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Abstract: It is always a difficult and hot topic to effectively explore the dynamic behavior of
phytoplankton-zooplankton models. Thus, we investigated dynamic properties and a numerical
solution of a fractional-order phytoplankton-zooplankton ecological model (PZEM) that incorporates
the effects of toxic substances and additional food transmission in the environment. First, stability,
Turing instability, Hopf bifurcation, and weakly nonlinear analysis were analyzed for the PZEM.
Second, a new high-precision numerical method was developed for the fractional PZEM without
diffusion terms. We compared the method with other methods to determine the effectiveness of the
present method. A discretization method was established for the PZEM with diffusion term. Finally,
numerical simulation verified the feasibility of the theory. Numerical simulations showed the chaotic
attractor and some novel pattern dynamical behaviors of the PZEM.

Keywords: chaotic attractor; pattern; numerical simulations; Hopf bifurcation analysis;
phytoplankton-zooplankton model; weakly nonlinear analysis

1. Introduction

Due to the difficulty in measuring the biomass of plankton, mathematical models of plankton
populations are important methods for understanding the physical and biological processes of
plankton. Various phytoplankton-zooplankton models (PZMs) have been studied: An NPZD
model [1], a stochastic PZM [2], a plankton-nutrient system [3], a marine phytoplankton-zooplankton
ecological model (PZEM) [4], Trophic phytoplankton-zooplankton models (PZM) [5], a bioeconomic
PZM with time delays [6], a two-zooplankton one-phytoplankton PZM [7], a phytoplankton and two
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zooplankton PZM with toxin-producing delay [8], planktonic animal and plant PZM [9], and other
PZMs [10-12]. In [12], Wang et al. investigated the following PZEM:

plant growth plant loss
QZVPI—E)— e]PZ
dt K 1 +€1h]P+€2h2A, (1 1)
4z nme PZ + n,e,AZ 7 Pz :
- = - T. - O .
d 1+e P+ ehA — h+P
natural death —
animal gain animal death

Fractional-order reaction-diffusion equation can describe the dynamic behavior of real systems
more accurately. In recent years, fractional-order models have made remarkable progress in fields
such as biomedicine, ecology, and public health. In biomedicine, fractional-order models have been
used to study tumor growth [13] and hepatitis B virus (HBV) treatment [14], revealing their
advantages in describing the complex dynamic behaviors of biological systems. In ecology,
fractional-order models have demonstrated their potential in the study of ecosystem complexity by
analyzing the dynamic behaviors of plant-herbivore interactions [15]. In public health, the fractional
model has been applied to analyze the transmission of smoking behavior [16] and the correlation
between human papilloma virus (HPV) and cervical cancer [17], highlighting their utility in public
health research. These studies not only enrich the theoretical application of fractional models but also
have made significant progress in numerical analysis, providing new tools and methods for solving
complex biomedical and ecological problems [13, 17]. For example, in ecology, fractional PZEMs can
more accurately describe the complex dynamics of ecosystems, including population fluctuations and
interactions. Li et al. [18] studied an established fractional-order delayed zooplankton-phytoplankton
model. Javidi and Ahmad [19] studied dynamic analysis of time fractional-order phytoplankton-toxic
PZM. Kumar et al. [20] studied a fractional plankton-oxygen modeling. The proposed fractional-order
PZEM extends traditional integer-order models by incorporating memory effects through fractional
derivatives, which better capture long-term ecological interactions. This model accounts for toxic
substances and additional food transmission, factors critical to understanding algal blooms, and
population collapse. Models often neglect cross-diffusion and fractional dynamics, limiting their
ability to simulate complex spatiotemporal patterns. Our work bridges this gap, offering insights into
chaotic attractors and pattern formation under realistic ecological constraints. In this paper, we
investigate the following fractional-order PZEM:

plant growth plant loss plant dif fusion
911 p p e\ PZ —5
— =rP|1-—=]- + d“VP,
o1
PZK IA-EelhlP + er A (1 2)
a VL1€1 + n262 .
L = - 1Z -0 + dy VPP +dyVZ |
1+e P+ ehA — h+P
natural death Y plant and animal dif fusion
animal gain animal death

where P and Z represent the population densities of phytoplankton and zooplankton, respectively, at
time t. V? stands for the Laplacian operator of the two-dimensional plane, £ is a bounded connected
region with smooth boundaries 022, and d;, and d3; represent the diffusion coefficients of phytoplankton

Networks and Heterogeneous Media Volume 20, Issue 2, 648-669.



650

and zooplankton, respectively. These parameters characterize the stochastic movement of individuals
within a population from areas of high concentration to those of lower density. d,; is a cross-diffusion
coeflicient that indicates the effect of the presence of phytoplankton on the movement of zooplankton
populations. «;(i = 1,2) is the fractional-order orders, 0 < @; < 1 and ‘gif , (Z;ZQZ are the Griinwald-
Letnikov (GL) fractional derivative. ¢ is the time variable. The meanings of the parameters in the
model are shown in Table 1.

