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Abstract: In this work, we analyze the dynamics of a stochastic S̃ Ẽ ĨR̃Ṽ model with a time
delay. We mainly investigate the time delay’s influence on these classes’ asymptotic behavior.
Furthermore, we examine the existence and stability of disease-free and endemic equilibrium points.
To better understand the parameter’s effects on the spread of an epidemic, we integrate artificial
neural networks with the Bayesian regularization method. Additionally, leveraging physics-informed
artificial intelligence (AI) and specialized machine training, we develop an advanced framework for
solving systems of partial differential equations (PDEs). This approach enhances the accuracy of
predictions and facilitates the optimal control and effective implementation of real-world epidemic
management strategies.
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1. Introduction

Mathematical modeling in epidemiology is a rapidly advancing field with extensive applications
in analyzing and understanding the spread of infectious diseases. These models facilitate the study
of epidemics diffusion and offer critical insights into the factors influencing disease transmission. By
leveraging data from medical sciences, researchers can examine outbreak patterns and inform public
health authorities about potential risks and strategies for containment.

Over the past decade, various mathematical models have been designed to describe the progression
of infectious diseases, including SI, SIS, SIR, SARS, H1N1, HBV, and H5N1 models. Where SI
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describes a basic disease model with only susceptible and infectious compartments, SIS extends this
by allowing individuals to return to the susceptible class after infection. SIR incorporates recovery
with immunity. SARS is a viral respiratory illness caused by the Corona virus. H1N1 triggered
the 2009 influenza pandemic. HBV is a liver-infecting virus transmitted through blood or bodily
fluids. H5N1 is an avian influenza strain with high fatality in humans; see [1, 2]. These models are
instrumental in predicting the course of outbreaks and guiding decision-making processes for public
health interventions [3–6]. Their primary purpose is to provide accurate forecasts and contribute to
the stability of public health systems by offering a structured approach to disease analysis and control.

The foundational work of Kermack and McKendrick provided the basis for detailed studies on
infectious disease modeling [7, 8]. Their research paved the way for numerous advancements,
including developing the SIRS, SEIS, and SEIRS models. Where SIRS models account for temporary
immunity, allowing recovered individuals to become susceptible again. SEIS includes an exposed
stage before individuals become infectious, without lasting immunity. SEIRS combines an incubation
period and temporary immunity, making it suitable for latency and non-permanent recovery diseases.
These models have been extended to incorporate vaccination strategies, time delays, and
environmental influences; see [9–11] for modeling using fractional derivatives; for models using
deterministic evolutionary partial differential equations, we refer to [12–17], and for systems
involving stochastic partial differential equations see [18]. Integrating solutions from the proposed
complex systems enhances epidemiological models’ accuracy and applicability in
real-world scenarios.

The interactions among disease transmission, vaccination programs, and social behaviors have led
to an interdisciplinary approach to epidemiology. Statistical epidemiology, in particular, plays a
significant role in assessing an epidemic’s severity and informing public health strategies. Using
statistical methods, researchers can analyze infection trends, estimate transmission rates, and predict
future outbreaks. These insights are crucial for implementing timely interventions and mitigating the
impact of infectious diseases on communities.

Epidemics of infectious diseases can be modeled using either deterministic or stochastic approaches.
Deterministic models, which are formulated as systems of ordinary differential equations (ODEs),
are favored by many researchers due to their simplicity in analysis. However, these models have
limitations, such as providing less detailed information, relying on the law of large numbers, and being
less effective for small populations. Additionally, they fail to account for random effects that can
cause deviations from the predicted trajectories. To address these limitations, stochastic modeling has
emerged as an alternative. This approach incorporates random elements into the model, acknowledging
that many real-world phenomena are influenced by stochastic noise, which deterministic ODE models
overlook. Stochastic models, especially in heterogeneous and homogeneous populations, provide a
more realistic representation of epidemic dynamics by including random terms or noise intensities
through parametric perturbation techniques [19].

Over the past decade, artificial intelligence (AI) and machine learning (ML) have emerged as
promising tools for addressing complex social issues by efficiently identifying patterns and integrating
diverse data sources. However, traditional AI/ML methods often require extensive labeled data and
may produce unreliable predictions for nonstationary systems due to a lack of mechanistic
constraints. These models also struggle to distinguish true epidemic trends from data noise. Recently,
AI-based solvers for differential equations have gained attention for integrating scientific laws
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(ODEs/PDEs) into neural networks, enabling parameter inference from limited data by leveraging the
structure of the underlying physical or biological systems [20].

This study evaluates the applicability of the S̃ Ẽ ĨR̃Ṽ epidemic model for COVID-19 [21]. In this
model, N(t) represents the total population at a given time t, which is further divided into five distinct
compartments as follows:

S̃ (t) + Ẽ(t) + Ĩ(t) + R̃(t) + Ṽ(t) = N(t), (1.1)

where S̃ (t) represents the susceptible population, Ẽ(t) represents the exposed (but not yet infectious)
individuals, Ĩ(t) represents the infectious population, R̃(t) represents those who have recovered and
gained immunity, and Ṽ(t) represents the vaccinated individuals. The model dynamically evolves,
accounting for infection rates, recovery rates, and vaccination strategies. The basic reproduction
number R0, which determines whether an outbreak will persist or decline, is a key parameter in the
analysis. By incorporating time-dependent variables and intervention measures, the model provides a
comprehensive framework for assessing the spread and control of COVID-19.

Mathematical modeling continues to be a vital tool in understanding and managing infectious
diseases. However, integrating advanced statistical techniques, computational simulations, and
machine learning approaches has significantly enhanced the predictive capabilities of
epidemiological models.

AI is increasingly important in enhancing epidemiological models. AI-driven approaches, such
as deep learning and neural networks, allow for more precise predictions by analyzing vast amounts
of data in real time. AI can help identify early warning signals of outbreaks, optimize intervention
strategies, and improve the allocation of medical resources. By leveraging AI, researchers can automate
complex computations and refine the existing models to provide more dynamic and adaptable responses
to emerging epidemics.

As epidemiology evolves, collaborative efforts between mathematicians, statisticians, healthcare
professionals, and AI specialists will be essential in addressing emerging challenges in infectious
disease control. The continued development of mathematical models, augmented by AI techniques,
will play a critical role in shaping effective intervention policies, improving healthcare resilience, and
safeguarding global health [20].

2. Model formulation

The starting model of our study is given as follows:

dS̃
dt
= Λ − Λν + ωR̃(t) − ΨS̃ (t)Ĩ(t) − νrS̃ (t) − dS̃ (t) − ηS̃ (t) + σṼ(t),

dẼ
dt
= ΨS̃ (t)Ĩ(t) − (Q + d + l)Ẽ(t),

dĨ
dt
= QẼ(t) − (κ + d + l)Ĩ(t),

dR̃
dt
= Λν + κĨ(t) − (d + ω)R̃(t) + νrS̃ (t),

dṼ
dt
= ηS̃ (t) − σṼ(t) − dṼ(t),

(2.1)

where
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• ηS̃ (t): Individuals get vaccinated and move from S̃ to Ṽ .
• σṼ(t): Immunity from vaccination wanes over time, moving individuals back to S̃ .

Here, S̃ (t) is the healthy class, Ẽ(t) is the exposed class, Ĩ(t) is the infected class and R̃(t) and Ṽ(t)
represent the dynamics of the vaccinated population whenever (t) contains the number of recovered
individuals. Table 1 gives a complete overview of the parameters used in the proposed model and
their definitions.

