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Abstract: This paper conducts a dynamic analysis of a one-unit repairable system with two different
failure modes and imperfect repairs. Compared to classical models with single failure modes and perfect
repair mechanisms, the proposed system more accurately reflects real-world maintenance scenarios.
By employing the Cy-semigroup theory of linear operators, we prove the existence and uniqueness
of a non-negative time-dependent solution (T-DS) for the system. Furthermore, we investigate the
asymptotic behavior of the T-DS, demonstrate its exponential convergence to the steady-state solution
(S-SS), and also derive explicit asymptotic expressions for the T-DS. Numerical examples illustrate
how key parameters influence transient reliability metrics and their convergence characteristics. This
study offers theoretical insights into the dynamics of repairable systems with complex failures and
imperfect repair mechanisms, while providing practical guidelines for optimizing system design and
reliability assessment.

Keywords: one-unit repairable system; imperfect repairs; Cyp—semigroup; well-posedness;
exponential stability

1. Introduction

The one-unit repairable system, consisting of a single component that can be repaired upon failure,
plays a crucial role in determining the overall performance and efficiency of a larger system. Therefore,
authors such as Nakagawa and Osaki [1], Al-Ali and Murari [2], Wang and Chiu [3], Garg et al. [4],
Kadyan [5], Du et al. [6], EI-Sherbeny and Hussien [7], Li et al. [8], and Shekhar et al. [9] have
investigated the reliability models of one-unit systems under various assumptions about failure and
repair policies. In most reliability analyses, the assumption is that the system is either perfect or
failed. Another possible state included in general repair models is “better than old but worse than new”
(BTOWTN). In view of this, Nikolov [10] considered a repairable system subject to multiple failure
modes with imperfect repairs. The model presented in [10] utilized the supplementary variable technique
and was formulated in terms of integro-differential equations, and under the following assumption:
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(1) The system has a unique nonnegative dynamic solution.
(2) Ast — oo, the dynamic solution converges to its S-SS.

The author derived the Laplace transform of the T-DS and expressions for the S-SS, focusing only on
the steady-state scenario of the model. However, the validity of these assumptions remains unverified,
posing significant challenges in proving their accuracy (see [11]). This paper aims to fill this gap. Since
the S-SS is inherently linked to the T-DS, which clearly reflects the system’s operational trends, dynamic
analysis of the model is essential.

According to Nikolov [10], the one-unit repairable system with two different failure modes and
imperfect repairs can be described by:

dm (¢ © .
"0 - i + f 12t D2 (0dx + f oy it X)),
0 0
dm, (¢ ©
20 - o) + f 011, A (Odx,
t 0
0 t, o f,
T ) Ot X) e, ), (1.1)
ot ox
Omio(t,x)  Omia(t, x)
o + o = —hy2(x)m; 2(2, x),
Ony pi(t, X)) Oy pi(t, X)
(’; . (;x = —hy (X2, pi(2, X),

with the boundary conditions:
7118, 0) = Lo m (1),

mi2(1,0) = Ljapm (1), (1.2)
72 pi(2,0) = Ama(2),

and the initial conditions:
7T1(0) = 19 7T2(0) = 07 ﬂ-l,l(o’ X) = Oa 7Tl,2(09 -x) = 05 7T2,rpl(0’ X) = Oa (13)

where (x, 1) € [0, 00) X [0, 00);

m1(t) = p{at time ¢, the system is operating as “new” } ;
i m(x, 1) = p{at time ¢, the system is under repair after the first failure of type m (m = 1,2),
with x representing the elapsed repair time} ;
mo(t) = p{at time ¢, the system is operating after the first failure as “BTOWTN” }
72 pi(X, 1) -
p {at time ¢, the system is under repair after the second failure, and the elapsed repair
time is x} ;
hy (x) represents the repair rate of a component of Type m and satisfies iy ,,(x) > 0, fooo hy m(x)dx =
oo, m=1,2.
h,(x) represents the replacement rate after the second failure, and 4, (x) > 0, fooo hy(x)dx = oo.

