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Abstract: Krishnamurthy et al. investigated the adaptive output feedback control for prescribed-time
stability (PTS) of nonlinear uncertain systems on [0,T), where T > 0. However, there are special
constraints on system structure, and the PTS issue is considered on a finite interval [0, T). For systems
without required constraints, the existing adaptive output feedback control seems not to be applicable;
the PTS issue on [0, ) is more practical than that on [0, T). Motivated by the above, an improved
observer and controller were proposed to achieve PTS for nonlinearly uncertain systems with lower-
triangular linear growth condition on uncertainties. Compared with the existing work, we emphasized
the subsequent contributions: 1) Relax the original structure constraint of objective system; 2) achieve
PTS on [T, o); and 3) keep the proposed controller bounded. The effectiveness of the controller was
verified by numerical simulations across varying initial conditions and prescribed times.
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1. Introduction

The stability control of nonlinear systems has always been a widely concerned problem in the
control field. The design goal of asymptotic control is usually to guarantee various asymptotic properties
of a closed-loop system, such as ensuring that system states (or output) converge to a desired value (for
example, the origin) when t reaches oo [1,2]. Asymptotic control of complex nonlinear systems can be
achieved through various effective feedback control strategies. For example, Tsinias [3] showed that a
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linear state feedback control (SFC) could be explicitly constructed to globally stabilize the nonlinear
system. Further studies have been reported on the output feedback control (OFC) method [4-9]
Specifically speaking, an OFC design was proposed [10], which first designed the observer without
considering nonlinearity, utilized a scale gain to control nonlinearity, and extended the results from
state feedback to output feedback. Qian and Du [11] proposed a sampled-data OFC scheme to
guarantee the global stability of a closed-loop system. For uncertain systems, uncertainties could be
effectively suppressed by OFC [12]. Chen et al. [13] achieved global OFC for a class of nonlinear
systems, which established a stabilization frame for systems with output uncertainty. Liang et al. [14]
introduced two observers with high gains to realize the global adaptive stabilization of smooth OFC
for uncertain systems with polynomial growth. However, the above works guarantee only asymptotic
convergence (i.e., as t — 00).

In practical operation, the stabilization of systems needs to be achieved within a finite time frame.
Various techniques have been developed for achieving finite-time stabilization (FTS) [15-19].
Although FTS has its own advantages, the settling time depends on system conditions. This leads to
the issue of fixed-time stability (FxTS), which can estimate an upper bound on settling time without
any initial condition [20-23]. However, in some special cases, settling time is required to be arbitrarily
chosen, which makes people pay more attention to prescribed-time stability (PTS). Moreover, the PTS
issue has attracted much attention [24-28].

Researchers have reported some literature on PTS for nonlinear systems by OFC. For instance,
Holloway and Krstic [29] introduced an OFC to make a linear system converge to zero in a prescribed
time. Distinct from the conventional method of scaling the state by the time function, a method of the
power of the dynamic scaling parameter was proposed in [30]. Particularly, we emphasize work [31],
which extended the SFC method in [30] to OFC based on dual-dynamic high-gain observe-controller
technology, and realized the PTS of nonlinear strict feedback systems. It is worth noting that there are
special restrictions on the system structure of [31], that is, the upper diagonal terms of the system are
needed to meet the advantages of bidirectional cascade, and the uncertain terms are needed to satisfy
the special growth conditions. In addition, [31] achieves PTS only on [0,T) without considering
[0, ), where T > 0. Due to these constraints, the control scheme proposed in [31] may fail for
uncertain systems without the above structural and growth conditions; moreover, being stable on
[0, T) does not guarantee that for [0, o). Thus, some questions arise naturally: For a general nonlinear
system with uncertainty, is it possible to construct an observer and controller to achieve the PTS under
general restrictions on nonlinear terms? If possible, under what conditions can one design such a
controller, and how? Furthermore, can the controller be designed to guarantee the PTS on [0, 00)?
Answering these questions is the motivation of this paper. Further, we give positive answers for them.