Table 1. The biological descriptions of the parameters in the model (2.1).

Parameters Physical interpretation
Λ Birth rate
ν Proportion of vaccinated newborns
νr Rate of vaccination of susceptible individuals
ω Rate of transmission from recovered to susceptible class
Ψ Rate of transmission from susceptible to exposed class
Q Rate of transmission from exposed to infected class
κ Recovery rate of infected individuals
d Natural death rate or deaths from any other disease
l Death rate due to COVID-19
η Individuals get vaccinated and move from S̃ to Ṽ
σ Immunity from vaccination wanes over time, moving individuals back to S̃

For epidemiological modeling of COVID-19, stochastic modeling has many advantages over
classical modeling. Stochastic models can capture the randomness and uncertainty of transmission
and spread of a virus. This is particularly important for COVID-19, where the dynamics of the virus
and its impact on populations can vary greatly depending on factors such as demographics, age
distribution, lifestyle behaviors, etc. Stochastic models also allow for more nuanced, complex
modeling of interventions, which can provide valuable information for public health and policy
decisions. Using stochastic modeling can provide a more accurate and comprehensive understanding
of the spread of COVID-19 and its impact on populations and inform effective strategies for
preventing and controlling it.

Contingency models allow nuanced, complex modeling of interventions, such as the impact of
levels of social distancing measures or vaccine effectiveness. They can also include realistic
assumptions about individual behaviors and contact patterns to help control the exact spread of the
virus. Much more, because of this, the data provide insights. These probabilistic predictions can help
inform interventions and policies that effectively identify high-risk areas. In contrast, classical models
rely on fixed assumptions, which do not adequately capture virus transmission’s the complex and
dynamic nature of a virus transmission. Classical models can also prove that the effect of an
intervention has been too weak, and it has been assumed that all individuals are equally susceptible to
the virus. This can lead to incorrect predictions and ineffective interventions. Overall, using stochastic
modeling in COVID-19 epidemic modeling can provide a more accurate and comprehensive
understanding of the spread of the virus and its impact on populations. This could point to more
effective prevention and control strategies, ultimately helping to lower the impact of the epidemic.
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Models based on stochastic differential equations are more appropriate for mathematically
simulating biological phenomena than their deterministic counterparts because stochastic differential
equation models can add an extra layer of realism. Compared with deterministic models, stochastic
ones generate more useful output because we can create a distribution of the expected results, such as
the infected population size at time t, by repeatedly running a stochastic model. Contrarily, a
deterministic model yields only a single predicted outcome for a given set of initial
conditions [22–24].

Due to a lack of resources or sufficient time for disease observation, various infectious models
cannot offer comprehensive information about the relevant disease. This means that investigating these
models after all of the symptoms have appeared in human beings or after the incubation period has
ended may be more instructive, as shown in [25]. The incubation period, also known as time delay, is
very beneficial for producing more accurate results [26, 27]. In contrast to other problems without a
time delay, delay model analysis is more complicated.

Over time, differential equations have been widely used to model biological systems, though many
early models neglected the roles of randomness and time delays. Recently, there has been growing
interest in stochastic delay differential equations (SDDEs), which incorporate both noise and delays to
better reflect real-world dynamics. Despite their relevance, SDDEs remain underutilized due to the
mathematical and computational complexity involved in solving them, often requiring specialized
methods and significant resources. These equations generalize both stochastic and delay differential
equations and have applications in epidemiology, ecology, control systems, and finance. Delays often
represent latent processes, while stochastic components capture random influences. Ongoing research
aims to improve the usability and efficiency of SDDEs in complex modeling scenarios [28]. Recently,
some researchers have shown an interest in studying delay models. Bai and Wu [29] dealt with
healthy, infectious, and recovered (SIR) disease models for stationary waves with nonlinear incidence.
Liu et al. [30] discussed an asymptotic stochastic SIR disease model with time delay by assuming
transient immunity. Additionally, non-local attraction with time delay and scale-free networking has
been mathematically analyzed in the context of the SIRS disease model [31]. In our approach,
however, we adopt the delay-time framework proposed by Kumar et al. [21], which captures the time
required for all symptoms to appear fully. Furthermore, the model will be perturbed by incorporating
Brownian motion (environmental noise) and modifying specific parameter values.

3. Stochastic model formulation

Motivated by the aforementioned discussions, we modify the system (2.1) by including the latent
delay. Hence, the following time delay model will be assumed:
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dS̃
dt
= [Λ − Λν + ωR̃(t) − ΨS̃ (t)Ĩ(t) − νrS̃ (t) − dS̃ (t) − ηS̃ (t) + σṼ(t)]dt + ς1S̃ dB1(t),

dẼ
dt
= [ΨS̃ (t)Ĩ(t) − (Q + d + l)Ẽ(t)]dt + ς2ẼdB2(t),

dĨ
dt
= [QẼ(t) − (κ + d + l)Ĩ(t)]dt + ς3 ĨdB3(t),

dR̃
dt
= [Λν + κĨ(t) − (d + ω)R̃(t) + νrS̃ (t)]dt + ς4R̃dB4(t),

dṼ
dt
= [ηS̃ (t) − σṼ(t) − dṼ(t)]dt + ς5R̃dB5(t).

(3.1)

In this context, the notation Bi(t); i = 1, 2, 3, 4, 5 represents stationary and independent Brownian
motions. The corresponding white noise intensities in the environment are denoted as ς2

i ; i = 1, 2, 3, 4, 5
with each ςi being greater than zero, having and with the initial conditions stated as follows:

S̃ (t) = ϕ1(t), Ẽ(t) = ϕ2(t),
Ĩ(t) = ϕ3(t), R̃(t) = ϕ4(t), −τ ≤ t ≤ 0,

Ṽ(t) = ϕ5(t), ϕi(t) ∈ C, i = 1, 2, 3, 4, 5.
(3.2)

Herein, C : [–τ, 0] → R5
+ is an integral class of Lebesgue’s existing operators. This study’s

objectives were to analyze dynamical properties of the system’s root before a disease emerges and to
validate that there is at least one recurrent positive (greater than zero) solution of the time-delayed
stochastic COVID-19 epidemic models.

The remainder of the paper is structured as follows: In a feasible region, the solution of the
model (3.1) derived in the Section 4 is found to be positive, and the upper bound and lower bound are
fixed. Additionally, the upkeep robustness of the problem under consideration and the outcomes
required to lessen infection are investigated. In Section 6, reliable outcomes are obtained for the
stationary distribution’s dynamic behaviors. The outcomes for the stochastic model’s extinction are
provided in Section 5. The scheme obtained for stochastic stability through numerical simulation is
illustrated in Section 7. Section 8 containing the inclusion includes a few observations regarding the
conclusions and as well as future work.

4. The positive solution’s qualitative analysis

Herein, with a view to investigating the dynamic behavior of the model, we point out that the
system (3.1) possesses a unique non local solution in the area that is feasible.

This is possible to achieve if the system’s coefficients in Eq (3.1) satisfy the growth and conditions
of the Lipschitzian then one, in which case, a positive solution will exist. As a result, it can be done
very easily, so we omit it. Following this, the Lyapunov operator’s methods are used in order to achieve
a positive and non-local solution [32–34].