The system is initiated at time ¢ = 0, with two potential failure modes occurring with probabilities @,
and a», respectively, where a; + a; = 1. The time to the first failure follows an exponential distribution.
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The parameter is denoted by A;. Upon failure, the system is immediately repaired: if failure mode m = 1
occurs, an imperfect repair is performed, after which the system resumes operation with an increased
failure rate 4, > A;, remaining susceptible to both failure modes; if the fatal failure m = 2 occurs, the
system is replaced with a new one. The system operates for a maximum of two cycles: replacement is
enforced either after the second failure (regardless of its mode) or immediately if m = 2 occurs in the
first cycle.

In this paper, we conduct a dynamic analysis of the above system, employing concepts derived from
Gupur [12] and Kasim and Yumaier [13]. The structure of the remainder of this work is as follows:
In Section 2, we prove the system’s well-posedness by demonstrating that the underlying operator
generates a contraction Cy-semigroup, thereby ensuring the existence of a unique positive T-DS. The
asymptotic behavior and asymptotic expressions of the T-DS for the system are examined in Sections 3
and 4, respectively. Lastly, Section 5 presents numerical illustrations that explain how various factors
affect the system.

2. Well-posedness of the system

In this section, we prove the well-posedness of the system. To do this, we need to transform the
system given by Eqs (1.1)—(1.3) into an abstract Cauchy problem (ACP).
Let

2 1 3
X = {H € R” X (L'[0, 0)) |||H|| = || + |mal + i illo.co) + 1120l 10.00) + 1702 rpill L 0.00) < 00} )

as a state space. Obviously, X is a Banach space. Now we define operators and their domain as follows:

m =y
p) —Amy
Al ma(x) | = —7T'1,1(x) —hii(x)],
m12(x) —7 5 (X) = ha(x)
7T2,rpl(x) —ﬂ;Jpl(X) - I’lg()C)

dmy,1(x) c Ll[(), ), % c Ll[()’ 00), % € LI[O, 00),

dx
D(A) ={II € X| m1(x) ,m12(x) , w2 pi(x) are absolutely continuous

and T1(0) = fo"" TH(x) dx

where
e 0O 00O
0 e 0 00
T = /110’16_)6 0 0 00
/l](lze_x 0 0 0O
0 Ae™ 0 0 0
1 [ w2 a(0dx + [ 7,0 ha(x)dx
5 I ma @k (x)dx
El ma(x) | = 0 , D(E)=X.
m12(xX) 0
702, rpi(X) 0
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The system (1.1)—(1.3) can thus be represented as the ACP on X shown below.

de - (2.1

dMO — (A +B)@), 1€ (0,0),
) = (1,0,0,0,0).

Now, we present the following result.

Theorem 2.1. If M = sup {h;(x), h;2(x), ho(x)} < oo, then A + E generates a positive contraction
xe[0,00)
Co—semigroup T(z).
See the Appendix for a detailed proof. It is straightforward to confirm that X*, the dual space of X,
is as follows:

X{n

Obviously X* is a Banach space. We define the subset in X as

I (x) = (n}, 75, 71}, (x), 7} ,(x), 75, ()T }

|[I*|| = SUP{|7TT|, |7T§|, ”ﬂi]”L‘”[O,oo), ||7TT’2||L°°[0,00), ||7r§’rp[||L°°[O,oo)} <0

m 2 0,m 2 0,m1(x) 20,7 2(x) > 0,m,,(x) >0, Vx € [0, 00)

Then T(r)Y < Y is guaranteed by Theorem 2.1. For I € D(A) N Y, we choose
E*(x) = |[HJ|(1,1,1,1,1)7, then g* € X* and

Y:{HGX

I(x) = (ﬂ'l,7[2,ﬂ'l,l(-x)’n-],Z(x)a7T2,rpl(-x)) }

(A+BILE") = {—/117T1 + f 1 2(x)h 2 (x)dx + f 7T2,rpl(x)h2(x)dx} (||
0 0

. {—Am . f m,1<x)h1,1<x>dx} i
0

+ f ) {—m(x)hl,l(x) - dﬂgl(’“)} I} dx
0 X

+ f {—m,z<x>h1,2(x>—d”j(x)}nnndx
0 X

00 d .
+ f {—nz,r,,,(xmz(x)—“a—"’(x)}nnndx
0 X

= — Ay ||| = Ao ||| + Ayryaq || + Ay |[H| + Ap | XX
=0.

