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Abstract: We study positive solutions to the integral system

K P
u(x) = L]v(y)d for all x € RY,
) =y
L —-q
vy = [ B o all x e RY,

|x — y|INF
RN

where p,g > 0, @, € (0,N) and K, L : RV — (0, co0) are continuous functions which satisfy C;(1 +
X7 < K(x),L(x) < Co(1 + |x)™ in R", for some ¥ > 0 and constants C, > C; > 0. We discuss
the existence, nonexistence, and uniqueness of positive solutions to the above system with respect to
a,B, p,q, and y. We also classify the finite and infinite total mass solutions of the system.
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1. Introduction and the main results

In this paper, we are concerned with the study of positive solutions to the following integral system:

K P
u(x) = L}\](y)d for all x € RY,
) lx = y|¥=
Lt (1.1)
vy = [ EOO) ) forall x € RY,

) |x — y|V-F
R

where p,g > 0, a,8 € (0,N), and K, L : RN — (0, c0) are continuous functions which satisfy:

Ci(1 +|xD)7” < K(x),L(x) < Co(1 +|x)™” inRY, (1.2)
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for some y > 0and C, > C; > 0.

We investigated positive solutions (u, v) of Eq (1.1), that is, functions u, v € C(RY) such that u,v > 0
and satisfying Eq (1.1) pointwise in RY. Our study is motivated by the Matukuma equation [1, 2]
introduced in the 1930s to describe the dynamics of globular clusters of stars. Mathematically, the
Matukuma equation reads as |

’=0 inR? 1.
1+|x|2u 0 in (1.3)

Au +

where p > 1. Solutions of Eq (1.3) which tend to zero at infinity satisfy the integral equation

u(y)?

u(x) = ——~ __dy forall xeR’.
w el + b
Also, the quantity
: f g (1.4)
a7 Jos T+ P '
is called the total mass of the solution u of Eq (1.3) (see [3,4]). The extended integral equation
p
u(x) = uQy) dy forallxeRY,N >3 (1.5)

gy X = YIVU(1 + [y[2)

was studied in [5], and the behavior of positive solutions was discussed in [6—8] (see also [9-13]). The
case of negative exponents, that is,

|Na

was recently investigated in [14] under the conditions p > 0, & € (0,N), and C;(1 + |x)? < K(x) <
C>(1 + [x[) in RY, for some 8 > 0 and C, > C; > 0. Integral systems with negative exponents
were considered in the case of half-space in [15, 16] and in the case of whole-space in [17-19] (see
also [20-24] for further results).

The aim of the present paper is to discuss various qualitative properties of the positive solutions
to Eq (1.1). We start our study of Eq (1.1) with the following nonexistence result which extends and
improves Theorem 1.1 in [14].

Theorem 1.1. (Nonexistence)
Let 1 < 51,8, < 00 be such that

max{a+N(£+—)ﬁ+N(i+l)}>7. (1.6)

52 S1 S1 S2
Then, Eq (1.1) has no positive solutions (u,v) € L*'(RV) x L2(RV).

We notice that if max{e, 5} > v, then Eq (1.6) is clearly fulfilled and we directly obtain the following
corollary.

Corollary 1.2. Let 1 < 51, 5, < 0. If one of the conditions below holds,

(1) max{a,B} >yand 1 < sy, 5, < oo;
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(il) max{a,B} > yand 1 < 51,5, < 00, (51, 52) # (00, 00);
then Eq (1.1) has no positive solutions (u,v) € L' (RV) x L2(RM).

Next, using some integral identities from harmonic analysis, we can construct an exact solution to
Eq (1.1).

Theorem 1.3. (Exact solution)
Assume that y > 2N and let

K(x)=(1+x)72, Lx) =1+ xP)72
Then, there exist C,D > 0, and p,q > 0 depending on a, 3,7y, and N such that

{u(x) = C(1 +]xP)~ 7

v RY, 1.7
v(x) = D(1 + [xP) 7 e (47

is an exact solution to Eq (1.1).

The condition y > 2N is needed to ensure that pg # 1, which is a restriction in our argument.

Next, we turn to the existence of a solution to Eq (1.1) in a more general framework. Given two
positive functions f,g : RV — (0, o) we use the symbol f ~ g to denote that the quotient f/g is
bounded between two positive constants on RY. Our result in this case is stated below.

Theorem 1.4. (Existence)
Assume max{a, B} < .

(1) Ifmax{a,B} <y <N, 0<p< %, and( < g < z%i, then the integral system (1.1) has a solution
(u,v) such that

Y=B-4(y—a)

v(x) = (1 +[x])" T

Moreover, (u,v) € C™*RN) x C™(RN) for some u,v € (0, 1).
) Ify>N,0<p< ?V;_[;, 0<gc< X,_T]Z and pq < 1, then the integral system (1.1) has a solution
(u,v) such that

_y=a=p(y-p)
{u<x>:<1+|x|) =

v(x) = (1 +[x])PV.
Moreover, (u,v) € C™*RN) x C™RN) for some p,v € (0, 1).