Table 1. Parameter and biological significance in the model.

Parameter Ecological Significance

r The intrinsic growth rate of phytoplankton

K The carrying capacity of the environment for phytoplankton

hy The time zooplankton need to process one unit of phytoplankton

hy The time zooplankton need to process one unit of supplementary food
el The capacity of zooplankton to prey on phytoplankton

The capacity of zooplankton to forage for supplementary food
The nutritional value of phytoplankton

The nutritional value of supplementary food

The biomass of supplementary food

The mortality rate of zooplankton

The proportion of toxins released by phytoplankton

The half-saturation constant

=S 42330

Several numerical schemes have been used to solve the Fractional-order reaction-diffusion
equation, the Galerkin method [21, 22], the Fourier spectral method [23, 24], the finite difference
method [25, 26], the operational matrix method [27, 28], and so on [29-34]. In this paper, we
investigate dynamic properties and numerical solutions of the fractional-order PZEM (1.2). The major
contributions of this paper are as follows:

(a) The concept of the phytoplankton-zooplankton ecological model is first extended to
fractional-order PZEM that incorporates the effects of toxic substances and additional food
transmission in the environment. This model leverages the memory effect of fractional-order
derivatives to more effectively capture biological significance compared to traditional
integer-order models.

(b) Stability, Turing instability, Hopf bifurcation, and weakly nonlinear property are analyzed for
the PZEM. a new high-precision numerical method is developed for the fractional PZEM without
diffusion term, and a discretization method is established for the PZEM with a diffusion term.

(c) Numerical simulations show some novel chaotic attractor and pattern dynamical behaviors of
the PZEM.

The paper is organized as follows: In Section 2, we give the stability and Hopf bifurcation analysis.
In Section 3, we detail weakly nonlinear analysis. In Section 4, we give the numerical algorithm and
the numerical simulation results of the system. Finally, in Section 5, we the summarize paper.
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2. Stability analysis

In this section, we investigate the stability of the equilibrium point and the emergence of Hopf
bifurcation. Let

e nih
n=emhP, v= —IZ, t=rT, k=emK, a= 1—2,
r I’lzhl
n ne>h T T
r=—1, (=224 m=- u=-, G=ehh.
rhy n r r

Equation (1.2) is converted to the following form:

gti’lllﬁ = ﬁ(l - %) - 1+Z‘2+ﬁ + dlvzu’ 2.1
0% — _ t(a+)v - v d V2— d VZ— ( : )
ey —m—mv—ﬂm+ H»Viu + dzVvVey,
Where, d] = 61h]d11,d2 = €1h1d21,d3 = %ld31.
2.1. Stability analysis
We analyze the stability of Eq (2.1) without the diffusion term.
0%l — _ — i uy
o U= u(l ~ Z) T Tval+i? 22
02 — _ 1(@+l)v - iy ( . )
a2 " T Tval+u my—pfeg-
Solving the following equation:
a(l-2%)- 22— =0,
{ r(gmv ! et 0 (2.3)
T+ac+a W T HGam T Y
We can get the following equilibrium points of Eq (2.2):
Ey=(0,0), E =0, E =@@,v), (2.4)
where
* — % ﬁ*
vVi=(l+al+u )(1——).
K
u” represents the positive solution to the quadratic equation (2.5)
Dlﬁz + Dzﬁ + D3 =0, (25)
where
Dy =1-m-u,Ds =1(G - mG - malG,D, = 1{ +1G — mal — mG — uyal — yu—m.
Solving Eq (2.5), we can get:
—w _ —(tl+tH-mal—mH—pal—pu—m) + \/(T{H’H—ma{—mH—,ua{—y—m)z—4(T—m—y)(T{H—mH—ma{H)
Uy, = 2r—m—p) * 2r—m—p) ’
(2.6)

= +al+a)(1-5).

Networks and Heterogeneous Media Volume 20, Issue 2, 648-669.



652

The Jacobian matrix associated with E* = (i*, ¥*) is formulated as follows
J= [6111 6112] , 2.7)
a dx
where
1 2u* V(1 +al) u
a = - - —’ a = ——’
! k  (1+al+a)? 2 1 +al + o
W +al -0 B uw*G T+ ) it

ary

n=TT s, M- e
1 +al+u G+

T A+al+wyY  (Grw)
When (a4, a;) = (1, 1), the characteristic equation at the equilibrium point is as follows:

B+ Trod+ 89 =0, (2.8)
where,

Tro = ay + ax, Ny = ajjaxn — axa.