This shows that the A + E is conservative with respect to set

®myﬂ?ef

(ILE") = 0P = |21}

Since II(0) € D(A?) N Y, applying the Fattorini theorem [14] yields.
Theorem 2.2. ||T(»HII(0)|| = [|[TI(0)||, V¢t € [0, c0), that is, T(#) is isometric for I1(0) in Eq (2.1).
The desired result of this section is obtained from Theorems 2.1 and 2.2.
Theorem 2.3. If M = sup {h;1(x), h12(x), ha(x)} < oo, then system (2.1) has a unique positive T-DS

x€[0,00)

I(x, ) satisfying ||II(-, 1)|| = 1, V¢t € [0, 0).
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Proof. According to Theorem 2.1 and [11, Theorem 1.81], system (2.1) has a unique positive T-DS
II(x, t) that can be represented as II(x, ) = T(#)II(0), 7 € [0, o). Combining this with Theorem 2.2,
we obtain

ITIC, DIl = ITOIO) = [AO)]] = 1, ¥z € [0, c0).

3. Asymptotic behavior of the T-DS of Eq (2.1)

The Appendix’s proof of Theorem 3.1 shows that the A results in the positive contraction
Co—semigroup S(¢). We first demonstrate that S(t) is a quasi-compact operator (QCO), and then use E’s
compactness to prove that T(7) is also a QCO. Next, we show that O is an eigenvalue of A + E and
(A + E)" with geometric multiplicity 1. Using [11, Theorem 1.90], we derive that T(#) converges
exponentially to a projection operator Pr, which we then state explicitly. Finally, we find that the T-DS
of system (2.1) converges exponentially to its S-SS.

Lemma 3.1. IfII(x,7) = (S¢)(x) is a solution to the system

de = (3.1)

MO — ATL(7), ¢ € (0, c0),
I1(0) = ¢ € D(A).

Then, it follows that

g

Pre !

7110, 7 - x)e~h M@ | yhen  x <1,
mi2(0,1 - x)e” Jo madr
70,p1(0, 1 — x)e” Jy mdr
¢le—/l]l‘
¢ze—/lzl‘

b3(x — e L@ | when x> 1,
ba(x — e Joimamdr
ds(x —1)e” Jio ha(@dr

(x, 1) = (S(OP)(x) =

where 71 1(0, f — x), 71 2(0, — x), m2,,,,(0, £ — x) is given by Eq (1.2).

Proof. Given that II(x, 1)=(S¢)(x) is a solution to the system (3.1), II(x, ¢) satisfies

dm (¢
;t( L= _am, (3.2a)
dmy (¢
;t( ) S (3.2b)
0 ,0) 0 Lt
71'1,1()6 )+ 7T1,1(x ): _hl,l(x)ﬂ'l,l(x7 t), (320)
ot Ox
0 1) 0 o
”l’é(x V02D o, (3-2d)
t ox
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Oy pi(X, 1) Omopi(X, 1)
(I';t + (;x = —hy(X)m2 (X, 1),

m11(0,1) = L1y (1),
m12(0,1) = A1apmy (1),
702,p1(0, 1) = 1o (1),

71(0) = @1, m2(0) = ¢, 7111(0, x) = ¢3(x), 11 2(0, X) = Pa(x), 72,1(0, X) = P5(x).

(3.2e)

(3.2f)
(3.2g)
(3.2h)
(3.2i)

Take ¢ = x — t and W(t) = 1 1(€ + 1,0, ¥2(0) = m2(€ + 1,0,¥3() = mo,m(& + 1,1); then Eqs

(3.2¢c)—(3.2e) give

d\I:llt(t) = —hy (& + D, (1),
d‘I:lzt(l) = —hi2(& + D'¥2(0),
d¥

d—i(t) = —ha(& + O¥3(0).