Inspired by the above, we investigate the PTS problem for nonlinear systems with nonlinear
uncertainty by OFC. First, the powers of dynamic scaling gain parameters are introduced into the
scaling of observer error and observer state estimation. Then, the time scalar transform is introduced
to map a prescribed time range to infinite time range, and the time scaling system after the equivalent
transformation is used to design the observer-controller structure based on dynamic scaling. Finally,
the dynamic scaling gain parameters and controller are designed to make system states converge to 0
in the prescribed time. In addition, the controller is fully bound throughout the process. Compared to
existing results, we emphasize the following major contributions.

(1) Unlike [30,31] with uncertain terms satisfying special nonlinear structural conditions, we
consider a class of nonlinear systems where the uncertain terms satisfy the lower triangle growth

Networks and Heterogeneous Media Volume 20, Issue 3, 798-817.



800

condition. This provides a clearer framework for controller design and stability analysis.

(i1) Different from asymptotic stability [10—14] and FxTS [20-23], the controller proposed here
achieves system stability in the prescribed time. Specifically, system output and observer states
converge to zero in the prescribed time.

(ii1) Unlike [31], for a prescribed time T, we not only design OFC on [0, T), but also on [0, o),
which enables the system output and observed state to converge to 0 at T and remain 0 thereafter.

Notation: For matrix A, denote its transpose by AT, and if A is square, 4;(A4), Apqy(4), and
Amin(A)denote its ith eigenvalue, maximal and minimal eigenvalues, respectively. A > 0 represents
A as a symmetric positive definite matrix. diag{a4, a,, -, a,} denote a diagonal matrix whose ith
diagonal element is a;. I, € R™™ represents the identity matrix. For vector X = (xq,*+,X,), its
one-norm is denoted by |[X||; = X, 1x;].

2. Problem description

The system studied here is as follows:

(.51 =0+ il ut)

Cuct = On + far G, 0), (1)
(.n =u +fn((:u' t)
y =4

where { = [{1,{5, -+, {n]" € R™ is state vector, u € R is control input, y € R is output, and F =
[fi, f2r -, fo]T is an uncertain continuous vector function caused by external disturbance and internal
modeling error or uncertainty, where f;({,u,t):R® xR XR* - R,i =1,2,---,n, are uncertain
continuous vector functions.

Next, some definitions, an assumption, and a lemma are listed.

Definition 1 [32]. (PTS on [0,T)) The nonlinear system ¢ = S(t,{,F) with S:R* x R™ X
R™ - R™,t > 0 is said to be prescribed-time stable on [0,T) if for any {(0) € R™, there exists a

constant T > 0 such that %in;ll((t)ll = 0.

Definition 2 [33]. (PTS on [0,)) The nonlinear system { = S(t,{,F) with S:R x R"™ X
R™ - R™ t > 0 is said to be prescribed-time stable on [0, o] if for any {(0) € R™, there exists a

constant T > 0 such that lin;ll((t)ll =0 and {(t)=0Vt>T.

Assumption 1. There is a constant b satisfying:

Ifi(¢w, Ol < (1G] + 1] + -+ 1GD, i =1, ,n. )
Lemma 1 [34]. Let Ay, A, € R™™ satisfying:

A0(1,1) = _glpl = 1,-.',m, Ao(l,l+1) = 1'i = 1,...’m — 1'

A —k;,i=1,--,m, A ,i=1,--,m-—1,

c(m,i) = C(i,i+1) =

with zeros elsewhere. Let C be the 1 X m vector [1,0,::+,0], By = diag{bs,b,,**, by}, B, =
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diag{El,Ez, ---,Em}. Then, matrix Py > 0, P, > 0, and positive constants vy, ¥y, Vg, Vg, Ve, Vg,

and v, exist to satisfy:

AOTPO + POAO S _voln - ﬁoCTC,
L\T In —
2017’1 S (BO _?) PO + PO (BO _;) S _voln,
AP+ P.A. < —v,,,

vl < (Be - ’;")T P.+ P (Bo—2) < =¥l

3. Major results on PTS
3.1. Observer design

Construct the following observer:

{51 = (Az - 7’91(61 —J’) —2(51 —3’)

in =G —r'g(&-y) i=2-n-1,
6= - a6 - 7)

in which r(t) > 1, Vvt > 0 is a dynamic high-gain scaling parameter, and g; >0 and i =1,

are parameters chosen later.
The observer errors are defined as:

eizfi—fi,lﬁiﬁn,
and the scaled observer errors are defined as:
e; .
€ = Tl—_ll 1<i<n