Leta=0.55,7=4.1,=0.72,G = 8.43,u = 0.79,k = 2.38, and m = 2.45. The system’s equilibrium
point and its associated eigenvalues are presented in Table 2.

Table 2. The calculation results of the equilibrium point, eigenvalue, and argument of the

system.

Equilibrium point Eigenvalues of Jacobian matrix Stability

0 0 —0.3354 1 Unstability
2.3800 0 -1 0.7421 Unstability
0.3131 1.4843 0.0138-0.4838i 0.0138+0.4838i Unstability

It can be seen from Table 3 that all three equilibrium points are unstable points, and the system may
generate chaos. Next, we introduce a high-precision numerical method for numerical simulation.

Table 3. Comparison of methods for problem (2.9) when 8= 0.9 and ¢ € [0, 1].

a=04 a=0.7 a=1

h=001 h=005 h=001 h=005 h=001 h=0.05
Closed-from solution [35] 3.2307e-02 5.4302e-02 4.5734e-02 2.5713e-01 2.0716e-01 4.5136e-01
Present method 8.9463e-05 5.6724e-04 9.1684e-05 7.3524e-04 2.1527e-04 4.5136e-03

Method

2.2. Numerical comparison

In simulations of this section, let @ = 1.1,7 =4.4,{ =0.8,G =8,n =1.75,k =53, and m = 2.5
and initial conditions uy = 1 and vy = 1. We set the time step size 4 = 0.01 and the time as T = 600
for simulation. Figure 1 shows numerical results at (a1, ;) = (0.895,0.994).

We consider the following fractional order GL initial value problem

{ny(t) =,

2.9
¥(0) = 0. (29)
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Numerical simulations are performed for Eq (2.9). Compared with the closed-from solution, the
simulation results of the high-precision numerical method are in good agreement with the simulation
results of other methods, and the accuracy is higher. This verifies the effectiveness of the high-precision
numerical method.

25 5

Present method -~~~ Present method
- - - - closed-from P ---- Closed-From
/o

—— Present method
4 ~——~ closed-from

0 100 200 300 400 500 600 0 0.5 1 1.5 2 25
t u

(a) Time series plots (b) u — v phase diagram (c) phase diagram

Figure 1. Comparative numerical result of the two methods of the model (a, 7, {, G, n, k, m) =
(1.1,4.4,0.8,8,1.75,5.3,2.5), a; = 0.895, and a, = 0.994.

2.3. Brief description of the numerical methodology

We first consider the following GL differential equation:

d(l
e (0= fy@). (2.10)
According to [36], we can get the high-precision numerical method [36-39]:
a (@,p)
(@) = hf oy o)) = ) 9y (1), (2.11)

i=1
where,

ﬁgl/,P) — go,k = O,
9@P) _ikg(l — e 9P =12 -1
) g =12.p-1,

i i (2.12)
(@.p) & lta (@.p)
9P =L ;()(1 —i—"gd, " k=p,p+1,p+2,..
g 1 1 1 --- 1 )
g 1 2 3 -+ p+1 1
o= _|1 22 32 ... (p+1)? 21. (2.13)
g, 1 22 30 ... (p + 1)1’ p

Where m = [t;/h] + 1, h is the step size. Therefore, a high-precision numerical method for the
system (2.2) is the following

— _ a5 Mgy ) k-1 Vil - m (@1.p) - .
{uk_h (s (1 - 820) = 2ie) + o = 2L, 9"

= _ (it + V-1 = Vi1 = m  g(@2,p)=
Vi = h*? (— — mv_; —um) + Vg — Zj:] 19j Vi—j.

(2.14)

1+ad+i
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According to [36,40], the least common order of the system is identified as 0.9819. Let (ay,a;) =
(1.05,0.95),a = 0.55,7 = 4.1,{ = 0.72,G = 843,u = 0.79,k = 2.38, and m = 2.45, and the
characteristic equation of the system is given by
10667/121 24789/119 N 1039692
28823 90071 4437077
with characteristic roots A1, = 1.0358 + 0.0439i, as |arg (1,,) | = 0.0423 < 75- This indicates that the
instability of the system may generate chaos. It can be seen from Figure 2 that the system generates

chaos. The chaotic phenomenon of the system gradually disappears over time and tends to a
stable state.

A% (2.15)

26 , ! . : 25

phytoplanktonby’
zooplankton

o

Zzooplankton

phytoplanktonby and zooplankton

04 ey .
0.2 0.4 06 0.8 1 12 phytoplanktonby 0 t 0 100 200 300 400 500
phytoplanktonby t

Figure 2. Numerical simulation of phase diagrams and time series plot of system (2.2) at
(a1, ay) = (1.05,0.95).