{u(x) ~ (1 + x>,

The existence of a positive solution to Eq (1.1) is achieved using the Schauder fixed-point theorem.
One major difficulty in our approach is the fact that C(R") is not a suitable space to work on, due to
its lack of compactness. Instead, we shall use an approximation argument and construct solutions to
Eq (1.1) over a sequence of expanding balls in RY. Further, using some integral estimates which are
universal (see Lemma 2.2 below), we are able to obtain the solution to Eq (1.1) through a limit
argument. Our argument requires a restriction in the range of exponents p and ¢ as stated in
Theorem 1.4 above. Let us point out that the restrictions on p, g in Theorem 1.4(i1) are natural. They
appear again in Theorem 1.5 and Theorem 1.6 below.

Next, we show that Eq (1.1) may have a unique solution in some ranges of exponents p and g. This
is stated in the following result.
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Theorem 1.5. (Uniqueness)

Assume 0 < p < va;_]; and 0 < g < X,;_[Z If pq < 1, then the integral system (1.1) has a unique

positive solution (u,v) in C(RY) x C(RM).

Finally, and in analogy to the case of a single equation (see Eq (1.4)), we say that a solution (i, v)
of system (1.1) has finite total mass if:

fK(x)v(x)"’dx <oo and fL(x)u(x)_qu < 00, (1.8)

RN RN

Otherwise, we say that (u, v) has infinite total mass.
QOur last result in this section is stated below

Theorem 1.6. (Finite and infinite total mass solutions)
Let (u,v) be a positive solution oqu (1.1).

@) If0<p<i=5 and 0<qg<i= then (u,v) has finite total mass. Moreover
tim 1" u) = [ Koy, (19)
RN
|1|im XY Py(x) = f L(y)u(y)™dy. (1.10)
RN

— =N

o P> N ﬁ, then (u,v) has infinite total mass.

(ii) If either p = & Z, q> 1= or q=

The remainder of this paper is organized as follows. In Section 2, we recall some results related
to the Riesz potential and its regularity. Section 3 is devoted to the proof of Theorem 1.1. Further,
Theorems 1.3—1.5 are proved in Sections 4, 5, and 6. The method we develop in the article can be
used to study integral systems of type (1.1) with different signs of exponents. This will be explained
in Section 7. Throughout this paper, C, ¢, ¢y, ¢, ... denote positive constants whose values may change
from line to line, unless otherwise stated. By B,, we denote the open ball in RY centered at the origin
and having radius r > 0.

2. Preliminary results

Let f € L (RM). The Riesz potential of order y € (0, N) of f is given by

loc

yf()—fl f(y‘/l)N dy forall x e RV,

For a, € (0, N), we define

Topf() = ( f lxﬂdy Ly)dy) for all x € RY,

PV P
RN RN
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and for n > 0 we also set

J) J g)

ey ) =y
B, B,

Japnf(x) = ( dy) for all x € B,.

We recall the following lemma from [25] and [26].

Lemma 2.1. Assume s > 1is such thata—1 < % <aandf-1< % <. Let u :a—%andv:ﬁ—%

Then, the Riesz operators
Jag : LRY) = CH®RY) x C*"RY)

and
Ja,,B,n : Ls(Bn) - CO#(Bn) X CO’V(Bn)

are COntinuous.
From [14], we recall the following integral estimates that extend to those in [27].
Lemma 2.2. Let n > 1 be an integer, « € (0,N), and o > «.

(1) If @ < 0 < N, then there exist c;, > c; > 0 independent of n such that for all x € B,, we have

dy
(1 +xD*7 < f < co(1 + [x)*e. 2.1
: (1 + |y —yV-o =72

n

(i1) If o > N, then there exist c; > ¢y > 0 independent of n such that for all x € B,,, we have

dy
(1 + yl)7|x — y|N-@

(1 + 1)V < < (1 + x>V, (2.2)

(iii) There exist c; > ¢ > 0 independent of n such that for all x € B,, we have

dy

(1 + |y|)N|x — le—(x < C2(1 + |x|)a_N log(e + |X|) (23)

ci(1 + [xD)*Nlog(e + |x]) <

3. Proof of Theorems

3.1. Proof of Theorem 1.1

Assume that (u,v) € L*'(R") x L*>(R") is a positive solution of Eq (1.1) for some 1 < sy, 5, < 0.
Case 1: 5, = 5, = co. Then, u and v are bounded, and Eq (1.6) yields a > y.
For all x € RN\ B,, we deduce

K() f dy
C >C .
u(x) 2 f ey’ (1 + ) |x — yPV-e

[y[=[2x]

We notice that
vl = [2x] = |x = y[ < [x] + [y] < 2yl.
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Together with @ > v, they yield

ux) = C f Q)" Ndy = C f "7 dt = 0.