Then,

. 7
€ =TrAp€e — ;BOE — @,

f fa 17
Where € = [61;"',6n]T, (I) = I:fl’TZ-.-’rnril] ,al’ld

_gl 1 cen 0 1
: P 1
— nxn — nxn
D=_gy 0 - 1|ERTNB= . € R
_gn O e 0 n_l

)
“4)
)
(6)

(7

@®)

©)

(10)
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3.2. Construction of output feedback control law

Introduce the scaled observer estimate signals 1,,+:+,7n, as:

n, =2BEY) G 3 g, (11)

with S(&,y) being of the form:
B y) = B8y, (12)

where &(t) = 1,Vt = 0 isadynamic adaptive parameter, and S, is a parameter designed later. Then,

B

r

J{ﬁz =Th3 —Tgr€1 — ;772 +

ﬁi=“7i+1—7’9i€1—(i—1)§7h: i=3,-,n-1. (13)

n = r:l_l —Tgn€1 — (n— 1);%-
Now, design the output feedback control law as:
u=-r"Kn, (14)

with n = [y, -, .17, K = [ky,**+, k,], where k;,i = 2,---,n are parameters chosen later.
Substituting the control law (14) into Eq (13), yield

0 =T — =By — Gy + D, (15)

B T
in which G = [gy, -+, g,]7, D = [;,o,m,o] ,and

0 1 - 0 .
o oo (m-Dx(n-1) p — (n-1)x(n-1)
A=y o . 1]er B, e R .
—k, —kg - —k, n-

The observer and controller above aim to establish a framework for PTS by OFC. However, to
rigorously guarantee convergence within the prescribed time, we propose an effective method
transforming the finite-time interval into an equivalent infinite-time scale as below. Function
p()[0,T): - [0,00) is introduced with the properties of twice continuous differentiability,
monotonically increasing, and [31]

1) p(0) =0, p(T) = 0.
2) The derivative of p(t) has a positive lower bound on [0, T), i.e., there is a positive constant

po such that for all ¢ € [0,T), 22 2 p,.

3) Setting 6 = p(t) and Y(O) = %. Y(8) and % grows no faster than polynomial level as

0 — co.

Remark 1. Many functions satisfy the above, for example,
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p(t) =ﬁ,
then,
dp T C(1+6)? dyp 2(1+6)
aw-a-or VO T

The above conditions imply that p is invertible, and that when t goes from 0 to T, 6 goes
from 0 to oo. Denoting the inverse function by p~1, we have,

@) =¢(p71(6) = =(p®). (16)

Remark 2. The above temporal scale transformation serves two key purposes: 1) It can map the
finite-time problem to an infinite-time horizon; and 2) it further ensures system exact convergence at
t = T. The transformation preserves the system's stability properties while enabling the controller to
account for the prescribed-time requirement.

3.3. PTSon [0,T)

In this section, we investigate the PTS of the uncertain nonlinear system (1) on [0,T) by adaptive
output feedback. With T > 0, the PTS control objective is to design a suitable controller u(t) such that:
(1) The state {(t) and the control u(t) of the system are bounded.

(i1) tl_l)l;[l_ ¢(t) =0 and tl_l)t;ﬂ_u(t) =0.

Similar to [31], assume the dynamic of r satisfies:

& AC.68) +w©®) —r)[2(ry.6.8) +5©)] an
with 7(0) = max {1,%(0)}, ¥(6) = %, A, T ,and 0 asnon-negative functions. Choose function
AR - RY as:

1, s20
1 ={y ;2o (18)

To clearly state the main result, the following lemma is cited.

Lemma 2 [31]. The inequality r(8) = Y(68) holds for any 6 within the maximum interval of
solution of Eq (17).

Proof: We prove by contradiction that r(68) = {(8) holds forall 8 = 0.

When 7 > T(y, & &) + 9(0), it is clear that 7(8) > ().