We set different orders (a;, @) = (1.1,0.95) to observe the influence of the order on the dynamic
behavior of the system at parameters @ = 0.55,7 = 4.1, = 0.72,G = 8.43,n = 0.79, « = 2.38, and
m = 2.45. The characteristic equation of the system is given by

10667 ,, 24789 19+_1039692 ~
28823 90071 4437077

with characteristic roots 4;, = 1.0021 + 0.2687i, as |arg (1;5)| = 0.2620 < 7o It indicates that the

instability of the system may generate chaos. It can be seen from Figure 3 that the system is in a
quasi-periodic state.

A4 (2.16)

w

phytoplanktonby
zooplankton

Zzooplankton
= N
EEESER

phytoplanktonby and zooplankton
o
3}

o

S}

0 0.2 0.4 0.6 0.8 1 12 14 phytoplanktonby o\ } t 100 200 300 400 500
phytoplanktonby t

Figure 3. Numerical simulation of phase diagrams and time series plot of system (2.2) at
((1’1, (1’2) = (11, 095)

To gain a clearer view of the system’s dynamic behavior, Figure 4 shows the phase diagram of the
system under different a orders.
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35

=[0.993,0.993]
a=[1,1] |
e 0, =[1.007,1.007)

=[0.993,0.993]
a=1,1]
2=[1.007,1.007]

251

il x~>‘\\.\\\"\*ﬂ‘\§§“\}}\\\‘\¥'-
\\-\‘i\\ \ \\\_\\\n.\l\ i ._'ll-'-' \
o Qi‘n\ﬁf‘-1}"|\-f1m|
i il ‘WI

zooplankton
zooplankton
;5]

1000

0 0.5 1 15 phytoplankton 0 o t
phytoplankton

Figure 4. Comparison of the phytoplankton-zooplankton phase diagram of the system (2.2)
at different fractional-order derivatives.

2.4. Hopf bifurcation analysis

Next, we explore the potential for a Hopf bifurcation at E*. A Hopf bifurcation is critical as it
marks a transition in the model’s stability and the emergence of periodic solutions. To achieve this, the
characteristic roots of system (2.2) must be purely complex.

The solution to system (2.2) is obtained as follows:

Tro = |Try —4dety

A1p = 5 . 2.17)

When a = 1, system (2.2) undergoes a destabilizing Hopf bifurcation under the conditions try = 0
and dety > 0. Given that the stability of system (2.2) is influenced by the fractional derivative, this
derivative can be considered a parameter in the Hopf bifurcation. We now determine the conditions for
the Hopf bifurcation for system (2.2) around parameter E., @ = a;:

(1) At the equilibrium point E,, the Jacobian matrix possesses a pair of complex conjugate
eigenvalues A,, = a; + ib;, which transition to being purely imaginary at @ = a;;

(2) m(a;) = 0 where m (@) = a5 - 1n<1ii<1§|arg ) 1;

3) %, # 0.

B(I a=a

We now demonstrate that E, experiences a Hopf bifurcation as a crosses the value «;,.

Proof. Given that trj — 4 dety < 0 and 7ry > 0, the eigenvalues form a complex conjugate pair with a

positive real component. Thus,
A ’4 dety —lr(%
1

0<arg(Ap) =tan"' | —— < T (2.18)
tro 2

tro tro tro

_ \[4 dety —tr?
and o% > ‘tan 1(—0)

for some . Let ;% = |tan‘1 (

\/4 dety —trg )

\/4 detg —tré )

,getay, = %tan‘l(

Moreover, W| _ =% # 0. Therefore, all Hopf conditions satisfy.
@ la=ay
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3. Weakly nonlinear analysis

Above, we analyze the dynamical behavior of fractional system (2.2). The expression of the
solution of system (2.1) involves more complex special functions, such as the Mittag-Lefller function
and other hypergeometric functions. Although the form of the solution exists, its expression is very
large. Therefore, in this section, we reveal various spatiotemporal behaviors around the Turing
bifurcation threshold d, and derive the amplitude equations associated with system (2.1) at
a1 = @, = 1 using multi-scale and weakly nonlinear analysis. The solution of system (2.1) is written
in the following form:

where (A;‘ A ) represents the magnitude of the wave vector g, fulfilling the condition that |q j| =qr.