Theorem 4.1 (Existence of the solution). Under the initial condition (3.2), the system (3.1) admits a
unique positive solution (S̃ (t), Ẽ(t), Ĩ(t), R̃(t), Ṽ(t)) in R5

+ for all t ≥ −τ,. a.s.
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Proof. With the initial solution (S̃ (0), Ẽ(0), Ĩ(0), R̃(0), Ṽ(0)), the coefficients of the problem (3.1)
satisfy the local Lipschitz condition, ensuring that the model (3.1) possesses a unique local solution
(S (t), E(t), I(t),R(t),V(t)) for t ∈ [−τ, τe) almost surely. The value τe represents the duration of
infection. For more details, we refer to [32–34].

Since the objective of the study was to establish the non local nature of the solution, such that
τe = ∞, k0 ≥ 1 can be extensively large, with (S̃ (θ), Ẽ(θ), Ĩ(θ), R̃(θ), Ṽ(θ) ∈ [ 1

k0
, k0] such that θ ∈ [−θ, 0].

The concept of the time threshold is defined as follows ∀k ≥ k0 where k ∈ N,

τk = inf
{
t ∈ [−τ, τe){min(S̃ (t), Ẽ(0), Ĩ(t), R̃(t), Ṽ(t)) ≤

1
k

or max (S̃ (t), Ẽ(t), Ĩ(t), R̃(t), Ṽ(t)) ≥ k}
}
.

(4.1)
Since the objective is to find that the solution will be non-local, in such a way τe = ∞. Let k0 ≥ 1

be large, (S̃ (θ), Ẽ(θ), Ĩ(θ), R̃(θ), Ṽ(θ)) ∈ [ 1
k0
, k0] such that θ ∈ [–θ, 0]. The concept of the time break is

given as: ∀k ≥ k0 where k ∈ N, assuming minϕ = ∞ (The set ϕ is void ). As k → ∞, τk is increases.
If, we consider τ∞ = lim

k→∞
τk, then τ∞ ≤ τe. Hence, we going to prove that τ∞ = ∞, and thus τe = ∞

since, (S̃ (t), Ĩ(t), Ẽ(t), R̃(t), Ṽ(t)) ∈ R4
+ then ∀–τ ≤ t. Whenever ı ∈ (0, 1) we also have0 < T̃ and

P{T̃ ≥ τ∞} > ı. Thus, ∃ k0 ≤ k1 where k1 is an integer.

P{T̃ ≥ τk} ≥ ı ∀ k ≥ k1. (4.2)

We have taken the C2− operator V : R5
+ → R+ as follows:

V(S̃ , Ẽ, Ĩ, R̃, Ṽ(t)) = (S̃−a−a
ln S̃

a
)+(Ẽ−1−ln Ẽ)+(Ĩ−1−ln Ĩ)+(R̃−1−ln R̃)+(Ṽ−1−ln Ṽ)+

∫ t+τ

t
aΨI(s̃−τ)ds̃,

(4.3)
herein a > 0 be computed. We achieve, by applying Itô’s formula,

dV = ς1(S̃ − a)dB1(t) + ς2(Ẽ − 1)dB2(t) + ς3(Ĩ − 1)dB3(t) + ς4(R̃ − 1)dB4(t) + ς5(Ṽ − 1)dB5(t) + LVdt,

where

LV =(1 −
a
S̃

)
[
(1 − ν)Λ + ωR̃(t) − ΨS̃ Ĩ(t − τ) − νrS̃ (t) − dS̃ (t) − ηS̃ (t) + σṼ(t)

]
+ (1 −

1
Ẽ

)
[
ΨS̃ (t)Ĩ(t − τ) − (Q + d + l)Ẽ(t)

]
+ (1 −

1
Ĩ

)
[
QẼ(t) − (κ + d + l)Ĩ(t)

]
+ (1 −

1
R̃

)
[
Λν + κĨ(t) − (d + ω)R̃(t) + νrS̃ (t)

]
+ (1 −

1
Ṽ

)
[
ηS̃ (t) − σṼ(t) − dṼ(t)

]
+

aς2
1 + ς

2
2 + ς

2
3 + ς

2
4 + ς

2
5

2
+ aΨI(t) − aΨĨ(t − τ).

(4.4)

Now, simplifying and using the condition aΨ − (d + l) = 0, we obtain:

LV ≤ Λ + aνr + d(a + 4) + Q + 2l + κ + ω + η + σ +
aς2

1 + ς
2
2 + ς

2
3 + ς

2
4 + ς

2
5

2
:= §, (4.5)
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here § > 0, which is independent from S̃ (t), Ẽ(t), Ĩ(t), R̃(t), Ṽ(t). Thus,

dV(S̃ , Ẽ, Ĩ, R̃, Ṽ) = ς1(S̃−a)dB1(t)+ς2(Ẽ−1)dB2(t)+ς3(Ĩ−1)dB3(t)+ς4(R̃−1)dB4(t)+ς5(Ṽ−1)dB5(t)+§dt.
(4.6)

By integrating of Eq (4.6) in 0 to τn ∧ T̃ = min{τṅ, T̃}, then on both sides, considering the expected
value E, we can achieve

EV
(
S̃ (τk∧ T̃), Ĩ(τk∧ T̃), Ẽ(τk∧ T̃), R̃(τk∧ T̃), Ṽ(τk∧ T̃)

)
≤ §T̃ +EV

(
S̃ (0), Ĩ(0), Ẽ(0), R̃(0), Ṽ(0)

)
. (4.7)

Considering that Ωk= {τk ≤ T̃}, where n ≥ k1 according to Eq (4.2), it follows that P(Ωk) ≥ ϵ. This
implies that for every ϖ ∈ Ωk, at least one of S̃ (τk, ϖ), Ẽ(τk, ϖ), Ĩ(τk, ϖ), R̃(τk, ϖ), or Ṽ(τk, ϖ) can be
equal in terms of either 1

k or k, as follows

V
(
S̃ (τk ∧ T̃), Ĩ(τk ∧ T̃, Ẽ(τk ∧ T̃)), R̃(τk ∧ T̃), Ṽ(τk ∧ T̃)

)
≥ (− ln k + k − 1) ∧

(
− ln

1
k
+

1
k
− 1

)
. (4.8)

Through Eq (4.7), we get:

EV(S̃ (0), Ĩ(0), Ē(0), R̃(0), Ṽ(0)) + §T̃ ≥ E[1Ωk(ϖ)VS̃ (τk, ϖ), Ẽ(τk, ϖ), Ĩ(τk, ϖ), R̃(τk, ϖ), Ṽ(τk, ϖ)]

≥ ϵ(− ln k + k − 1) ∧
(
− ln

1
k
+

1
k
− 1

)
.

(4.9)

Using an indicator operator 1Ωk to represent the indication of Ωk, we can observe that as k
approaches infinity, we have:

∞ > EV(S̃ (0), Ẽ(0), Ĩ(0), R̃(0), Ṽ(0)) + §T̃ = ∞. (4.10)

This observation challenges the initial assumption, leading us to τ∞ = ∞. This conclusion serves as
proof for the desired outcome.

5. The existence of an ergodic stationary distribution

Here’in, a proper Lyapunov operator is created in the stochastic sense to deal with the positive root
to the system (3.1) [35], such that there is one of a single ergodic stationary division. First, consider
Y(t), which the stochastic differential equation in Rd has shown to be a regular time-homogeneous
Markov process.

dY(t) =
d∑

m=1

w̃m(t, Y(t))dBm(t) + z̃(Y(t − τ), Y(t), t)dt. (5.1)

The diffusion matrices for the process are,

∆(y) = (ℏi j(y)), ℏi j(y) =
d∑

m=1

w̃i
m(y)w̃ j

m(y).
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Lemma 5.1. The Markov process Y(t) possesses an ergodic stationary distributions π(.) if a bounded
set U ⊂ Rd exists with a continuous boundary Γ. Moreover,

(i) For every y ∈ U, t ∈ Rd,∃K > 0 such that
∑d

i, j=1 ℏi j(y)ζiζ j ≥ K|ζ |2.
(ii) ∀Rd\U, exists a positive C2 operator such that Ṽ; LṼ < 0.