[y[=[2x] 2lx|

(3.1

This contradicts the assumption that u is bounded, implying that Eq (1.1) has no positive solution in

L'(RY) x L2(RY).
Case 2: 1 < 51, 5, < co. Without loss of generality, from Eq (1.6) we may assume

1
a'+N(£+—)>y.
S2 S1

Let R > 1. Then,
K(yw™(y) J
T A4

u(x) =
|x — y[¥=e
RN
V_p
> ») ~ dy.
(I + [yD)7x — yN=
[yI<R

If |x|, [yl < R, then [x —y| <2Rand 1 + [y] < 1 + R < 2R. We estimate

u(x) > Cf ) dy

2Ry+N—(x
Bg

= CR”_V(% f v (y)dy)

Br

ZCR“‘V(I% f (vSZ(y))—%dy).
Bg

By Jensen’s inequality, we obtain

j _P

u(x) > CR"_’(R—lN fv”(y)dy)_’r2 = CR“_”]Zzp(fv”(y)dy) E

Br Br

This yields

([ v o) un > .
Br
Since v € L2(RY), the above estimate implies
( f v’ (y)dy) ") = CR™™%  forall x € By.
RN
This yields
u(x) > CR**%  in By,

(3.2)
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and then
Nps;

w'(x) > CRO

fum ()C) > CR(G*)’)SNLN%IHV.

Bg

Since @ —y + N (i + i) > 0 holds, letting R — oo in the above estimate, we deduce

fusl (x) = oo.

RN
This contradicts the assumption that u € L*'(R"), implying that Eq (1.1) has no positive solution in
LS'(RY) x L2 (RY).
Case 3: 1 < 51 < o0 = s;. In this case, Eq (1.6) yields

N N
max{oz+ —, B+ _q} > .
S S

N
If @ + — > 7, as in the estimate Eq (3.1), we obtain
S1

u(x) > C f > Ndy = C f @4t forall |x| > 1.

y1=12x] 2l

This further yields @ < y and u(x) > C|x|* for |x| > 1. Then, u(x)*' > C|x|®™* for all x € R" \ B,
which yields u ¢ L' (R"), a contradiction.

N
Ifp+ e v, as in the estimate Eq (3.2) which we obtained in Case 2 above, we find
S1

v(x) > CRFSN  in Bg,

which contradicts the fact that v € L*(R").

Case 4: 1 < 5, < 0o = 51. We use the same argument as in Case 3 above in which we replace s, by s,
and u by v to raise a contradiction.

The proof of Corollary 1.2 follows directly from Theorem 1.1 since either of the conditions (i) and
(i1) imply Eq (1.6).

3.2. Proof of Theorem 1.3
We will employ the following integral identities, see [28].

| a PPI(E)

N-a
= (1+|x»~7 forall x e RV.
(L+ )T =y p(de)

RN

| & ()

N-B
— = (1+|x»)"= forall x e R".
L+ P =+ T(%E)

RN
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where I stands for the Gamma function. Based on the @, 5 in Eq (1.1), we set

N2 (2
Al@) = (%)
(A
7TN/2F(§) (33)
AB) = —
r(%*)

Let us take

for all x € RV,

K(x) = (1+xP)2
Lx)= (1 +xP)2

where y > 2N, and next define

Since y > max{2N,a + B}, we have pg # 1. Next, let C,D > 0 be such that CD” = A(«) and
DC? = A(B). We then deduce

A(B)P\1/(pa-1)

G
@)i\1/(pg-1)

(S5=)

A(B)

2

C
D

Next, we claim that

u(x) = C(1+ )™=, xeRY,
vx) = DA + P, xeRN.

is a solution of Eq (1.1). Indeed, we have

K 4 d
[ RNy p—
|x — y[¥= (L+pP) = |x—yN-e

RN RN
= DA + )T
= C(1+ Py~
=u(x) forall xeR".

Similarly, we have

LOwOY* -4 f dy

— N—-a - 2M _ N—
o =l o (DT =y N

= CUAB)(L + D)
= D( + )T
=v(x) forall xeR".

This concludes the proof of our result.
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3.3. Proof of Theorem 1.4

The existence of a positive solution to Eq (1.1) will be obtained by combining the Schauder fixed-
point theorem with the properties of the Riesz potentials stated in Section 2. We split our discussion
into two cases.

(i) Assume 0 < p < Z%g and 0 < g < Z—;fv Let

(=129 PO =B g = XA (3.4)
1 - pq 1 - pq
For n > 1, we define the closed and convex set A, c C(B,) x C(B,) by
— — 1+ |x)™ < <M (1 +|xP™ —
A =) e CBYxC@By: METHNTsut<MA+T B | g
my(1 +[x])™ < v(x) < Mo(1 + |x])™

where 0 < m; < M, 0 < m, < M, are constants depending on @, f3, 7, p, ¢, and N that will be chosen
in Lemma 3.1 below.
For all u,v € A, we define

J.(u,v)(x) = (f wdy Mdy) for all x € B,.
B

=y T g e — VA

By Lemma 2.2 (i) for o = ¥y — pk, > @ and o0 = y — gk; > B, respectively, there exists ¢, > ¢; > 0
independent of n > 1 such that