Adding a perturbation to the equilibrium point E*(u*,v*), such that & = #* + u, v = V" + v, and
substituting them into system (2.1), and performing a Taylor expansion, we can get the following
form:

<l
|

) + s A/ T+ c.c. (3.1
* - Alj} b

J

<l

g—b; =anu+apv+ k20M2 + k02V2 + kjjuv + k301/l3 + k03V3 + k21u2v + klzuvz + dlvzl/t, (3 2)
% = ay U + anv + Myl + MepV? + mpuv + mag® + mosv> + mou’v + mpuv? + doaVeu + dsV>v,
where
koo =0, ko3 =0, k=0, mp=0, my3=0, my=0,
1+al +al-Or uG
ki =TT o Mu = o .
(1 +al+u) (1 +al +u*) (G + )
1+al -1l +al -9 uG
kyy = —————=, my = 3 T — 3>
1+ al +u) (1 +al +u*) (G +u)
(1+ad)(1-5) t(1-Z)d+al-0 G
= - s m = _ - _ s
0 (1 +al +ir*)? 0 (1 +al + i*)? (G + )
1 (+ap(1-1) —t(l+al-0(1-%) 6w
kg() = -+ — s mypg = — + — .
K (1 + al + u)? (1 + al + u)? (G + )3
Let U = (u,v)" and system (3.2) can be simplified as
oUu
Y LU +N(U,U), (3.3)

_(an + d1V2 ain
B ar + d2V2 ay + d3V2 ’

where

N = kz()btz + k02V2 + klluv + k30u3 + k03v3 + k21u2v + k12MV2
Magl> + MoV + myUc + Mgl + mozv> + My u>v + myuv?
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Here, L denotes a linear operator and N represents a nonlinear operator.
We expand parameter d, with a sufficiently small parameter £, so we can obtain:

d; = sdgl) + 8261;2) + 83d§3) + 0(63) .

We develop variable U and nonlinear term N, respectively, the small parameter &:
U:( " ) :8( h )+£2( 12 )+83( 13 )+O(83),
1% 141 Vo V3
N = &N, +&N; + O (&),

where

2
N, = k201/t1 + k1juivq
2= 2
MmpolU] + mpu1vy

3 2
N = 2krouius + kyjuiva + kijuavy + k3()ul + k21u1v1
3= .
2mooU Uy + My U Vo + My UV, + l’ng()l/t? + lell%Vl

We decompose operator L into the following form:
L=L.+(d-d})M,

where

I = d\V? + ay apn M= by by,
¢ dgV2+6121 d3V2+6122 ’ b21 b22 )

(3.4)

(3.5)

(3.6)

(3.7)

Using the multiple-scale approach, we differentiate the system’s time scales into 7, = &t,T, =
£’t, T3 = &t, which are mutually independent. Consequently, the time derivative can be articulated as:

a 0 , 0 ; 0 3
at_gaTl +88T2+86T3+O(£).

Substituting Eqgs (3.4)—(3.8) into Eq (3.3), we can obtain the following equation:

SILC(MI ):O,
V1

0 (u 0 (u u u
SR A el Iy (e e I 0.7 Bl I V] Bl I 8
¢ V3 oT, \ v2 " 0T, \ v 2 1% 2 V| :
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The 1* order of (O (¢)):

LC( th ): 0. (3.12)

The solution of Eq (3.12) is

3
( 1‘1‘ ): ( ‘f )Z(W,-e"qﬂ) +cc., (3.13)

j=1
where ¢ = a”__““i?q% , qj| =qcqc =qr (dzT ) Additionally, W; denotes the amplitude of €%,
The 2™ order of (O (82))1

w \_ 0 fw ) ur N _ [ Fu
L"(VZ)_aTl(vl) d M(Vl) Nz—(FV , (3.14)

F! and F( j =1,2,3) are the coefficients with respect to €'4/” in F, and F,, respectively.
Using the Fredholm solvability condition for Eq (3.14), the vector function on the right-hand side
must be perpendicular to the zero eigenvalue of L. The zero eigenvector of L, is:

( ! )e-l'qf" +cc, j=1,2,3, (3.15)
¥
with ¥ = —Zzl::—jz}qq%. From the orthogonal condition:

F, .

Utilizing the Fredholm solvability condition as stated in Eq (3.16), we arrive at the following:

(@ +¥) G = a5 moWy + 2 (1 + ymy) Wa W,

(o +y¢) 65—‘;/12 = d"noWa + 2 (i1 + yp) ?1?3, (3.17)
(@ +¥) 52 = d5 moWs + 2 (1 + ymn) Wi W,

where

no = (¢b11 + b)) + Y (pbyy + b)),
m = skaoo® + kirg,
m = %mzosé?z +m.

Next, higher-order disturbance terms are introduced:

3 3
u \ [ U Uj \ igr Ujj \ aig;r
(vz)_(Vo)+Z(Vj )e +,Z; V7 Jer s (3.18)

=1 J

( Ve )ei("'—qz)-r + ( l\iﬂ )ei("Z‘qz)" + ( 331 )ei(‘l3“1')" +c.c..