When 7 < T(y,&,£) + ¥(6), we have Z—; =0(r,y,&&) +P(6) > P(O).
Assume that r(8) = y(8) does not hold. Then, there exists 6 such that r(8) < {(8). Let
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Omin = inf{0 > 0|r(6) < Y(O)}. Note that r(0) = P(0), so Opin > 0. At 6 = 6,,in, We have
7(Omin) = W(Omin). Considering that F(y, ¢, E) > 0, it follows that:

r(emin) < F(y: 5;» S;) + Ll’(emin)-

Therefore, the dynamics of 6 at 0,,;, satisfy:
d . - - d
=6 = (1,7, £, €) +1B(8) = H(8) = 1g=6,.,,.

Since 7(Bpmin) = W(O,n) and Z—; >1)(0) at O,,,, there existsa @ in the right neighborhood

of 6,,i, such that r(8) = (), which contradicts the assumption. Thus, r(8) = y(8) holds.
This proof is essentially similar to [31]. Here, we emphasize the clear logic.
Theorem 1. Given T > 0, the control law (14) with Eqs (17) and (18), and

P(3,€) = max (1, 2258 2mOLL) (19
(r,y,6,6) = rw(y,§,§ max (L, =), (20)
2 =90, 1)

2y = max{g, q:}, (22)

is introduced to make system (1) prescribed-time stable on [0,T), where constant § > 0, £(0) >

max{1,(0)}.
Proof: For the complexity, the proof is divided into four parts.
1) Construct the synthetic Lyapunov function (LF) of system (1).
For observer errors system (10), choose a LF:

Vo = reT Pye, (23)

in which Py > 0. Using Lemma 1, the time derivative of V, along the trajectories of system (10) can
be evaluated as:

Vo =7€TPye + 1 (reTAOT — geTBOT — d)T) Pye + reT P, (ere - ;BOE — dD)
. I\T I
=12eT(Ay" Py + PyAy)e — T€T <(BO — ;") Py + Py (BO - ;”)) € —2reT Pyd (24)
< —vor?lel? — Dorile,|? — Tvgle|? — 2reT Pyd.
For observer estimate signals system (15), choose another LF:

1
2

Ve =-y*+m"P, (26)

Networks and Heterogeneous Media Volume 20, Issue 3, 798-817.
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in which P, > 0. Using Lemma 1, the time-derivative of V. along the trajectories of system (15) can

be evaluated as:

V.<yy+im"Pn+r (rnTACT - ;UTBCT —rGTe, + DT) P
+rnTP, (rACn - ;Bcn —rGey + D)

= yy + 1207 (AP, + PA)n — " ((BC = ’";)T P.+ P, (B — 2

—2r*nTP.Ge, + 2rnTP.D
< yy —v.r?n|* = rv.nl* — 2r*n"P.Ge, + 2rn" P.D.

Now, set V = cV, + V., by combining Eqgs (24) and (26), we have:

V < —cvr?|el? = ctor?|e;|* — civglel® + yy — ver?nl? — i Inl?

—2creTPy® — 2r*nTP.Ge; + 2rnT P.D.

Next, we aim to estimate the unknown terms in the right-hand side of Eq (27).

Noting {, = r(n, — €;) — 8, we obtain

yy =yr(n, —€) —yB +yfi
1 2,V 2192, 1 2,V _ 2 12 2
Svcy +4r In| +Cv0y + e le] yB + by“.

With {; = rj_l(nj — €j),j = 3,---,n, Assumption 1, and 7(t) = 1, we get:

|03l < = 18]+ =5 18| + =5 X4
=210l + 2 1Bl + b Xis|n; — 6|
<216 | +21&yBal + blInll + llell)
< Z(1+ R DIyl + Vab(Inl + lel),

where @; represents the i-th term of @. Therefore,
b
D] < X1l < == (1 + €8, DIyl + nvnb(Inl + |e]),
and the term —2re’ Py® can be bounded as:

| —2r€TPy®| < 2Amqax(Po)e" Ponb(1 + |81 1)y
+2)—max(P0)n‘/zb(|6”77| + [€]®)
< Anax(PO)n?b?(1 + [§6,1)%[€l* + y?
+7 Anax (Po)nvnb(le|? + [n]? + 2|€]?)
< Anax(PO)n?b?(1 + 1§6,1)%[€l* + y?
+3rlmax(P0)n\/Hb(|7]|2 + |el?).