K(y)dy

c(1 +xD™ <
! (1 + [yD)7e|x — y|N-o

<c(1+|xD™ forall x € B,, (3.6)

n

and

LG)dy ]
<ol +]x)™ forall x € By, 3.7
J Tappmpe—yp = 20 e foralls (37)

n

ci(L+x)™ <

Lemma 3.1. Let
P 1 p 1 1 1 q 1

my = (Z_T)pq_]’ M, = (Z_;)M_I’ 2 = (Z_T)vq-l, M, = (_)W (3-8)

where cy, ¢, are defined in Egs (3.6) and (3.7). If pq < 1, then J,(A,) C A,.
Proof. Since pg < 1, it is obvious to see that m; < M; and m, < M,. We also have

mp = ClMZ_p

M, = com”,
L= Gl (3.9)

— -q
nyp = C]M1 s

M2 = szl_q.
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To prove J,(A,) C A,, let (u,v) € A,.
Since v(x) < My(1 + |x])™ in B,, by Egs (3.6) and (3.9); we have

KGWO)™” _ f K®)
— 2 dy> M7’ d
5 —ye D= | e =y

> M, ei(1+ [x)™

=m( +[x)™ inB,.
Also, v(x) > my(1 + |x])™ in B, together with Egs (3.6) and (3.9), implies

KGWO)™” _ f K®)
— 2 dy<m? d
5 —ye =T ) el — e

< my e (1 + [x)™

=M+ |xD7" inB,.

Similarly, u(x) < M;(1 + |x|)™ in B, combined with Eqs (3.7) and (3.9); yields

LOu(y)™ _ f L(y)
— - dy>M? d
fgn e—yB = T e — A

> M{%e (1 + |x)™

=my(1 +|x)™ inB,.
Finally, since u(x) > m(1 + |x|)™ in B,, Eqs (3.7) and (3.9), produces

LOu(y)™ _ f L(y)
— = dy<m? d
g =y E = T e — A

<mTer(1 + |x)7™

= My(1+|x)™ inB,.

Hence, J,(A,) C A,.

From the definition of «; and «; in Eq (3.4), we can easily check that
a<y—pk, and B<vy-gkK.
Thus, we can select s > 1 such that
a—1 <¥<a<y—p/(2 and ﬂ—1<¥<ﬂ<’y—C[K1.
Letu=a- % €eO,1)andv =8 - % € (0,1). By Lemma 2.1, we obtain that

Jo = Jupn: A, C L(B,) x L'(B,) — C**(B,) x C*"(B,) is continuous
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and J,(A,) C A,.
Hence, we can use the Schauder fixed-point theorem for J,,, which implies the existence of (u,, v,) €

A, such that
KG)va()" LO)itn(y) _
(un,vn):(f Mdy,f LOMD L 40N for all x € B,
B, B,

=y lx — y|N-F

Next, we argue as follows.

e Since {(u,v,)} is bounded in C™(B)) x C™(B)). Since the embedding
C™(B)) x C™(B)) — C(B)) X C(B)) is compact, there exists a subsequence {(l, v}, of
{(t, Vi) }u>1 Which converges in C(B;) X C(By).

e Since {(u}l,v;)_}nzz is bounded in C**(B,) x C°(B,) and the embedding
C™(B,) x C™(B,) — C(B,) X C(B,) is compact, there exists a subsequence {2, v})}s0 of
{(u},v!)},52 which converges in C(B,) X C(B,).

e Since {(uﬁ,vﬁ)_}n23 is bounded in C**(B;) x C°(B;) and the embedding
C%(B3) x C*(B;) — C(B3) x C(B3) is compact, we can find a subsequence {2, v3)},3 of
{(un, n)}n>3 which converges in C(B3) X C(B;).

o Inductively, we deduce that, for all k > 1, there exists a subsequence (W, VY sk Of (@1 V51 s
which converges in C(By) X C(By).

Let {(Uy,, V)} = {4, v")},»1, which converges to a certain (U, V) € C(RY) x C(R") and fulfills

p
U()—f l(y)v (y) dy forall x € B,,

|Na/

LU, ()

e forallxe B,.
x=y

Va(x) =

Since (U, V,) € A,, we can apply the Lebesgue dominated convergence theorem to obtain that (U, V)
is a continuous solution of Eq (1.1). Moreover,

U(x) = lim,e Up(x) = (1 + |x))™  forall x e RY
V(x) = lim,e Vu(x) =~ (1 + |x)™  forall x € RV.