Consider the stochastic approach’s fundamental model reproduction number as follows:

Rs
0 =
Λ(1 − η)ψQ

µ̂ϵ̂α̂γ̂
, (5.2)

where

µ̂ = d + νr + η +
ς2

1

2
, ϵ̂ = d + Q + l +

ς2
2

2
, α̂ = κ + d + l +

ς2
3

2
, γ̂ = d + ω +

ς2
4

2
, σ̂ = d + σ +

ς2
5

2
.

Theorem 5.2. Let Rs
0 > 1 for all cases d − ς2

1∨ς
2
2∨ς

2
3∨ς

2
4∨ς

2
5

2 > 0. Subsequently, for
(S̃ (0), Ẽ(0), Ĩ(0), R̃(0), Ṽ(0)) ∈ R5

+, there is one ergodic stationary division π(.) of the system given by
the model (3.1).

Proof. As a first step to prove the theorem, we check the conditions of Lemma 1 are satisfied. In order
to arrive at the outcome of (i), the diffusion matrix of the system given by model (3.1) is given as

∆ =


ς2

1S̃ 2 0 0 0 0
0 ς2

2 Ẽ2 0 0 0
0 0 ς2

3 Ĩ2 0 0
0 0 0 ς2

4R̃2 0
0 0 0 0 ς2

5Ṽ2


. (5.3)

Criterion (i) of Lemma 1 obeys, is positively definite at any of the compact subsets of R5
+.

We now check Criterion (ii). We consider C2-operator V : R5
+ → R in the underling as follows:

V(S̃ , Ẽ, Ĩ, R̃, Ṽ) =c1Ψ

∫ t+τ

t
Ĩ(s̃ − τ)ds̃ + N

(
c1Ψ

∫ t+τ

t
Ĩ(s̃ − τ)ds̃ − ln S̃ c1 − c3 ln Ĩ − c2 ln Ẽ

− ln R̃ − ln Ṽ
)

− ln S̃ − ln R̃ − ln Ṽ − ln Ẽ +
1

ϱ + 1
(S̃ + Ẽ + Ĩ + R̃ + Ṽ)ϱ+1

= NV1 + V2 + V3 + V4 + V5 + V6,

(5.4)

where

c1 =
ΛΨQ
û2ϵ̂α̂

+
η

û
, c2 =

ΛΨQ
ûϵ̂2α̂

+
σ

ϵ̂
, c3 =

ΛΨQ
ûϵ̂α̂2 .

Note that V(S̃ , Ẽ, Ĩ, R̃) is defined not only on every single point.However it also reaches +∞ as
(S̃ , Ẽ, Ĩ, R̃, Ṽ) is limited to R5

+ also ||(S̃ , Ẽ, Ĩ, R̃, Ṽ)|| → ∞. Due to this, we achieve a minor point,
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(S̃ (0), Ẽ(0), Ĩ(0), R̃(0), Ṽ(0)) within domain of R5
+. We also take C2− the operator Ṽ : R5

+ → R+ in the
following way:

Ṽ(S̃ , Ẽ, Ĩ, R̃, Ṽ) = c1Ψ

∫ t+τ

t
Ĩ(−τ + s̃)ds̃

+ N
(
− ln R̃ − ln Ṽ − ln S̃ c1 − c3 ln Ĩ − c2 ln Ẽ + c1Ψ

∫ t+τ

t
Ĩ(−τ + s̃)ds̃

)
− ln S̃

− ln R̃ − ln Ṽ − ln Ẽ +
1

ϱ + 1
(S̃ + Ĩ + Ẽ + R̃ + Ṽ)ϱ+1

− V(S̃ (0), Ĩ(0), Ẽ(0), R̃(0), Ṽ(0))
:= −V(S̃ (0), Ĩ(0), Ẽ(0), R̃(0), Ṽ(0)) + NV1 + V2 + V3 + V4 + V5 + V6.

(5.5)

Here (S̃ , Ẽ, Ĩ, R̃) ∈ (1
k , k) × ( 1

k , k) × (1
k , k) × ( 1

k , k) and k > 1 is a so larger integer,

V1 = c1Ψ

∫ t+τ

t
Ĩ(s̃ − τ)ds̃ − c1 ln S̃ − c2 ln Ẽ − ln R̃ − ln Ṽ − c3 ln Ĩ,

V2 = c1Ψ

∫ t+τ

t
Ĩ(s̃ − τ)ds̃ − ln S̃ ,

V3 = − ln Ẽ, V4 = − ln R̃, V5 = − ln Ṽ ,

V6 =
1

ϱ + 1
(S̃ + Ẽ + Ĩ + R̃ + Ṽ)ϱ+1,

ϱ > 1, fulfilling d− ϱ

2 (ς2
1 ∨ ς

2
2 ∨ ς

2
3 ∨ ς

2
4) > 0. The value of N > 0 is also much larger, obeying the result

−Nδ + R ≤ −2, and in this, we have δ = ΛψQ
µ̂ϵ̂α̂
− (d + ω + ς2

4
2 ) > 0

R = sup
(S̃ ,Ẽ,Ĩ,R̃,Ṽ)∈R5

+

(
−

1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
Ĩϱ+1

+νr + 2d + Q + l + ω + B +
ς2

1

2
+
ς2

2

2
+
ς2

3

2
+ η + σ +

ς2
5

2

)
,

(5.6)

and

B =: sup
(S̃ ,Ẽ,Ĩ,R̃,Ṽ)∈R5

+

{
Λ(S̃ + Ẽ + Ĩ + R̃ + Ṽ)ϱ −

1
2

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]

× (S̃ + Ẽ + Ĩ + R̃ + Ṽ)ϱ+1
}
< ∞.

(5.7)
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By applying Itô’s formula to V1, we get:

LV1 = −
c1Λ

S̃
+ c1νr + c1d +

c1ς
2
1

2
−

c2ΨS̃ Ĩ
Ẽ
+ c2(Q + d + l) +

c2ς
2
2

2

−
c3QẼ

Ĩ
+ c3(κ + d + l) +

c3ς
2
3

2
−
κĨ
R̃
+ (d + ω) +

ς2
4

2
+ c1ΨĨ(t)

− c1η + c5σṼ

≤ −3 3
√
ΛΨQc1c2c3 + c1

(
νr + d +

ς2
1

2
− η

)
+ c2

(
Q + d + l +

ς2
2

2

)
+ c3

(
κ + d + l +

ς2
3

2

)
+

(
d + ω +

ς2
4

2

)
+ c1ΨĨ(t) + c5σṼ

≤
ΛψQ
µ̂ϵ̂α̂

+

(
d + ω +

ς2
4

2

)
+ c1ψĨ(t) − c1η + c5σṼ

= −δ + c1ψĨ(t) − c1η + c5σṼ .