(26)

27

(28)

(29)

(30)

(€1)
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In addition,
c 4 =2
|—2r*n"R.Gey| < Friinl? + o2 A (PG e, (32)
Pick ¢ > 0, such that

—2
o (PG

vV
the inequality (32) reduces to
|—2r°nTP.Ge,| < %rZInI2 + cDor?|eq|?. (33)
Since,
1), ¢ .
|D| < ;|,315y + 31534
1 .
=;|ﬁ1f)’+f,31(7‘(772_62)_ﬁ+f1)| (34)
<B4 2B 1in, — e+ 21EB411D — Bl
therefore,

120" PD| < 22imax(PIN" |16y | + 27 Amax (PIIN"| - 1§81 - Inz — €2
+22max (PINT1 - 1§B11 - Ib = B1& ] - 1y
< 22max (P N1+ [Bi] - 1y] + 27 Anax (P I 1 - 1§81 (Il + 1 €)
+22max (PINT1 - 1§B11 - Ib = B1&] - 1y

< 22200k (PIE B[N + 2% + 2 Aunax (PIERL - 112 33)
F 2 (BEIB (1% + [€]2) + 2220 (PIE[EB1 (b — ROV ] + 27
< 22505 (PYE2B1 112 + 37 Ammax (PE 1B (I + [€]?)
+22500x (PIE?[EB1 (b — B In| + 2.
Then, by submitting Eqs (28)—(35) into Eq (27), have
V < —cvpr?lel? —~vr?nl? + g% — ypB 36)
+rw(y, &, €)(Inl* + [el?) — rewlel® — Funl?,
where
101
¢1=1+c+b+—+—, 37)

Ve €y

w(y,§,§) = cArax(Po)n*b* (1 + €51 1)% + 3¢ Amax (Po)nv/nb

+222,0x (P)E2 B % + 3Amax (PEI B (38)
+21$nax (Pc)fz [5.31 (b - 6.81)]2

Networks and Heterogeneous Media Volume 20, Issue 3, 798-817.
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As discussed above, the temporal scale transformation defined above yields dt = M Hence,

from Eq (36),

av _3 21¢12 = 1y 1212 _
2 —ww){ - cvor?|e] ~ver?Inl? + quy? y/? 9)
+rw(3,£,€)(Inl2 + 1€l — cvo 2 el — v, 2 ]2,

2) It is be illustrated that V is bounded and furtherly converges to 0 as 8 — oo.
From Eq (21) é(0) = ¥(0), we see that & > 1)(0) holds for all 6 € [0, ).
From Eq (22) and &(t) = 1, obtain

QY2 —yB < —2E1y? + (1 - Hquy? < —2Ef1y2 (40)

If r> F(y, f,f) +Y(6), Z—; = 0, then we note from Eq (19) that

. D,
rw(y, & &)Inl? < gcrzlnlz,

. 1
rw(y, & &)lel? < Ecvorzlelz,
therefore, we have
av _ 1 3 1 1
o < s 2By? — fevor?lel? — Svertnl?. (41)

If r <T(y,&&)+9(0), Z—; =0(r,y,§,€) +1(6), using Eqs (20) and (40), we have

av 1 3 _3 2112 — 1y, 1212
+TW(y,€ f)(lnl2 + |e| )}—ConIEI2 - QInI2 (42)
1 3 _3 21g12 1, 2
Therefore,
L < — 2 (EBy? + cvpr?lel? + vr?nl?), 43)
de lp(e) 1y 0 C 77

with & =% when either one of the following conditions hold: r > F(y, ¢, E) + (@) or r<
R(y,¢, E) + 1 (0). With the properties r > (0) and & = (0), Eq (43) becomes

o < —8{1y? + cvorlel? + verin|?}. (44)

Then,

Networks and Heterogeneous Media Volume 20, Issue 3, 798-817.
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= < —kV, (45)

ovg Sv, }
Amax(PO) ’ Amax(Pc) |

The solutions of the closed-loop system exist for 8 € [0, ). From Eq (45), it follows that V is
uniformly bounded and V' tends to 0 exponentially as 6 — oo.