If ¢ <0 (i.e., x < 1), then by integrating Eqs (3.3a)—(3.3c) from —¢£ to t separately, we have

m(x, ) =¥ (1) = \Pl(_g)e—f;hu(&y)dy

4y .
T=£4y 71.1(0, — x)e X I (00T

mia(x, 1) = ¥a(t) = Pa(—E)e” [l 2y

=, + "
L 7T1,2(0, t— x)e_fo h],2(T)dT,

m1(x, 1) = WPa(t) = Pa(=&)e” [l & +ydy

T:f+y J(-)x hz(T)dT.

7T2,rpl(0, t—x)e”

Combining Egs (3.2a) and (3.2b) with Eq (3.21), we obtain
m(1) = e,
(1) = ¢re ™.

If ¢ > 0 (i.e., x > 1), then integrating Eqs (3.3a)—(3.3c) from O to t, we deduce

4 t
T, ) = Wi(f) = Wi (0)e b M@ DdT = g (x — pem b ha@roie
o=+

e o
—— ¢3(x —1)e fé hii(o)do _ b3(x — De fk,hl,l(T)dT’

1203, 1) = Vo) = Wo(0)e b M2 — g (x — pyem lymaterndr

o=£+T

_ £+t o
da(x — e fé hyp(0)do = da(x — e fx_lhl_g(‘r)df,

T pi(X, 1) = W3(7) = W3(0)e” ke _ bs(x — e” Jy ma(e+nydr

o=+T

_ E+t o
¢5(x—t)e j; ha(o)do :¢5(x—t)e fx_thz(T)dT.

Eqgs (3.4)—(3.6) complete the proof.

(3.32)
(3.3b)

(3.3¢)

(3.4a)

(3.4b)

(3.4c)

(3.5a)
(3.5b)

(3.6a)

(3.6b)

(3.6¢)
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In the subsequent analysis, we aim to demonstrate that the S(7) is QCO on X. So, we define:
0, x €[0,1),
SOM)(x), x € [t,00).

SOID(x), xe€[0,n),
0, X € [t,00).

Wmmm:{

(Wmmm={

Clearly,
SO =V +WHOH, VIIeX.

Referring to the work in [11, Corollary 1.37], we can readily derive the following result.
Lemma 3.2. A bounded subset F' of X is said to be relatively compact if and only if it satisfies the
following two conditions:

5 00
(1) lim 23 Jo aCx+h) = fu(x)ldx = 0, uniformly for f = (fi, o, f3, fas f5) € F;

5w .
) }}1_210 2_13fh |fn(x)|dx = 0, uniformly for f = (fi, f>, f3, fa, f5) € F.
Theorem 3.1. Assume that /;(x) (j = 1.1, 1.2,2) are Lipschitz continuous such that

0 < h; < hj(x) < T; < oo,

where h;, h_] are strictly positive constants. Then W(z) is a compact operator on X.

Proof. To demonstrate the necessary result, Condition (1) in Lemma 3.2 is sufficient. Let II(x,?) =
SHP)(x),x € [0,1) for bounded ¢ € X. Then Il(x,?) is a generalized solution of Eq (3.1). By
Lemma 3.1, we have, for x € [0,1), h € (0,¢], x + h € [0, 1),

! !
f I (x +h,t) —m i (x, 0)ldx + f [mi2(x + h, 1) — mp2(x, 1)ldx
0 0
!
+meme@—mmmmm
0

t
x+h "
) f 10,7 = x = )™ b MO (0,7 x — e b e
0
+ 7'(1’1(()’ f—x— h)e—fo’ hia(rydr _ 771,1(0» t— x)e—fo hl’l(T)dT|dX
! x+h x
+ f 1200, — x — hye b M@ _ 70,1 — x — h)e” b i
0
+m0(0,1 —x — h)e‘fo madT _ (0, — x)e‘fo ha@dr|q
! X+h "
+ f |7T2,rp1(0, t—x— h)e_fo ha(dr _ 772,rpl(0’ f—x— h)e—fo hy(t)dt
0
+ 7T2,rpl(0, t—x— h)e—fo hy(t)dt 7T2,rpl(0’ f— x)e—fo hz(T)dTldx

