series expansion in the ST-GFDM with

different «.

generalized finite difference method use second-order Taylor series expansion, and the number of
nodes in the point star is m = 30. The root mean square errors, convergence orders, and required time
are listed in Table 9. The data shows that when the discrete points are the same, the space-time
generalized finite difference method takes longer to calculate compared to the other two algorithms,
which is its disadvantage. The accuracy of the calculation results is between the average L1 finite
difference method and the average L1 generalized finite difference method. However, compared to the
other two methods, the space-time generalized finite difference method does not require discussion on
the choice of time step to ensure the stability of the algorithm. Compared with the averaged L1 finite
difference method, it does not require grid generation, making it easier to calculate complex domains
and problems with complex boundary conditions.

Table 9. The root mean square errors, convergence rates, and computation time (in seconds)
obtained for different numerical algorithms.

i ST-GFDM AL1-GFDM AL1-FDM
RMSE Rate RMSE Rate RMSE Rate
1/5 497 %1072 - 1.04x 107! - 3.06 x 1072 -
1/10  1.36x 1072 1.8678 2.38%x 1072 2.1199 6.71 x 107 2.1919
1/15  5.95x1073 2.0410 1.09x 1072 1.9306 2.86x 107 2.1005
1/20  3.30x 107 2.0513 6.22x 107 1.9467 1.58x 107 2.0707
Time(s) 25.5156 8.5781 0.2969
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5. Discussion

In this paper, we numerically investigate the one- and two-dimensional time-fractional
mobile/immobile diffusion equation by the space-time generalized finite difference method.

We tested the effect of several parameter variables such as fractional order «, the number of nodes m
in the point star, and the total number of nodes, as well as the distribution of nodes, on the calculation
results. The data indicates that within a certain range, m has minor impact on the numerical results,
while the total number of nodes is negatively correlated with the error. When the irregularity of node
distribution is controlled within a certain range, an accurate numerical solution can also be obtained,
which has slight effect on the error and convergence order. As for the parameter «, it has slightly
different effects on the computational results depending on the control equations.

The space-time generalized finite difference method is based on Taylor series expansion and least
squares. We present computational results using 2nth-order (n = 1,2,3,4) Taylor series expansions,
which demonstrate that higher-order expansions yield more accurate numerical results. However, due
to the linear interpolation approximation of the first derivative in the integrand of the fractional
derivative, the final convergence order is also 2. Additionally, when the solution of the equation is
sufficiently smooth, the space-time generalized finite difference method can be directly applied. But
when the solution has weak singularities, we need to make appropriate modifications for the
algorithm. Regardless of whether the solution is sufficiently smooth, achieving higher convergence
orders requires further research.

The space-time generalized finite difference method can effectively solve problems with irregular
domains and complex boundary conditions. The calculation time is mainly related to the total number
of nodes, the number of nodes in the point star, and the number of Taylor series expansion terms, and
does not increase due to the irregularity of the domain or the complexity of the boundary conditions.
In this paper, parallel computing is considered to effectively reduce the computation time. However,
compared with other methods, the computation speed is not fast enough. In the future, we will try to
combine it with adaptive algorithms to further improve the computation efficiency. For problems that
require long-time simulations, one may consider employing the time-marching method [31] to reduce
computational costs. Similarly, for issues involving extensive spatial domains, regional partitioning
can be explored to achieve computational efficiency.

6. Conclusions

This paper develops a space-time generalized finite difference method for the time fractional
mobile/immobile diffusion equations. Time and space are considered together as a high-dimensional
problem, and the integrand in the time fractional derivative term is approximated using linear
interpolation, which transforms the equation into one composed of a linear combination of first-order
time derivatives and second-order spatial derivatives. Then, according to the generalized finite
difference method, derivatives are approximated by linear combinations of function values at
neighboring nodes, which transforms the equation into a system of linear equations with sparse
matrices of coefficients. Finally, through numerical simulations of one- and two-dimensional
problems with sufficiently smooth solutions or with weak singularities at the initial moment, we
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verify that the space-time generalized finite difference method is an accurate and robust local
meshless algorithm, which has strong applicability in different problems.

It is noteworthy that further simulations and optimizations are also crucial for exploring the
efficiency and accuracy of the proposed method. The space-time generalized finite difference method
for solving fractional equations to obtain higher convergence order, on the one hand, increases the
number of terms in the Taylor series expansion; on the other hand, requires the integrand in the
fractional derivative to have more accurate approximation. In addition, in the fractional equations, the
solution is usually not smooth enough at the initial moment due to the weak singularity of the
fractional derivatives, necessitating appropriate adjustments when employing the space-time
generalized finite difference method. In future work, we will apply this method to more complex
models involving time, space, and time-space fractional derivatives, simulating non-Fickian diffusion
problems in real-world, irregular, and anisotropic media. In addition, theoretical analysis of the
number of nodes in the point star on the error will be a part of our future work.
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