3) It will be proved that u tends to 0 exponentially as 8 — oo.

From the definition of V, it follows that {;, v/r|e| and vr|n| tend to 0 exponentially as 6 — oo,

By Eq (21) and the conditions imposed on ¥(8), &(p~1(0)), and é(p~1(0)) are polynomially
upper-bounded in 6. Noting that & and & appear polynomially in the definition of w, it follows that
w and T'(y,§ &) grow no faster than polynomial level in 6. From Eq (34), we have either r <
r(y,¢, ¢ ) +¢(8) or +=0. Note that () and () are polynomially upper-bounded in 6.
Hence, F(y, ¢ ) +(0) and r(p~1(0)) grow no faster than polynomial level as a function of 6.

Since Vr|e| and Vr|n| go to 0 exponentially as 6 — oo, r grows no faster than polynomial
level in 6. Hence, |e€| and |n| tend to 0 exponentially as 8 — . From Eq (14), u tends to 0
exponentially as 6 — oo.

4) The PTS of the closed-loop system will be proved.

Since {, =r(n, —€,) —f and {;=r"1(n;—¢€), i =3,--,n, from the above proof, we
know that all {;,-+,{, tend to O exponentially as 6 — oo. Hence, ¢ tend to 0 exponentially as 8 —
o0. Since O — oo corresponds to t — T, the above properties hold as t — T. Therefore, { and u
tendtoOas t — T, i.e., PTS is attained, which completes the proof.

Remark 3. Note that g; and W(y, § & ) in Eqgs (37) and (38) involve only known quantities and
functions.

Remark 4. Theorem 1 gives a positive answer to the aim of the prescribed-time control objective
as stated above. It is worth noting that the controller scheme here is similar to [31], but the constraints
here are distinct from those in [31]. In [31], the upper diagonal terms are needed to meet the advantages
of the bidirectional cascade, and the uncertain terms are needed to satisfy the special growth conditions.
Our system here weakens the dependence on the upper diagonal terms and the bidirectional cascading
dominance and adopts the lower triangular linear growth constraint and direct input control, which not
only retains the effectiveness of the original control method but also extends the applicability of
uncertain nonlinear systems.

Remark 5. Note that {; converges to 0 exponentially as t — T. Also, from Eq (14) and the fact
that & grows no faster than polynomial level, it follows that  convergesto O as t — T. Hence, from
Eq (13), it is seen that the observer state signals {5, -, {, also convergetoOas t — T.Hence, {, u,
and { = [{5,+,,]" all converge to 0 as t approaches the prescribed time T. Furthermore, based
on Egs (22), (28), (36) and (38), it can be concluded that €;(i =1,..,n), n;(j =2,..,n) are
bounded over [0,T) and convergetoOas t - T.

Remark 6. In order to implement the PTS control for system (1) on [0,T) under Assumption 1,
we present the concise control algorithm as below.

Step 1: System testing. For system (1), test whether the nonlinear term satisfies Assumption 1 or
not. If yes, determine parameter b.

Step 2: Design of high-gain observer (7). Herein, the dynamic gain parameter r(t) is determined
by system (17). Further, give the observer error system (10).

Step 3: Design of controller (14). Herein, n(t),T,02,¢&, B, are determined by systems (13), (18)—
(22), respectively.

where K = min {2651,

Networks and Heterogeneous Media Volume 20, Issue 3, 798-817.
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Step 4: Choice of g;, k; and other parameters. Choose parameters g;, k;, vy, Vg, Vg, Vg, Ve,
V., and v, to satisfy Lemma 1.

3.4. PTS on [0, )

Theorem 1 illustrates that the closed-loop system (1) can reach stability within a prescribed time
T, which does not take into account the case of after T. In this section, we show that this conclusion
not only achieves PTS within [0, T), but also maintains astable state within [T, o). Hence, the PTS
control objective here is to design a suitable controller #%(t) such that,

(1) tl_i)rp_ {(t) =0,and {(t) =0 when t € [T, ).