(5.8)

Similarly, we obtain:

LV2 = −
Λ

S̃
+ νr +

Λν

S̃
−
ωR̃
S̃
+ c1ψĨ +

ς2
1

2
−
ηS̃
S̃
+
σṼ
S̃
, (5.9)

LV3 = −
ψS̃ Ĩ(t − τ)

Ẽ
+ (d + Q + l) +

ς2
2

2
, (5.10)

LV4 = −
Λν

R̃
−
κĨ
R̃
−
νrS̃
R̃
+ (d + ω) +

ς2
4

2
+
ηS̃
R̃
−
σṼ
R̃
, (5.11)

LV5 = −
ηS̃
Ṽ
+ σ + d, (5.12)

LV6 = (S̃ + Ẽ + Ĩ + R̃ + Ṽ)ϱ
[
Λ − d(S̃ + Ẽ + Ĩ + R̃ + Ṽ) − lẼ − lĨ − lṼ − σṼ + ηS̃

]
+
ϱ

2
(S̃ + Ẽ + Ĩ + R̃ + Ṽ)ϱ−1(ς2

1S̃ 2 ∨ ς2
2 Ẽ2 ∨ ς2

3 Ĩ2 ∨ ς2
4R̃2 ∨ ς2

5Ṽ2)

≤ −(S̃ + Ẽ + Ĩ + R̃ + Ṽ)ϱ+1
[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
+ Λ(S̃ + Ẽ + Ĩ + R̃ + Ṽ)ϱ

≤ −
1
2

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
(S̃ ρ+1 + Ẽϱ+1 + Ĩϱ+1 + R̃ϱ+1 + Ṽϱ+1) + B.

(5.13)
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B is given in Eq (5.7). From Eq (5.13), we get the following:

LṼ ≤ −Nδ + Nc1ΨĨ −
1
2

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]

× (S̃ ϱ+1 + Ẽϱ+1 + Ĩϱ+1 + R̃ϱ+1 + Ṽϱ+1)

+ νr + 2d + Q + l + ω −
Λ

S̃
−
ωR̃
S̃
+ c1ΨĨ −

Λν

R̃
−
κĨ
R̃
−
νrS̃
R̃

+ B +
ς2

1

2
+
ς2

2

2
+
ς2

4

2
+
ς2

5

2
−
γṼ
S̃
+ γ −

Λ

Ṽ

≤ −Nδ + Nc1ΨĨ −
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]

× (S̃ ϱ+1 + Ẽϱ+1 + Ĩϱ+1 + R̃ϱ+1 + Ṽϱ+1)

+ νr + 2d + Q + L + ω −
Λ

S̃
−

1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
Iϱ+1

−
κI
R
+ ΨĨ −

νrS̃
R̃
−
ωR̃
S̃
+ B +

ς2
1

2
+
ς2

2

2
+
ς2

4

2
+
ς2

5

2
−
γṼ
S̃
+ γ.

(5.14)

For χ > 0, we define a closed bounded set as follows:

F =

{
(S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ R5

+ : χ ≤ S̃ ≤
1
χ
, χ1 ≤ Ẽ ≤

1
χ1
, χ2 ≤ Ĩ ≤

1
χ2
, χ3 ≤ R̃ ≤

1
χ3
, χ4 ≤ Ṽ ≤

1
χ4

}
.

(5.15)
Consider the criteria in R5

+\F, as follows

−
Λ

χ
+ J ≤ −1, (5.16)

−
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
χϱ+1 + J ≤ −1, (5.17)

−
κχ2

χ3
−
λχ5

χ1
+ Nc1ψχ2 + R ≤ −1, (5.18)

−
λχ5

χ1
+ J ≤ −1, (5.19)

−
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
] 1
χϱ+1 + J ≤ −1, (5.20)

−
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
] 1

χ
ϱ+1
1

+ J ≤ −1, (5.21)

−
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
] 1

χ
ϱ+1
2

+ J ≤ −1, (5.22)

−
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
] 1

χ
ϱ+1
3

+ J ≤ −1, (5.23)

−
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
] 1

χ
ϱ+1
4

+ J ≤ −1, (5.24)
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where

J = sup
(S̃ ,Ẽ,Ĩ,R̃,Ṽ)∈R5

+

{
Nc1ψĨ −

1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
Iϱ+1

+ νr + 2d + Q + l + ω + B +
ς2

1

2
+
ς2

2

2
+
ς2

4

2
+
ς2

5

2

}
.

(5.25)

For the new model, we redefine the sets Fi on the basis of the modified system. Assuming the new
model includes five compartments (S̃ , Ẽ, Ĩ, R̃, Ṽ), we have

R5
+\F =

10⋃
i=1

Fi,

where

F1 =

{
(S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ R5

+; 0 < S̃ < χ
}
,

F2 =

{
(S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ R5

+; 0 < Ẽ < χ1

}
,

F3 =

{
(S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ R5

+; 0 < Ĩ < χ2, Ẽ ≥ χ1

}
,

F4 =

{
(S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ R5

+; 0 < R̃ < χ3, Ĩ ≥ χ2

}
,

F5 =

{
(S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ R5

+; 0 < Ṽ < χ4, R̃ ≥ χ3

}
,

F6 =

{
(S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ R5

+; S̃ >
1
χ

}
,

F7 =

{
(S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ R5

+; Ẽ >
1
χ1

}
,

F8 =

{
(S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ R5

+; Ĩ >
1
χ2

}
,

F9 =

{
(S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ R5

+; R̃ >
1
χ3

}
,

F10 =

{
(S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ R5

+; Ṽ >
1
χ4

}
.

(5.26)

Case 1. For each (S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ F1, we achieve:

LṼ ≤ −
Λ

S̃
+ Nc1ψĨ + Nc2ψṼ −

1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
Ĩϱ+1

+ νr + 2d + Q + l + ω + B +
ς2

2

2
+
ς2

1

2
+
ς2

4

2
+
ς2

5

2

≤ −
Λ

S̃
+ J

≤ −
Λ

χ
+ J ≤ −1.

(5.27)
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This can be found in Eq (5.16). Thus, LṼ ≤ −1 for each (S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ F1.

Case 2. For each (S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ F2 yields the following

LṼ ≤ Nc1ψĨ −
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
Ẽϱ+1

−
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
Ĩϱ+1

+ νr + 2d + Q + l + ω + B +
ς2

2

2
+
ς2

1

2
+
ς2

4

2
+
ς2

5

2

≤ −
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
χ
ϱ+1
1 + J ≤ −1.

(5.28)

This can be found in Eq (5.17). As a result, LṼ ≤ −1 for each (S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ F2.
Case 3. For each (S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ F3, we obtain:

LṼ ≤ −
κĨ
R̃
−
λṼ
S̃
+ Nc1ψĨ

−
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
Ĩϱ+1

−
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
Ṽϱ+1

+ νr + 2d + Q + l + ω + B +
ς2

2

2
+
ς2

1

2
+
ς2

4

2
+
ς2

5

2

≤ −
κĨ
R̃
−
λṼ
S̃
+ Nc1ψĨ + R

≤ −
κχ2

χ3
−
λχ5

χ1
+ Nc1ψχ2 + R ≤ −1.

(5.29)

This can be found in Eq (5.18). As a result, LṼ ≤ −1 at each (S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ F3.
Case 4. For each (S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ F4, we obtain:

LṼ ≤ −
κĨ
R̃
−
λṼ
S̃
+ Nc1βĨ

−
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
Ĩϱ+1

+ νr + 2d + Q + l + ω + B +
ς2

2

2
+
ς2

1

2
+
ς2

4

2
+
ς2

5

2

≤ −
κĨ
R̃
−
λṼ
S̃
+ J

≤ −
κχ2

χ3
−
λχ5

χ1
+ J ≤ −1.