Finally, from Lemma 2.1 we deduce (U V) € CO*(RN) x C®(RM). This concludes the proof in (i).
(i1) Assume 0 < p < NB,0<q< = a,andpq<1
For n > 1, we define the closed and convex subset 8, ¢ C(B,) x C(B,) by

mi(1 + )N < u(x) < M1+ x>V _n} ’ (3.10)

B, = {(u, v) € C(B,) X C(B,) : a1+ DY < () < Ml + el in B

where 0 < m; < My, 0 < my < M, are constants depending on «, 3,7, p, g, and N.
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For all (u,v) € B, we define

dy) for all x € B,.

o = ([ Ty, [ T

B, lx—yN=@ B, 1x—yN P

By Lemma 2.2 (ii) applied twice for o = y — p(N —8) > N and for o = vy — qg(N — @) > N, respectively,
there exist c; > ¢; > 0 independent of n > 1 such that

- K(y)dy -
a-N a—N
c1(1 +|x)) < f(l )PPl =y < oo(1+ |x)) for all x € B, (3.11)

n

and

_ Ly)dy
N N
(1 + xP Y < f(l ey g S e R forallxe B (12)

We choose my,m,, M|, and M, as given by Eq (3.8) with new constants c;,c, from Eqgs (3.11)
and (3.12). Then, Lemma 3.1 holds, and we deduce J,(8B,) C 8B,.
Next, we select s > 1 such that

N N
a-1l<—<a<N<y-p(N-B) and B-1<—<B<N<y—-—q(N-a).
N N

Letuy=a—-2€(0,1)andv =p—-~ €(0,1). By Lemma 2.1, we obtain
J,: B, c L(B,) x L'(B,) — C®*(B,) x C*(B,) is continuous

and J,(8B,) C 8B,.
Hence, we can use the Schauder fixed-point theorem for J,,, which implies the existence of (u,, v,) €

B, such that
K)va(y)™? L(y)u,(y)™ -
(U, Vi) = f —————dy, —d for all x € B,.
( P )

As in part (1) above, the diagonal sequence {(U,, V,)} = {(u),Vv})},>1 converges to a certain (U, V) €
CRM) x C(RM) which fulfills

U(x )_f l(y)v "W 4y forall x € B,

|Na/

V()—f l(y)UlN(Z)dy for all x € B,,

Since
{U(x) = 1im, e U,(x) =~ (1 + [x)*V  forall x e RV

V(x) = lim,e V,(x) = (1 + |x]))Y  forall x € RV,

we can apply Lemma 2.1, and we deduce (U, V) € C**(RY) x C®(RY). This finishes the proof of our
theorem.
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3.4. Proof of Theorem 1.5

Assume 0 < p < 1= ﬁ Nand0 < g < M The existence of a positive solution to Eq (1.1) in this range
of parameters was obtained in Theorem 1 4. We next discuss the uniqueness.

Let (u, v) be a positive solution of Eq (1.1). We note that if [x| > 1 > |y|, then |x —y| < |x| +|y| < 2]x],
and we combine this fact with Kv77 € L}UC(RN ) to obtain

K -P
ﬁ%%%@ZQW”koMW@

yl<1 <1

u(x) >

> Clx*™N > C(1 + |x)* M.
This means that u(x) > C(1 + |x)*™" for |x| > 1.

If |x|,|y| < 1, then |x — y| < 2 and also Kv? € L(B)) yield

u(x) > f l(y) (ljyv) ap > 207N f Kyw(y)Pdy = C > C(1 + [x))*.

Iyl<1 lyl<1

We have shown that
u(x) = C(1 + |x)e™ for all x € RV. (3.13)

In the same way, we obtain
v(x) > C(1 + |x[’™ forall x e RV. (3.14)

From Egs (1.1) and (3.14), we estimate

~p(B-N)
u(x)st(y)(lﬂyl) i dy

|x — y|N-@

RN
dy
<C d
(1 + )PPy — ypa ™
RN

We can now apply Eq (2.2) with o = y — p(N — B) > N to obtain u(x) < C(1 + |x))*™" in RY, and
similarly v(x) < C(1 + |x|)(B_N in RY. Combining these two estimates with Egs (3.13) and (3.14), we
deduce

(3.15)

u(x) =~ (1 +x)*"  forall x e R,
v(x) = (1 +[x)’"  forall x e RV.

Now let (uy, vy) and (u5, v;) be two positive solutions of Eq (1.1). From Eq (3.15), we have
() = up(x) = (1 + [x)* ™,
and so, we can find C > ¢ > 0 such that
cuy <up <Cu; inRY.
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Then, we define
M :=inf{A>1:Au; >u,inR"} > 1. (3.16)

Clearly, Mu, > u,. Assume by contradiction that M > 1. Then, u, < Mu, implies that for all x € R",

we have
L(y)us(y)™ J
|x — yINF
RN

L(y)u,(y)™ J
|x — yIN-A

va(x) =

> M1
RN
= M % (x).

Hence, v, > M~%v, in RY, which implies
v,? <MPy”  inRY.
Together with the previous estimates, we obtain

Ky)vo(y)™?

= | —————d
Uz (x) I — y|V-e Y
RN
-p
S1‘41,,6,‘[1{()’)\/1()’) dy
x — y[N=e
RN

= M"u,(x) forall x € R".

Thus, MPu; > u, in RV,

Since M > 1and 0 < pg < 1, we have M > MP4 > 1, and this is a contradiction of the fact that M is
the infimum value defined in Eq (3.16). Hence, M = 1 and u; > u,. Swapping u; with u, in the above
argument, we deduce u, > u;, and thus u; = u,. From Eq (1.1), we also have v; = v,. This concludes
the proof of the uniqueness of a positive solution to Eq (1.1).