(i1) tlirp_ ti(t) = 0,and i(t) =0 when t € [T, o).
Theorem 2. Given T > 0, the following control scheme:

—r"Kn, t €[0,T)

u(t) = {o, t € [T, )’ (46)

is applied to make system (1) achieve PTS on [0, 00), where the dynamic of r is designed in Eq (34),
K and n are defined in Eq (16).
Proof: Due to the domination nature of our design, the proof of this theorem on [0,T) is the

same as Theorem 1. When t € [T, o), from Eq (46), we have 1i(t) = 0. For the fact tlir%l_ i(t) =0,

from Theorem 1, it follows that #i(t) is continuous at t =T and becomes 0 as t - T~ and
thereafter, e.g., #i(t) is bounded and continuous everywhere for t € [0, o).

Since (;(t) >0 and #(t) >0 as t—>T  , according to Assumption 2, we can get
f:(C(t),u(t),t) » 0 and therefore ;(t) >0 (i=1,..,n) as t - T~, then it is concluded that
each state ;(t) convergesto 0 within prescribed time T.

On [0,T), according to Eq (45) in Theorem 1 and #(t) = 0 on [T, ), it can be obtained that
V <0 on [0,0), so V is monotonically decreasing. Considering that V > 0,V — 0(t = T™), so
V =0 when t > T. According to Egs (8), (9), (11), (13) and (18), V is actually composed of {Z,

n,C%, Y .(¢ — 0)? and its non-negative coefficients, so there is =0, {{=0, i=1,-,n
when t > T. That is, the new PTS control objective is achieved, which completes the proof.

Remark 7. Notably, the control law #i(t) converges to zero as t = T~ and remains zero for t >
T; therefore, the system can continuously operate beyond T'. It is worth mentioning that in Eq (46),
ii(t) = 0 issetfor t > T, which seems to involve a control switching at t = T; however, this design

does not cause discontinuity to the control signal at t = T for tlirTn_ ti(t) = 0. In fact, i(t) here is

bounded and continuous for t € [0, ), including t =T, reduces to 0 at t =T and remains 0
thereafter.

Remark 8. Compared with [31], and other related literature, our work has highlighted the
following differences:

1) Changes of system structural constraints: In the literature (such as [30,31,34]), the control
design usually requires the system to satisfy specific structural conditions, such as bidirectional
cascade advantages or special growth conditions. These constraints limit the applicable scope of the
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existing control method. One of the differences of our work lies in changing these structural constraints
and requiring only the nonlinear uncertainty term to satisfy the lower triangular linear growth condition
(i.e., Assumption 1).

2) PTS over the full time horizon: Compared with [31] and other literature considering only the
stability of [0, T), our work not only realizes the PTS on [0, T), but also considers the control after
T. It is necessary to consider the stability after T. Being stable on [0,T) does not mean that it can be
stable after T. There have been some studies on stabilization after T. For example, in [35-37],
controllers are set on both [0,T) and [T, o) to realize the PTS of the controlled system on [0, o).

Remark 9. We assume that the nonlinear term satisfies Assumption 1. For more general nonlinear
systems, especially when the nonlinear term does not satisfy Assumption 1, the method may not be
directly applied. In the future, researchers can focus on a wider range of applicable conditions. In
addition, the design of the adaptive controller in this paper requires complex variables and parameters,
which can be optimized further.

Remark 10. Similarly to Remark 6, we can give the control algorithm for the PTS of system (1)
on [0, ). Specifically, we can follow the steps of Remark 6 except for the controller (14) in Step 3 is
replaced by the controller (46).

4. Numerical example

Consider the following three-order system having the following form

@1 = {, + ¢3sin ({3)
62 =0+4 Sin((zz) + ¢,

z=u+ 3({1{253)§
y =4

(47)

Here, |fi| = [{isin ()] < |G, 1fz] = |{1 Sin((zz) +€2| <I|Gl+1%1, Ifzl = 3|(1(2(3|§ <

|C1] + 2] + |{5]. Assumption 1 is satisfied with b = 1. The output y is assumed to be measured.
For u = 3, one has:

-91 1 0 1
0 1 1
Ao=|-g2 0 1[,B=| 1 |A4=|_ _k],BC=[ 2].
—gs 0 0 2 2 2

The reduced-order observer is designed as:

21 = 62 _917”(61 _}’) _2(51 _3’)
éz = 53 - 927”2(51 - }’) : (48)

2

3=u~— 937”3(51 - }’)

Then, the control input is designed as u = —7r3(k,1, + k3n3). Using the constructive procedure

in [32], with g;=1.12, g,=2.09, g5=3.06, I, = 0.5, v,=2.47 1,=0.5, P, > 0 can satisfy Lemma 1.
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Also, with k, =1, k3 =2, [.=2, [,=1.5,a P, > 0 can be found to satisfy Lemma 1. The prescribed

time is specifiedas T = 1. £(0) = 2, r(0) = 5, {(0) = (0.5,—1.5,2.5).