12 23 31
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We substitute formulas (3.13) and (3.18) into formula (3.10). By solving the equations
corresponding to different modes, it is known that the coefficients have the following forms:

U 7]
( 0 )z( o )(|W1|2+ |W2|2+|W3|2), Uj = ¢Yj,

Vo Voo
U;; U U;; " —
7 = W27 l = - WiW"
j . j
Vi Vi1 Vij 4
where
Uoo _ ) anMi — ani (3.19)
P00 anan=anan \ g n, — a1 ’ ’
_ ainm—(an—4dsgn
U _ | (an—4dig2)an—4dsg2)—~(ax —4d] q2)ar (3.20)
V1 - (ax1 —4d3 q2)m—(ai1—4d g2 ’ :
(a11-4d\q2)(an—4d3q2)—(ax —4d} g)ar
_ anm—(an-3dsg2)m
U -2 (a11-3d1q2)(an-3d3q2)— (a2 -3d; q2)an (3.21)
v, - (a21-3d g2)m—(ai1=3d1¢2)m : :

(a11-3d1g2)(an-3d3g})—(az1-3d} gParn
From the orthogonal condition, we obtain:

(@ +u) (92 + G1) = no (AP Wi +d5" 1) = [(Q1 + WRD WP + (Qa + wRy) (IWal + 1Ws2)| Wy
+2.( + ym) (WaYs + W3Y3),
(@ + W) (57 + G) = no (dP W + &5Y2) = [(Q1 + YR IWal + (Qa + yRo) (IW1 [ + W3l | W

ar, T o1, (3.22)
+2 (i + yma) (Wi Y3 + W3Yy),
@+ ) (57 + F2) = no (dPWs + &5"Y3) = [(Q1 + YR IWSP + (Q2 + yRy) (IWal” + Wi )| W
+2 (i + ym) (WaY1 + WiY3),
where
Q1 = — Qkyy + ki) (uoo + ui1) — ki (voo + vi1) — 3kso<,03 - 3k21902,
0> = — ko + ki1) (oo + 1,) — @kyy (Voo + v,.) — 6ksop” — 6karp?,
Ry = = emag + myy) (oo + u11) — myy (Voo + vi1) — 3msep” — 3ma 7,
Ry = — Qemyg + myy) (oo + u.) — omyy (oo + v.) — 6msgp® — 6my ¢°.
The amplitude A; is the coeflicient of €4 at each level, so
Aj=eW;+Y;+0(&). (3.23)

Substituting Eqgs (3.17) and (3.22) into Eq (3.23), we get the following amplitude equations:

TO% =nZ) + x2oZs — |g1lZi* + g2 (IZzl2 + |Z3|2) Zi,
1022 =02y + X212 — 91| + 82 (121 + |Z5) | 22, (3.24)
TO% =nZs+ X212 — |g1lZ3)* + g2 (|Z1 > + IZzlz) Zs,
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where
dr, —d!
n=——>2

d,

_ gty
dY [(pbiy + b1o) + ¥ (pbay + by)]’
= kao@? + 2ki1¢ + maog@™ + 2my o
d [(@b11 + b12) + W (pbay + b))

b

7o

g1 = Q1 + YR,
1 — )
d; [(pb11 + b12) + ¥ (¢boy + b))
0> + YR,
82

) d} [(¢b11 + bro) + ¢ (gbay + by)]

Since each amplitude A; = w jeigf' (j=1,2,3) in Eq (3.24) can be decomposed into mode w; = |A|]
and phase angle 6;, substituting A; into Eq (3.24) to separate the real and imaginary parts yields the
following equation:

w2w2+w2w2+w2w2 .
To‘g—f =121 23 zwlzuzjn 23 gin 6,
dw) ) 3 2 2
T0Z = W1 + YWrw;3 cost —|g1w; + & (w2 + w3) wi |, (3.25)
dwp _ 3 2 2 )
To=, = W1 + Ywrw3 €086 — |g1w] + &2 (a)2 + w3) w1,
ow; __ 3 2 2
Too, = w1 + Ywrws cos 8 — |g1wy + &2 (w2 + a)3) w],

where, 6 = 6, +6,+65. From Eq (3.25), it can be deduced that the solution is stable under the conditions
X >0, =0and y <0,y = n. The solutions of Eq (3.25) are shown in Table 4.

Table 4. The relationship between pattern shape and steady-state solutions.

Conditions Solution Pattern shape
— wi=wr=w3=0 Stationary state
— w; = /1, wr =w3=0 Strip pattern
81
- + X2 +4(g +2
n>n = i, S— W =Wy =ws = i \/X (81 + 262) Hexagon pattern
4(g1 +2¢2) 2(g1 +2¢)
2 IX| n- glw% .
82 > 81,1 > 1w wy = , Wy = W3 = 4| —— Mixed state
82— 81 81+ &2