3.5. Proof of Theorem 1.6

First, we start with the proof of the finite total mass solution.
(i) Recall that in the proof of Theorem 1.5, we established that (u, v) satisfies:

u(x) > C(1+x)*™ and  v(x) = C( + x|V (3.17)

in RY, for some ¢ > 0. Using Eq (3.17) and 0 < p < ;YV;_[Z, we have

f K(x)v(x)Pdx < C f (1 + |x|) 77PN PBdx
RN

RN
<C f (1 + N7 PN=A=1 gy
0
< 00,
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Similarly,

f L(x)u(x)%dx < C f (1 + NNl < oo,
RN 0
Hence, (u, v) has finite total mass.

Next, in order to establish Eq (1.9), we note that

IxNu(x) = fK(y)v(y)_p(%)N_ady for all x € RY.
xX=y
RN
Using Fatou’s lemma, we infer that

lim inf [x/"""u(x) 2 f KOO Jim inf (== 'x' )y
X|— 00 x_y

|x|—c0
RN

_ f KO Pdy.
RN

For the converse inequality, take € € (0, 1) small and write

oy X vea
fK(y)v(y) p(m)N dy:Sl+Sz+S3.
RN

where

S1= f Kywy)™ (%)Nﬂd}”

[yl<elx]
— -p |X| N—-«a
Sy = K@) ™( ) dy,
lx =yl
elx|<|yl<2|x]
_ -p |X| N-a
S3 = Kyv(y)?( ) d
|x =yl
[Y[>21x
We note that |y| < glx| implies |x — y| > |x] — [y| = (1 — &)|x], so leflyl < ﬁ, and thus
1
Si<— | K “Pdy.
< e [ xoworray

RN

Next, using Eq (3.17) and the estimate on K(y), we have

yepv-py I \N-a
S,<C f (1 + [y ﬁ)(F)N dy,

Yl
glxl<[yl<2|x|
d
< C(1 + glal) 7PN p-o f _dy
lx — y|N-@
elx|<|yl<2|x]|
d
< C(1 + elal) PN Pe f v
lx — y|V=@
[x—y|<3|x]|

= C(1 + glx|) 7PN BxV.
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Since p < %, we have S, — 0 as |x]| = .
In order to estimate S 3, we note that [y| > 2|x| yields |x — y| > [y| — |x] > |x], so % < 1, and then
S3 < f KOyyw(y)?Pdy -0 as [|x| — co. (3.22)
[y>2lx]
Now, using Eqgs (3.19)—(3.22), we deduce
1
li Moux) < —— | K Pdy.
Jim sup |x™ ™ u(x) - f vy Pdy
RN
Since & > 0 was arbitrarily chosen, this yields
|1|im sup [N u(x) < f K)Wv(y)Pdy. (3.23)

RN
From Eqgs (3.18) and (3.23), we complete the proof of Eq (1.9). The proof of Eq (1.10) follows
similarly.

y—-N

(i) Assume, without loss of the generality, that p = —, g > @, and let £ > 0 be such that
g y p B q N—-a

-N+
SR AL

s (3.24)

q
Using Eq (3.17) and Lemma 2.2 (iii), we find:

K™

u(x) <
|x — y|V-o

2

RN

dy
<C dy,
= f (1 + )PPl — yp-a
RN

<C(1+|x)*Mlog(e +|x[) in R"

This last inequality and Eq (3.24) yields,

f L(x)u(x)%dy > C f (1 + |x) 7N Jog (e + |x|)dx,
RN

RN
=C f N+ 077N [og™(e + £)dt,
0

[

>C f NYHN=D" 1607 (e 4 1)dlt,

1
>C f " Tog™(e + t)dt,
1

= 00,

Hence, (u, v) has infinite total mass. This concludes our proof.
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4. Further extensions

In this section we explain how our approach can be used to investigate the existence of solutions to
the system

K P
u(x) = L}\Ey)dy for all x € R,
|x — y[N-
y - 4.1)
L(y)u™ (
vy = [[EOD) o porall x e RY,

|x — y|N-F
RN
where p,q > 0, @, € (0,N), and K, L : RY — (0, c0) are continuous functions which satisfy Eq (1.2).
Our main result in this section is stated below.

Theorem 4.1. (Existence)
Assume max{a, S} < v.

(1) Ify>N,0<g< va;_[Z, and pq < 1, then the integral system (4.1) has a solution (u,v) such that
u(x) = (1 +|x)*",
v(x) = (1 + |x)P~V.

Moreover, (u,v) € C**RN) x C*(RY) for some u,v € (0, 1).
(1) Ifmax{a,B} <y <N,0<p< 1;’%;, and(0 < g < z%g, then the integral system (4.1) has a solution
(u,v) such that

Y=B-4(y-a)

V() = (1 + x)~ 7T

_yza+p(y-p)
{M@=(Lﬂﬂ) Tt

Moreover, (u,v) € C**RN) x C™RN) for some u,v € (0, 1).