!
x+h X
< f 1 (1 = x = )y fle™ b M @dT _ gy idrg
0
t X
+ f |y (t = x — h) — Ay (f — x)le” b Ma@drgy
0
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t
x+h X
+ f Tyt = x — ) Ayaplle™ b Ma@dr _ o= [ oy
0
t "X
+ f 71200, = x—h) —m 200, - x)|e‘f0 ha(dr g,
0
' x+h X
+ f |7T2(t - X — h)/lQHC_fU hy(r)dr _ e—fO hz(T)dT|dx
0
t X
+ f |[Aama(t — x — h) — Ay (t — x)|e—f0 hz(T)dex
0
' x+h X
<f Aiag||S(t—x— h)¢(-)l|X|e_fo harde _ o= ) atdr g
0
t "X
+ f /llal|¢le—ﬂl(t—x—h) _ ¢le—/ll(t—x)|e—f0 hl’l(T)dex
0
' x+h X
+ f LaallS (£ = x — Wg(O)llxle™ b M@ _ o=l ha@drq
0
t "X
+ f /llazl(ﬁle—/ll(t—x—h) _ ¢le—/ll(t—x)|e—£) hl,z(T)dex
0
' X+h X
o [l gl s
0
' X
+ f /12|¢26_/12([_x_h) — ¢ze_/12(f—x)|e—fo ha(Dd7 4 5
0
t
x+h x
</lla'1||¢”f |e—f0 hi(mdr _ e—fo hl’l(T)dTldx
0
' —A1 (%)
gl [ et g
0
! x+h X
+ /lla,2||¢||f |e—f0 ha(rydr _ e—fo hl'Z(T)dTld.x
0
t -1 (t-x)
T S
0

!
X+h x
+ ligl f o b e _ o [ ey
0

t
+ Aol f g2 4 50, as |h| — 0, uniformly for ¢.
0

Ifh€[0,1),x + h € [0, h), a similar argument leads to the same conclusion and completes the proof.

Theorem 3.2. By the same conditions in Theorem 3.1, we have
—min{Ay o,k 1 b2,k
IV()gll x < e mnithiehaholyg voe X

Proof. From the definition of V(¢), for any ¢ € X, we estimate

||V(Z)¢()|| = |¢1e_/m| + |¢2e_/12l| + f |¢3()C — e~ f;i,hl,l(T)dTldx

Networks and Heterogeneous Media

Volume 20, Issue 2, 500-531.



508

+ f |ps(x — 1)e” fx-;hl,Z(T)dTldx
t

+ f lps(x — t)e” NGRS
t

<Irle™ " + [gole™ + sup [e ka0 f |p3(x — 1)|dx
t

x€[0,00)

+ sup |e~ oo f |p4(x — 1)|dx
t

x€[0,00)

+sw|€ﬁwmif|%u—mm
t

x€[0,00)

] ) —hy 1t
< lgile™ " + |pole 2’+e“f |p3(x — 1)|dx

t

et |@u—MM+6Wj'mu—mw

t t

y=x—t

p1le™" + [gpole 2! + 7! f l¢3(»)Idy

0

4o WAwMy+€“if 650)ldy

0 0

<emWMMW%mHmHjW@@m
0

o [ ok [ o)

0
—min{Ay,42,h1 1,71 2,k
= ¢ MRl g, | (6] + sl 10,0y

+ a0 + 165ll2110.00)
—min{Ay,42,h1 1,012,k
S P

From Theorems 3.1 and 3.2, we have
IS(t) = W) = [V < e ™ntrthuhalelt g5 oo,

which, together with the definition of a QCO, yields the following result.
Theorem 3.3. S(¢) is a QCO on X with the same conditions as in Theorem 3.1.