4. Numerical simulation

In this section, we conduct numerical simulations to verify the theoretical analysis and observe its
pattern dynamic behavior. In order to observe the dynamic behavior, we introduce the numerical
method of the PZEM model (2.1). If 0 < a; < 1(i = 1,2), the time derivative is expressed by
formula (2.11), and the space derivative is expressed by the following formula (4.2). If
a; = 1(i = 1,2), we employ the Euler discretization approach for conducting numerical simulations in
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a two-dimensional domain 2 = [0, L,] X [0, Ly]. We select L, = 250, L, = 250, a time increment

At = 0.2, and a spatial increment 44 = 0.69. We denote ”Zq =u (xp,yq, nAt) and qu = v(xp,yq, nAt).
The model (2.1) is discretized using the Euler method, as outlined below:

—n+l - _ -n =
g~ =i (1= o \ gV + d V2"
At 1z K T+ad+il, 1 IZk 4.1)
‘_’Z:;]_‘_’pq — T(E‘;f{)v;q —m" - pgVpq +d VZI/_tn +d VZ‘—}n '
A T el pg ~ MG, T 92V Upg T A3V Vg
where
Vzﬁ _ Hpr1gritilp-1g-1Hlpr1g-1Hp-1.g+1 +4(ﬁp+1,q+ﬁp*l,q+ﬁp,q+l +’2p,61*1)_20’7pq
pg = 6i2 ’ 4.2
V2— _ ‘_’p+1,q+1+‘_’p-qu-l+‘_’p+1,q—1+‘7p-qu+l+4(‘_’p+1.q+‘_’p-qu+‘_’p,q+l+‘_’p»q-l)_20‘_’pq ( ’ )
Vpg = 62 :

Next, we select the parameters shown in Table 5 and use Eq (4.1) to conduct numerical simulations.

Table 5. Parameter values.

a T e G n K m K d, d, d;
055 41 072 843 079 238 245 191 0.0036 0.00158  0.0141

The parameter values are shown in Table 5, and the calculation results are as follows:
E* =1(0.3131,1.4843),x = -0.4312,7 = 0.2461, 79 = 0.3270, g; = 1.2869, g, = 1.7464.
The initial conditions are specified as follows:
u(x,y,0) =u,(1+0.1(rand - 0.5)),v(x,y,0) = v, (1 + 0.1 (rand - 0.5)) .

The outcomes of the numerical simulation indicate that speckle and mixed-structure patterns emerge
in the graphical representation with this particular set of parameters, as illustrated in Figure 5.

(a) Phytoplankton density distribution (b) Zootoplankton density distribution
pattern. pattern.

Figure 5. Density distribution pattern of system (2.1) at @ = 0.55,7 = 4.1,{ = 0.72,G =
8.43,n=0.79,k = 2.38,m = 2.45,d, = 0.0036,d, = 0.00158,d5 = 0.0141,and a; = a, = 1.
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Now, we use the parameters in Table 5 and symmetric initial conditions to perform numerical
simulations by changing parameters d;, d,, and d3. Numerical simulation was carried out with other
parameters remaining unchanged, and the results showed that there is a symmetric mixed structure
solution. The subsequent figure illustrates the intricate pattern evolution of the symmetric mixed
pattern across parameters. We select the following symmetric initial conditions:

— I/t*, X,y € (80’ 120) >
u(x,y,0) = { u* —0.001, other,

— V*, X,y € (80’ 120) ’
V(.X',y, O) - { v = 0.001, other.

50 100 150 200 250

(a;) t = 10000 and (a;) t = 10000 and (az) t = 10000 and
d> = 0.003 d, = 0.004 d, = 0.005

Phytoplankton density distribution pattern.

v v
250 250 250

200 200 3 200

150 150 150

100 100 100

50 100 150 200 250 50 100 150 200 250 50 100 150 200 250

(b1) t = 10000 and (by) t = 10000 and (b3) t = 10000 and
d, = 0.003 d, = 0.004 d, = 0.005

Zootoplankton density distribution pattern.

Figure 6. Population density distribution pattern of phytoplankton and zootoplankton with
with different parameters d; = 0.002 and d5 = 0.018.

Figure 6 shows the spatial distribution patterns of phytoplankton and zooplankton at different
diffusion coefficients, d,. The diffusion coefficient d reflects the influence of phytoplankton on the
distribution of zooplankton. When d, = 0.003, phytoplankton and zooplankton form highly clustered
patterns, with zooplankton closely following the prey. When d, = 0.005, phytoplankton and
zooplankton are more dispersed, and the zooplankton pattern is more complex. This indicates that the
diffusion ability of phytoplankton affects the hunting efficiency of zooplankton, and zooplankton tend
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to migrate to areas with a high density of phytoplankton. When d, = 0.004, the distribution densities
of phytoplankton and zooplankton are between the distribution densities of phytoplankton and
zooplankton at d, = 0.003 and d, = 0.005.