In order to comprehensively verify the performance of the proposed adaptive output feedback
controller, three comparative experiments are designed here, focusing on examining the system

response characteristics under different initial conditions and settling times.

Case 1: Initial condition {(0) = (—1,0,5), settling time T = 1. The response curves of the system

states [(1, (5, (3], observer states [fl, s, 53] and control input u(t) are shown in Figures 1-3.

System States

Observer States

Figure 2. Observer States of system (47).

Control Input

¢(0)=(-1,0,5),T=1 ;
S
4 S
........... (;3
2 L
0 u .I
R e -
_2 L L L
0 0.5 1 15 2
Time (s)

Figure 1. States of system (47).

3 -
N ¢(0)=(-1,0,5),T=1 ==
W e e Gl
U — _,
R
2
3+
0 0.5 1 15 2
Time (s)

100
o\

-100

¢(0)=(-1,0,5)).T=1

—

-200

0 0.5 1 15 2

Time (s)

Figure 3. Control input of system (47).

Case 2: Initial condition {(0) = (1,—2,3), settlingtime T = 1. The response curves of the system

states [{3, (5, (3], observer states [fl, 05, ¢ 3] and control input u(t) are shown in Figures 4-6.
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, ¢(0)=(1,-2,3),T=1 R
2 E . G2
% TR R s A s o
E 0 S~ Y
w
Fr

2k

0 05 1 15
Time (s)
Figure 4. States of system (47).
3 ‘ ‘
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o 2} G|
@ Y
E """""" C:(
m 1 1.-' nan
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2’ T~
=)
O 1}

0 0.5 1
Time (s)

Figure 5. Observer States of system (47).

100

¢(0)=(1,-2,3),T=1

‘

-100

Control Input
o

-200

0 0.5 1
Time (s)

Figure 6. Control input of system (47).

Case 3: Initial condition {(0) = (1,—2,3), settling time T = 1.5. The response curves of the

system states [y, {5, (3], observer states [f EN¢ 3] and control input u(t) are shown in Figures 7-9.

In addition, the original states of system (47) without a controller are shown in Figure 10, which

illustrates that system (47) without a controller is not PTS.
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Figure 8. Observer States of system (47).
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Figure 9. Control input of system (47).
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Figure 10. States of system (47) without control.

Compared with Figures 1-6, with the same prescribed time T = 1, under different initial
conditions, the states of controlled system (47) and its observer states can achieve stability within T
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and remain stable afterward, while the controller remains bounded. Figures 4-9 show that, with the
same initial condition {(0) = (1,—2,3), system states and observer states achieve stability within
different prescribed time and remain stable thereafter, with the controller being also bounded in all cases.

Remark 11. Compared with FTS and FxTS, our proposed control scheme answers not only
"whether convergence occurs" but also "when it occurs". Furthermore, in contrast to the PTS works
that focus solely on stabilization over [0,T), our work guarantees stability both during [0,T) and
beyond T, thus delivering a more comprehensive control solution. In addition, a comparative study
on the simulation of [0,7) and [0,00) has been achieved in our previous work [36], where the
controller design method in [0,T) is the same.

5. Conclusions

We propose an adaptive output feedback control strategy to achieve prescribed-time stabilization
of uncertain nonlinear systems. Through dynamic high-gain scaling and time-scale transformation, the
designed controller not only ensures that the system state and control input converge to zero at any
prescribed time, but also remain stable after the prescribed time. For other nonlinear systems,
especially those with dissatisfaction due to the lower triangular growth conditions, the method in this
paper may not be directly applied. In the future, researchers can relax the restriction on uncertainty
terms and consider a more generally applicable scheme.
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