Proof. (i) Assume y > N,0 < g < 2% ‘and pg < 1.
For n > 1, we define the closed and convex subset A, C C(E,,) X C(E,,) by

my(1+x)*™ < u(x) < My + |2

A, = {(u, v) € C(B,) X C(B,) : my(1 + 2PN < w(x) < My(1 + [P

in En} , 4.2)
where 0 < m; < My, 0 < my < M, are constants depending on «, 3,7, p, g, and N.
For all (u,v) € 8B, we define

K(ywy)” J Ly)u(y)™
_ y|N-a "7 _ vIN-B
B, |x =l B, |x—)l

Jn(u, v)(x) = ( dy) for all x € B,.

By Lemma 2.2 (ii) applied twice for o = y+ p(N =) > N and for o = y — g(N — @) > N, respectively,
there exist ¢; > ¢; > 0 independent of n > 1 such that

_ K(y)dy _
a—-N a—-N
ci(1+1x)*™ < f T S el for all x € B,, (4.3)
B,
and
L(y)dy

(1 + [x)PN < <c(1+x)PN  forall x € B,. (4.4)

(1 + [y])~4WV=2)|x — y|N=F —

By
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Lemma 4.2. Let

ngqwq 1 fzqwq 1 12711+q 1 fq+q 1
my = ( T Vo, My = ( T Vo, my = (m)[ﬂzﬂ—l , My =( ey ),,2}1‘2_1. 4.5)
1 Cz C1 6‘2

where cy, ¢, are defined in Egs (4.3) and (4.4). If pq < 1, then J,(A,) C A,.

Proof. Since pg < 1, it is obvious to see that m; < M| and m, < M,. We also have

— p
mp = clmz,
— 14
Ml = C2M s (4 6)
=M :
np =cv -,
M2 = szl_q.

To prove J,(A,) C A,, let (u,v) € A,.
Since v(x) < M, (1 + |x])*" in B,, by Eqgs (4.3) and (4.6), we have

KOWwo)"” o« K(y)

g, lx—yN=e " T2 (1 + [x])pV-P|x — y|N-e

dy

< Myeo(1 + )N
= M,(1 +|x)*™ inB,.

Also, v(x) > my(1 + x|’V in B,, and by Eqgs (4.3) and (4.6), we have
K P K
v(y) dy > mgf . ) dy
By

B, |x—ylN- + |x)PNP)|x — y|N-

> mhei(1 + IxD*N
=m(1 +x)*™Y inB,.
Similarly, u(x) < M(1 + |x[)*™" in B, combined with Egs (4.4) and (4.6)5 yields

LOou(y)™ ] L(y)
=27 dy>M? d
g =y E D =T T ) =y

> M e (1 + x>
=my(l +x)*" inB,.
Finally, since u(x) > m;(1 + |x))*™" in B,, Eqs (4.4) and (4.6), produces
—-q
OO f L)

< d
5 X —yIVP Uy (U ) a-op — 54

<mcr(1 + )™
= M,(1 +x)*" in B,.
Hence, J,(A,) C A,.
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Let us recall that
y+p(N-B)>N and 7y-qg(N-a)>N.

Next, we select s > 1 such that
N N
a-l<—<a<N<y+p(N-pB) and B-1<—<B<N<y—-—¢q(N-a).
s S

Lety=a—-%€(0,1)andv =p—-~% € (0,1). By Lemma 2.1, we obtain that
Jo = Japn A, € L(B,) X L(B,) — C*(B,) x C*"(B,) is continuous

and J,(A,) C A,.
Hence, we can use the Schauder fixed-point theorem for J,,, which implies the existence of (i, v,) €

A, such that
K)va(y)? J f L(y)u,(y)™

B, |x—yN=@ B, Ix—yN A

(tn, V) = ( dy) for all x € B,.

We next argue as follows.

e Since {(u,,v,)} is bounded in C*(B;)) x C™(B)). Since the embedding
C*(B;) x C*™(B;) — C(B;) x C(B)) is _compact, there exists a subsequence {(u!,v})},5; of
{(u, vi)}n>1 Which converges in C(B)) x C(B)).

o Since  {(#,, V)22 is bounded in C**(B,) x C°(B,) and the embedding
C™(B,) x C™(B,) — C(B,) X C(By) is compact, there exists a subsequence {2, v})}s0 of
{(u},v])},52 which converges in C(B,) X C(B,).

e Since {(uﬁ,vﬁ)_}n23 is bounded in C*(B;) x C°(B;) and the embedding
C%(B3) x C*(B3) — C(B3) x C(Bs3) is compact, we can find a subsequence {(u,, v;)},23 of
{(u?,v*)},=3 which converges in C(B3) X C(B3).

o Inductively, we deduce that, for all k > 1, there exists a subsequence { (U, VY sk of {1 V81 s
which converges in C(By) X C(By).