Let d; = 0.002,d, = 0.004, and d3 = 0.015 through the observation of the distribution pattern
of plankton population density in Figure 7. At ¢ = 6000, the system presents an incomplete pattern
structure. Phytoplankton begins to form an irregular pattern distribution, while zooplankton shows
an aggregation pattern following predation. At ¢ = 8000, the pattern structure gradually forms a
stable state. At ¢t = 10000, the system reaches a stable state and forms a predator aggregation area
that is misaligned with the plant pattern. We find that as time goes by, #, the distribution pattern of
plankton population density becomes more complex. This indicates that the system presents a complex
competitive process over time. This reflects the process by which the ecosystem reaches a stable state
through dynamic adjustment.

50 100 150 200 250

(a;) t = 6000 (az) t = 8000
Phytoplankton density distribution pattern.

250 250

200 200 (A

150

150

100 100

50 100 150 200 250 50 100 150 200 250

(b1) t = 6000 (by) t = 8000 (b3) t = 10000
Zootoplankton density distribution pattern.

Figure 7. The distribution patterns of phytoplankton and zooplankton population densities
at different time periods.

Let parameter d; = 0.002,d, = 0.004, and d; = 0.017, the patterns of phytoplankton and
zooplankton at different times are shown in Figure 8a; — a4 and Figure 8c; — c¢4. For diffusion
coeflicients at d; = 0.002,d, = 0.006, and d; = 0.017, the patterns of phytoplankton and zooplankton
at different times are shown in Figure 8b; — by and Figure 8d; — ds. In Figure 8, the density of
phytoplankton gradually increases over time. It can be seen from the pattern that the difference
between the high-density area and the low-density area significantly increases. The internal structure
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of the pattern becomes more complex, showing more details and layers. The distribution pattern of
zooplankton shows a significantly misaligned predation aggregation area with that of plants, and the
density of predation hotspots continues to increase over time. It can be seen from the pattern that the
spatial distribution of phytoplankton and zooplankton shows complex dynamic behaviors.

50 100 150 200 250

100

(ay) t = 6000 and (a3) t = 12000 (as) t = 15000
d> = 0.004 d> = 0.004 and d» = 0.004 and d> = 0.004

(b1) t = 6000 and (b2) t = 9000 and (b3) t = 12000 (bsy) t = 15000
d> = 0.006 dy = 0.006 and d, = 0.006 and d = 0.006

Population density distribution pattern of phytoplankton.

(c1) t = 6000 and (c2) t = 9000 and (c3) t = 12000 (ca) t = 15000
d> = 0.004 d> = 0.004 and d» = 0.004 and d> = 0.004

(d1) t = 6000 and (d2) t = 9000 and (d3) t = 12000 (ds) t = 15000
dr = 0.006 dy = 0.006 and d, = 0.006 and d = 0.006

Zootoplankton density distribution pattern.

Figure 8. Population density distribution patterns of phytoplankton and zootoplankton with
parameters d; = 0.002 and d; = 0.017.
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Through the analysis of the patterns of phytoplankton and zooplankton, we see that, as time goes
by, the patterns of zooplankton evolve from simple patterns to complex ones, demonstrating the
complexity of this ecosystem. The diffusion coefficient is highly sensitive to the generation of
patterns. A smaller diffusion coeflicient leads to more regular and symmetrical patterns, while a larger
diffusion coefficient results in more complex and irregular patterns, significantly affecting the
distribution pattern of plankton. The initial conditions and diffusion coeflicient significantly impact
the long-term ecological behavior of the model. Moreover, initial conditions affect the formation of
the pattern, while the parameters affect the distribution structure of the ecosystem.

5. Conclusions

We combine theoretical analysis with numerical simulation to deeply explore the dynamic
behavioral characteristics of the fractional-order PZEM. In theoretical analysis, we conduct stability,
Turing instability, Hopf bifurcation, and nonlinear analysis for the PZEM. In numerical methods, we
develop a high-precision numerical method for fractional-order PZEM without diffusion terms and
verify the superiority of this method through comparison with other methods. Moreover, an effective
discretization method is established for the model with diffusion terms. The numerical simulation
results not only verify the correctness of the theoretical analysis, but also demonstrate complex
dynamic behaviors at different diffusion coefficients. Moreover, the system presents significantly
different spatial pattern evolution characteristics. The results reveal that the diffusion coefficient is
crucial to the generation of patterns. A bigger diffusion coefficient will lead to more complex and
irregular pattern structures, which directly affects the spatial distribution patterns of plankton
populations. Furthermore, the initial conditions and the diffusion coefficient have a decisive influence
on the long-term ecological behavior of the model: The initial conditions affect the formation process
of the pattern, while the diffusion coefficient affects the dynamic evolution of the pattern structure. In
future work, we will explore the response mechanism of the system at the coupling effect of multiple
factors, as well as the effect of dynamic behavior for fractional-order.
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