(5.30)

This can be found in Eq (5.18). As a result, LṼ ≤ −1 at each (S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ F4.
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Case 5. For each (S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ F5, we obtain:

LṼ ≤ −
λṼ
S̃
+ Nc1βĨ

−
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
Ĩϱ+1

+ νr + 2d + Q + l + ω + B +
ς2

2

2
+
ς2

1

2
+
ς2

4

2
+
ς2

5

2

≤ −
λṼ
S̃
+ J

≤ −
λχ5

χ1
+ J ≤ −1.

(5.31)

This can be found in Eq (5.19). As a result, LṼ ≤ –1 at each (S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ F5.

Case 6. For each (S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ F6, we obtain:

LṼ ≤ −
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
S̃ ϱ+1 + Nc1ΨĨ

−
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
Ĩϱ+1

+ νr + 2d + Q + l + ω + B +
ς2

2

2
+
ς2

1

2
+
ς2

4

2
+
ς2

5

2

≤ −
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
S̃ ϱ+1 + J

≤ −
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
] 1
χϱ+1 + J ≤ −1.

(5.32)

This can be found in Eq (5.20). Thus, LṼ ≤ –1 at each (S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ F6.

Case 7. For each (S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ F7,, we obtain:

LṼ ≤ −
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
Ẽϱ+1 + Nc1ψĨ

−
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
Ĩϱ+1

+ νr + 2d + Q + l + ω + B +
ς2

2

2
+
ς2

1

2
+
ς2

4

2
+
ς2

5

2

(5.33)

≤ −
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
Ẽϱ+1 + J

≤ −
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
] 1

χ
ϱ+1
1

+ J ≤ −1.
(5.34)

This can be found in Eq (5.21). As a result, LṼ ≤ −1 at each (S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ F7.
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Case 8. For each (S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ F8, we obtain:

LṼ ≤ Nc1βĨ −
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
Ĩϱ+1

−
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
Ĩϱ+1

+ νr + 2d + Q + l + ω + B +
ς2

2

2
+
ς2

1

2
+
ς2

4

2
+
ς2

5

2

(5.35)

≤ −
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
Ĩϱ+1 + J

≤ −
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
] 1

χ
ϱ+1
2

+ J ≤ −1.
(5.36)

This can be found in Eq (5.22). Thus, LṼ ≤ –1 at each (S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ F8.
Case 9. We achieve, for each (S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ F9,

LṼ ≤ Nc1βĨ −
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
R̃ϱ+1

−
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
Ĩϱ+1

+ νr + 2d + Q + l + ω + B +
ς2

2

2
+
ς2

1

2
+
ς2

4

2
+
ς2

5

2

(5.37)

≤ −
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
R̃ϱ+1 + J

≤ −
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
] 1

χ
ϱ+1
3

+ J ≤ −1.
(5.38)

This is implied by Eq (5.23). Hence, at any (S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ F9, LṼ ≤ –1.
Case 10. For each (S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ F10, we obtain

LṼ ≤ Nc1βĨ −
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
Ṽϱ+1

−
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
Ĩϱ+1

+ νr + 2d + Q + l + ω + B +
ς2

2

2
+
ς2

1

2
+
ς2

4

2
+
ς2

5

2
.

(5.39)

≤ −
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
]
Ṽϱ+1 + J

≤ −
1
4

[
d −

ϱ

2
(ς2

1 ∨ ς
2
2 ∨ ς

2
3 ∨ ς

2
4 ∨ ς

2
5)
] 1

χ
ϱ+1
4

+ J ≤ −1.
(5.40)

This implies from Eq (5.24). Hence, at any (S̃ , Ẽ, Ĩ, R̃, Ṽ) ∈ F10, LṼ ≤ −1.
Similarly, we can show that Result (ii) of Lemma 1 will be satisfied. According to the findings,

there is one stationary distribution pi(.). of the model (3.1) .
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6. Construction of the asymptotical extinction

The phenomenon of extinction in stochastic models refers to the state in which the entire
population or system ceases to exist or diminishes to zero. This occurrence is observed in various
stochastic models, including those in epidemiology, ecology, and finance. In an epidemiological
model, the extinction of a disease signifies its complete eradication from the population, resulting in
no remaining infected individuals. In an ecological model, species extinction indicates the complete
disappearance of a population, leading to its absence in the ecosystem. Similarly, in financial models,
the extinction of a company or financial instrument signifies its loss of value or viability. Studying the
factors that contribute to the extinction of stochastic models is essential for policymakers and
researchers to develop effective strategies that mitigate or prevent the consequences of an happening
like this. The following lemmas provide insight into the reduction or disappearance of epidemics.

Lemma 6.1. Assume thatM∗ = {M∗t}t≥0 is a real-valued continuous locally martingale vanish at t = 0.
Consequently, we obtain

• lim
t→∞
⟨M∗,M∗⟩t = ∞ → lim

t→∞

M∗ t
⟨M∗,M∗⟩t

= 0,
along with,
• lim

t→∞
sup ⟨M

∗,M∗⟩t
t < ∞ → lim

t→∞

M∗ t
t = 0,

where ⟨M∗,M∗⟩t represents the quadratic variation ofM∗.

Lemma 6.2. Assume that (S̃ , Ẽ, Ĩ, R̃, Ṽ) is a solution of the model (3.1) with under the initial solution
(S̃ (0), Ẽ(0), Ĩ(0), R̃(0), Ṽ(0)) ∈ R5

+.Then, it folows

• lim
t→∞

S̃ (t)
t = 0, lim

t→∞

R̃(t)
t = 0. lim

t→∞

Ĩ(t)
t = 0, lim

t→∞

Ẽ(t)
t = 0, lim

t→∞

Ṽ(t)
t = 0,

Moreover, whenever d > ς2
1∨ς

2
2∨ς

2
3∨ς

2
4∨ς

2
5

2 ; subsequently

• lim
t→∞

∫ t
0 S̃ (e)dB1(e)

t = 0, lim
t→∞

∫ t
0 Ĩ(e)dB3(e)

t = 0, lim
t→∞

∫ t
0 Ẽ(e)dB2(e)

t = 0,

lim
t→∞

∫ t
0 R̃(e)dB4(e)

t = 0, lim
t→∞

∫ t
0 Ṽ(e)dB5(e)

t = 0.