Let {(U,, V)} = {(",v")},»1 which converges to a certain (U, V) € C(RY) x C(R") and fulfills

p

U,(x) = f(y)Vl (y)dy forall x € En,
q

V(x )_f l(y)UVV(? y forall x € B,

Since (U,, V,) € A,, we can apply the Lebesgue dominated convergence theorem to obtain that (U, V)
is a continuous solution of Eq (4.1). Moreover,

U(x) = lim,e Uy(x) = (1 + x>V forall x e RY
V(x) = lim,_e V,(x) = (1 + [x[)Y  for all x € RV.

Networks and Heterogeneous Media Volume 20, Issue 2, 566-589.



585

Finally, from Lemma 2.1 we deduce (U, V) € C*(R") x C*"(R"). This concludes the proof in (i).

(ii) Assume max{a,B} <y <N,0< p < %, and0 < g < g Let

— + — —_ — —_
= TOTPYB) g =X TETEY O 4.7)
1+ pg 1+ pq
For n > 1, we define the closed and convex set B, € C(B,) X C(B,) by
— — mi(1+ [xD7 <ulx) < Mi(1 + |x])™ _
8, =l e CByx B,y ™I su@ <M | (4.8)
my(1 + [x)™ < v(x) < Mao(1 + [x])™

where 0 < m; < My, 0 < m, < M, are constants depending on «, 3,7, p, q, and N that will be chosen
in Lemma 4.2 below.
For all u,v € B,, we define

K(yw(y)” L(y)u(y)™

, dy) forall x € B,.
B, lx —y[N=@ B, X —=yIN P )

a0 = (

Since 0 < g < g we can check

(y —a)g + pq(y — B)

Y—Kig=Y—

1+ pg
S (y-B)+pqly -B)
’y_
1+ pq
> B.
Also, by N > vy, we deduce y — k;g < N.
Next, since 0 < p < %, we obtain
(y=B)p — pq(y — @)
yirp=y+ L ﬁz; Paly — @)
+ pg
N—-vy)+ -
<y+( y) + pqla 7)’
1+ pq
N —v) + pg(N —
<7+( Y) + pg( 7)’
1+ pg
< N.

Also, by max{a,} <y < N, it follows that y + kx,p > «.
Now we have f <y — kg < Nand @ <y + kpp < N. Hence, by Eq (3.7), there exists ¢c; > ¢; > 0
independent of n > 1 such that

K(y)dy

c(l+xD™ <
: (1 + [y)Pelx — y|V-e

<c(l+|x)™ forall x € B, 4.9)

By,
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and

Ly)d
0)dy <cy(l+ )™ forall x € B, (4.10)

1+]x)™ < <
a1l +1x) (1 + [y — y|V P

B,
We choose m;,m,, M|, and M, as given by Eq (4.5) with new constants c;,c, from Eqgs (4.9)
and (4.10). Then, Lemma 4.2 holds, and we deduce J,(8,) C B,.
Thus, we can select s > 1 such that

N N
a-l<—<a<y+pk, and F-1<—<B<y—gkK.
s s

Letpy=a—-%€(0,1)andv =p-~ €(0,1). By Lemma 2.1, we obtain that
J, : B, c L(B,) x L'(B,) — C°*(B,) x C*(B,) is continuous

and J,(8B,) C B,.
Hence, we can use the Schauder fixed-point theorem for J,,, which implies the existence of (u,, v,) €
B, such that

_ K(y)vi(y)’ L(y)u,(y)™

(Un, Vi) = ( WCZ > TN
B, [x =)l B, [x—)l

As in part (i) above, the diagonal sequence {(U,, V,)} = {(u),v})},>1 converges to a certain (U, V) €

C@RY) x C(R"), which fulfills

dy) for all x € B,.

Ky)VP(y)

x = y¥=e
RN

L(y)U™(y)

|x — yINF
RN

Ux) = dy forall x e B,,

V(x) = dy forall x € B,,

Since
{U(x) = lim, e U,(x) =~ (1 + |x)™ forall x € RY

V(x) = lim,e V,u(x) =~ (1 + |x)™  forall x e RV,

we can apply Lemma 2.1 to deduce (U, V) € C*RY) x C*(RY). This finishes the proof of our
theorem.

With a similar approach, we can also obtain the existence of solutions to the system

u(x) = f Mdy for all x e R",

|x — y|V=@

U Low) @.11)

v(x) dy forall x e RV,

~J lx— N
RN

where p,q > 0, @, € (0,N), and K, L : RV — (0, c0) are continuous functions which satisfy Eq (1.2).
Our main result regarding the system (4.11) reads as follows.
Theorem 4.3. (Existence)

Assume max{a, S} < .
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(i) Ifmax{e,B} <y <N, p > X2 ¢4 > N—_Z, and pqg < 1, then the integral system (4.11) has a

NG N-
solution (u,v) such that
u(x) = (1 + x>V,
v(x) = (1 + |x[y'V.

Moreover, (u,v) € C**RN) x C™(RN) for some u,v € (0, 1).
(1) Ify > N and pq < 1, then the integral system (4.11) has a solution (u,v) such that

u(x) = (1 + x>,
v(x) = (1 + |x)P~V.

Moreover; (u,v) € C**RN) x C*(RY) for some u,v € (0, 1).
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