Theorem 6.3. Whenever d >
ς2

1∨ς
2
2∨ς

2
3∨ς

2
4∨ς

2
5

2 and Rs
0 < 1, the solution of (3.1) obeys the following

conditions:

lim
t→∞

sup
1
t

ln(κ(Ẽ + Ĩ) + (κ + d + l)R̃)

≤ Ψ + (νr + Λν)(κ + d + l) −
1

2(κ)2

{
κ2ς

2
3

2
∧ (κ(d + l) +

ς2
2

2
) ∧ (κ + d + l)2(d + ω +

ς2
4

2
)
}
< 0,

(6.1)

and lim
t→∞

〈
S̃
〉
= Λd a.s.
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Proof. By applying the Itô’s formula to U(t) = κ(Ẽ + Ĩ) + (κ + d + l)R̃ + λṼ , we obtain

d ln U(t) =
{ 1
κ(Ẽ + Ĩ) + (κ + d + l)R̃ + λṼ

×

[
κψS̃ Ĩ(t − τ) − κ(d + l)Ẽ + (κ + d + l)Λν

+ (κ + d + l)νrS̃ − (d + ω)(κ + d + l)R̃ + ληS̃ − λ(σ + d)Ṽ
]

−
κ2ς2

2 Ẽ2 + κ2ς2
3 Ĩ2 + (κ + d + l)2ς2

4R̃2 + λ2ς2
5Ṽ2

2(κ(Ẽ + Ĩ) + (κ + d + l)R̃ + λṼ)2

}
dt

+
κς2Ẽ

κ(Ẽ + Ĩ) + (κ + d + l)R̃ + λṼ
dB2 +

κς3 Ĩ
κ(Ẽ + Ĩ) + (κ + d + l)R̃ + λṼ

dB3

+
(κ + d + l)ς4R̃

κ(Ẽ + Ĩ) + (κ + d + l)R̃ + λṼ
dB4 +

λς5Ṽ
κ(Ẽ + Ĩ) + (κ + d + l)R̃ + λṼ

dB5

(6.2)

≤ (ψ + (κ + d + l)νr + λη)S̃ dt −
1

κ(Ẽ + Ĩ) + (κ + d + l)R̃ + λṼ

{
κ2ς

2
3

2
Ĩ2

+

(
κ2(d + l) +

ς2
2

2

)
Ẽ2 + (κ + d + l)2

(
d + ω +

ς2
4

2

)
R̃2 + λ2

(
σ + d +

ς2
5

2

)
Ṽ2

}
dt

+
κς2Ẽ

κ(Ẽ + Ĩ) + (κ + d + l)R̃ + λṼ
dB2 +

κς3 Ĩ
κ(Ẽ + Ĩ) + (κ + d + l)R̃ + λṼ

dB3

+
(κ + d + l)ς4R̃

κ(Ẽ + Ĩ) + (κ + d + l)R̃ + λṼ
dB4 +

λς5Ṽ
κ(Ẽ + Ĩ) + (κ + d + l)R̃ + λṼ

dB5

(6.3)

≤ (ψ + (κ + d + l)νr + λη)S̃ dt −
1

2(κ)2

{
κ2ς

2
3

2
∧

(
κ2(d + l) +

ς2
2

2

)
∧ (κ + d + l)2

(
d + ω +

ς2
4

2

)
∧ λ2

(
σ + d +

ς2
5

2

) }
dt

+
κς2Ẽ

κ(Ẽ + Ĩ) + (κ + d + l)R̃ + λṼ
dB2 +

κς3 Ĩ
κ(Ẽ + Ĩ) + (κ + d + l)R̃ + λṼ

dB3

+
(κ + d + l)ς4R̃

κ(Ẽ + Ĩ) + (κ + d + l)R̃ + λṼ
dB4 +

λς5Ṽ
κ(Ẽ + Ĩ) + (κ + d + l)R̃ + λṼ

dB5.

(6.4)

We have, from the model (3.1),

d(S̃ + Ẽ + Ĩ + R̃ + Ṽ) =
[
Λ − d(S̃ + Ẽ + Ĩ + R̃ + Ṽ) − lẼ − lĨ − σṼ

]
dt

+ ς1S̃ dB1 + ς2ẼdB2 + ς3 ĨdB3 + ς4R̃dB4 + ς5ṼdB5.
(6.5)

By integral the previous equation from 0 to t, we obtain

〈
S̃ + Ẽ + Ĩ + R̃ + Ṽ

〉
=
Λ

d
+ ¥2(t), (6.6)
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where

¥1 =
1
d

[1
t
(S̃ (0) + Ẽ(0) + Ĩ(0) + R̃(0) + Ṽ(0)) −

1
t
(S̃ (t) + Ẽ(t) + Ĩ(t) + R̃(t) + Ṽ(t))

− l

∫ t

0
Ẽ(e)de

t
− l

∫ t

0
Ĩ(e)de

t
− σ

∫ t

0
Ṽ(e)de

t

+
ς1

∫ t

0
S̃ (e)dB1

t
+
ς2

∫ t

0
Ẽ(e)dB2

t
+
ς3

∫ t

0
Ĩ(e)dB3

t
+
ς4

∫ t

0
R̃(e)dB4

t
+
ς5

∫ t

0
Ṽ(e)dB5

t

]
.

(6.7)

By utilizing Lemmas 2 and 3, we obtain lim
t→∞
¥1(t) = 0 a.s.

Thus,

lim
t→∞

sup
〈
S̃ + Ẽ + Ĩ + R̃ + Ṽ

〉
=
Λ

d
a.s. (6.8)

We achieves through integration of Eq (5.40),

ln U(t)
t
≤

(
ψ + (νr + Λν)(κ + d + l + σ)

)
−

1
2(κ)2

{
κ2

2

ς2
3

2
∧ (κ2(d + l + σ) +

ς2
2

2
)

∧ (κ + d + l + σ)2(d + ω +
ς2

4

2
)
}
+ ¥2(t),

(6.9)

where

¥2(t) =
ln U(0)

t
+
κς2

t

∫ t

0

( Ẽ(e)
κ(Ẽ + Ĩ + Ṽ) + (κ + d + l + σ)R̃

dB2

)
+
κς3

t

∫ t

0

( Ĩ(e)
κ(Ẽ + Ĩ + Ṽ) + (κ + d + l + σ)R̃

dB3

)
+

(κ + d + l + σ)ς4

t

∫ t

0

( R̃(e)
κ(Ẽ + Ĩ + Ṽ) + (κ + d + l + σ)R̃

dB4

)
+
κς5

t

∫ t

0

( Ṽ(e)
κ(Ẽ + Ĩ + Ṽ) + (κ + d + l + σ)R̃

dB5

)
.

(6.10)

Again, from Lemmas 2 and 3, we achieve

lim
t→∞
¥3(t) = 0 a.s.

As Rs
0 < 1, we achieve, by taking the upper limit of (46),

lim
t→∞

sup
ln U(t)

t
≤ (ψ + (νr + Λν)(κ + d + l + σ))

−
1

2(κ)2

{
κ2ς

2
3

2
∧ (κ2(d + l + σ) +

ς2
2

2
)

∧ (κ + d + l + σ)2(d + ω +
ς2

4

2
) ∧ (κ2(d + l + σ) +

ς2
5

2
)
}

< 0.

(6.11)
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This shows that

lim
t→∞

Ẽ(t) = 0, lim
t→∞

Ĩ(t) = 0, lim
t→∞

R̃(t) = 0, and lim
t→∞

Ṽ(t) = 0 a.s.,

which shows that the disease I will vanish with probability one. Consequently, follows the desired
asymptotical result lim

t→∞
⟨S ⟩ = Λd a.s.

7. Machine learning-based computational results and analysis

In this section, we present the numerical solutions for three different cases of the S̃ Ẽ ĨR̃Ṽ epidemic
model using Bayesian regularization neural networks (BRNNs). The numerical solutions are computed
on the basis of three distinct initial conditions, as outlined in Table 2. These initial conditions allow for
a comparative analysis of the model’s behavior under varying outbreak scenarios.

The BRNN approach ensures stability and robustness in the estimation process, effectively
minimizing overfitting and improving generalization. The numerical representations of the solutions
illustrate the dynamic evolution of susceptible, exposed, infected, and recovered populations
over time.

Except for the initial conditions, the remaining model parameters are kept constant throughout the
simulations. These parameter values are chosen on the basis of epidemiological considerations and
previous studies to reflect realistic transmission dynamics. The results are then analyzed to assess
the BRNN method’s efficiency in approximating the epidemic model’s underlying dynamics. Λ =
0.10, ν = 0.231, ω = 0.021, ψ = 0.312, νr = 0.021, d = 0.123, Q = 0.051, l = 0.612, k =
0.351, η = 0.213, σ = 0.519 [21].

Table 2. Initial values for model (3.1).

Case 1 Case 2 Case 3
S̃ 0 0.58 0.53 0.50
Ẽ0 0.48 0.45 0.41
Ĩ0 0.38 0.33 0.10
R̃0 0.28 0.25 0.21
Ṽ0 0.18 0.13 0.10

Table 3. The differential model of S̃ Ẽ ĨR̃Ṽ is evaluated using the L −MBNNs method.

Case MSE Gradient Performance Epoch Mu
Training Testing

1 4.7721 × 10−11 5.5539 × 10−11 1.18 × 10−11 8.06 × 10−11 38 1
2 6.6757 × 10−11 5.0981 × 10−11 9.12 × 10−08 2.41 × 10−11 9 1
3 8.6824 × 10−12 4.2394 × 10−11 5.54 × 10−08 7.67 × 10−12 11 1

Table 3 presents the matching training procedures employed in the study. The ST values derived
from the dynamic S̃ Ẽ ĨR̃Ṽ epidemic model’s optimal performances are displayed in Figure 1. The
BRNNs form the basis for the ST and the mean squared error (MSE) output performances of the
dynamical S̃ Ẽ ĨR̃Ṽ epidemic model. These performances are based on the validation, training, and
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best curves plotted in Figure 1(a),(c),(e). The best validation values for solving the nonlinear S EIR
epidemic model are obtained at Epochs 38, 9, and 11, with values of 8.056×10−11, 2.4091×10−11, and
7.6716 × 10−12, respectively.

Figure 1. A compartmental model showing the transitions among the susceptible (S),
exposed (E), infected (I), recovered (R), and vaccinated (V) populations.

Figure 1(b),(d),(f) authenticates the gradient measures using BRNNs to solve the dynamic S̃ Ẽ ĨR̃
epidemic model. The gradient performances are recorded as 1.1775 × 10−08, 9.1182 × 10−08, and
5.5444 × 10−08. These results detail the Bayesian regularization process and the accuracy of an
artificial neural network (ANN) procedures for the dynamical form of the S̃ Ẽ ĨR̃Ṽ epidemic model.

Figure 2(a),(c),(e) displays the evaluations of the results-based authentication targets, training
outputs, error curves, test scores, and fitness.

Figure 2(b),(d),(f) for the dynamical s̃Ẽ ĨR̃Ṽ epidemic model illustrates zero-error performances
through the Epidemic Hypotheses (EH) testing, trainning, and authentication values. The EHs are
represented as −6.5 × 10−07,−4.6 × 10−07, and −2.5 × 10−07 for the dynamical form of the S̃ Ẽ ĨR̃Ṽ
epidemic system.

Figure 3 employs the training, authentication, and test measures for the dynamic S̃ Ẽ ĨR̃ṼṼ
epidemic model to validate the correlation operator values. The correlation is reported as a perfect
representation of the model. The Mean Squared Error (MSE) convergence reflects the model’s
complexity by incorporating generation, testing, backpropagation, authentication, and training phases
within the BRNNs framework. A comprehensive summary of these results is provided in Table 2,
highlighting their effectiveness in solving the dynamic S̃ Ẽ ĨR̃Ṽ epidemic model.

Comparative evaluations for the dynamic S̃ Ẽ ĨR̃ epidemic model are shown in Figures 4 and 5. The
ANN procedures utilize Bayesian regularization and absolute error (AE) measure comparisons.
Figure 4 highlights the accuracy of the BRNN scheme for different variations of the dynamical
S EIRV epidemic system. Figure 5 further validates the AE values for each dynamic variation of
S EIR epidemic model.
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Start: Define the SEIRV epidemic model

Set the initial conditions and parameters

Train the Bayesian regularization neural network (BRNN)

Convergence criteria met? Adjust the hyperparameters and re-train

Simulate the epidemic model with BRNN

Analyze the MSE, gradient, performance, and epoch values

Compare the results with traditional SEIRV models

End: Validate the model and interpret results

Yes

Figure 2. Flowchart of the BRNN application to SEIRV epidemic model.
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Figure 3. The dynamic S̃ Ẽ ĨR̃Ṽ epidemic model’s performance as solved by MSE and STs.
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Figure 4. EH measures and estimations of the results for the dynamic S̃ Ẽ ĨR̃Ṽ epidemic
model.

The AE measures for the dynamical S̃ Ẽ ĨR̃Ṽ epidemic model’s special predator category E(t) range
from 10−5 to 10−8, 10−5 to 10−7, and 10−5 to 10−7 for Cases 1–3, respectively. The AE measures for
the special predator category I(t) range from 10−5 to 10−7, 10−5 to 10−8, and 10−5 to 10−9 for Cases
1–3, respectively. Similarly, the AE measures for the special predator category R̃ range from 10−4 to
10−6, 10−5 to 10−8, and 10−5 to 10−9 for Cases 1–3, respectively. These AE results confirm the accuracy
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of the ANN methods using Bayesian regularization for solving the dynamical S EIR epidemic model.
Figures 6 and 7 present the reference solutions and the corresponding AE of the computed solutions.
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Figure 5. The performance of the regression for the dynamic S̃ Ẽ ĨR̃Ṽ epidemic model.
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Figure 6. Achieved and reference results of the S̃ Ẽ ĨR̃Ṽ epidemic model.
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Figure 7. The values of the AE for the S̃ Ẽ ĨR̃Ṽ epidemic model.

8. Conclusions

The impact of time delay in the spread of the new coronavirus strain within the S̃ Ẽ ĨR̃Ṽ model has
been analyzed using a stochastic approach. In this framework, stochastically selected agents are
modeled as white Gaussian noise to account for external environmental variations. Our analysis,
supported by numerical simulations, demonstrates that these stochastic influences play a crucial role
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in mitigating and controlling the epidemic. The results indicate the presence of a unique stationary
distribution that remains ergodic under conditions of low white noise intensity. Various visualization
techniques have been employed to effectively illustrate these findings.

The stochastic S̃ Ẽ ĨR̃Ṽ model represents a significant advancement in understanding the
epidemiological characteristics of COVID-19. By incorporating environmental noise (perturbations)
and crossing immunity effects, this model provides a novel perspective on disease dynamics. Our
findings suggest that the interplay between time delay and white noise significantly influences
infection’s disappearance while adding complexity to the system’s behavior. Furthermore, we have
conducted extensive numerical investigations to develop a robust stochastic computing platform based
on BRNNs for solving the S̃ Ẽ ĨR̃Ṽ epidemic model. This computational approach enhances accuracy
and stability in predicting disease progression and control measures.

9. Limitations and future work

While our model incorporates a single time delay, it may not fully capture the variability in
incubation and infectious periods across individuals. Additionally, the stochasticity considered is
limited, and the ANN-based simulations were trained on synthetic data rather than
real-world datasets.

Future extensions of this research may include the incorporation of control variables such as
vaccination strategies and targeted treatment interventions. These enhancements will provide deeper
insights into epidemic control measures and further refine the predictive capabilities of the stochastic
S̃ Ẽ ĨR̃Ṽ framework. Future work can also extend this model by incorporating multiple or distributed
time delays, refining stochastic noise structures, and integrating real epidemic data for more
accurate predictions.
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