Because E is a compact operator on X, we obtain the following result, according to Theorem 3.3 and
Nagel [15, Prop. 2.9].
Corollary 3.1. T(7) is a QCO on X. The spectral properties of A + E are examined below.
Lemma 3.3. If0<h<hj(x) < h < oo, then A + E has at most finite eigenvalues in {n € C| - h; <
Rn < 0}, each with a geometric multiplicity of one, and O is a strictly dominant eigenvalue. B

Proof. Considering (A + E)II = nll, i.e.,
(A +mmy = f 71 2(xX)h o (x)dx + f 72 rp1(X)ho (x)dx, (3.7a)
0 0

Networks and Heterogeneous Media Volume 20, Issue 2, 500-531.
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(A2 +mmy = f; m1,1(X)h 1 (x)dx, (3.7b)
d
”;;(x) =~ + I ()1 (), (3.7¢)
d
ﬂ;i(x) = —( + hi2 (D)1 2(%), (3.7d)
dmy,

%(X) = —(77 + hZ(-x))ﬂ'Z,rpl(x), (376)
m1,1(0) = mAay, (3.7f)
m12(0) = mAiay, (3.72)

72,p1(0) = maA,. (3.7h)

By calculating Eqs (3.7¢)—(3.7e), and combine Eqs (3.7f)—(3.7h), we have

1 (X) = 7 A ae b i (3.82)
ma(x) = 71 Ay pe P @ (3.8b)
702 pi(X) = Tty dpe b 0dx (3.8¢)

By inserting Eqs (3.8a)—(3.8c) into Eqgs (3.7a) and (3.7b), we obtain
Iy = I(mm = 0, (3.9)
where
1) =412 + (A + A + 177 — djaon j:o hyp(x)e ™k a0dr g
— A fo ) hio(x)e ™k ma®drg
- Lba, fo (e g fo " (e Pl g

If 7y = m, = 0, then Eqs (3.82)—(3.8c) imply m; 1(x) = m2(x) = m(x) = 0. That is, II(x) =
(0,0,0,0,0). Hence, 1 is not an eigenvalue of A + E.
If m; # 0,71, # 0, then Eq (3.9) gives
I(n) =0, (3.10)

thus,
InH=0em #0,7, #0. (3.11)

Using Eqgs (3.8a)—(3.8c), we can estimate

[[XX|| =[] + |rma] + ||7T1,1||Ll[o,oo) + ||7T1,2||L1[o,oo) + ||7T2,rpz||Ll[0,oo)

0 v
=|my| + || + ||y f g_’l"—fo hi@dr gy
0

0 (o)
+ |l f S NUECE PP NP f ok T g
0 0

Networks and Heterogeneous Media Volume 20, Issue 2, 500-531.
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:|7T1|{1 + iy f el iy /hazf ok hl,z(‘r)d'rdx}
0 0
+ |7T2|{1 + ,lzf e—'?x—f(j hz(T)de}
0
<|7T1|{1 + i f e Yy + 4, f e_(R'“h'J)xdx}
0 0

+ Iml{1 + 4, f e i |
0

Ay Ay
:|7r1|{1+ + }
RT]-FhLl Rﬂ+h1,2
A
+ 1+ . 3.12
{1+ 5 " | (3.12)

By Eqgs (3.11) and (3.12), it is straightforward to deduce that all zeros of I(n) in
Q={neC| —minh; <Ry <0},

are eigenvalues of A + E. Since I(n) is analytic in €, by applying the zero-point theorem for analytic
functions, we infer that /(77) possesses at most countably isolated zeros within €.

In the subsequent analysis, we aim to confirm the aforementioned findings. Suppose /(1) has
infinitely many zeros within €, denoted as 17, = v; + & € Q, where «; € (—h;,0] and &, € R. By the
Bolzano-Weierstrass theorem, we can assert that there exists a convergent sa)sequence among these
zeros. Without loss of generality, let us consider the subsequence 1, = v, + 1&; such that

]}1_)I£10 vi =v € (—h;, 0], ]113)10 |Bil = 00, I(q) =0 Vk=>1.

By substituting 1, = v, + 1&; into Eq (3.10), we derive
-4 = (4 + ) =177 + Laan j:o hyp(x)e ™k a0dr g

+ A1 bas fo ) By (x)e ™k 2@y

+ Aiba f Byt (x)e ™k mi@drg f hy(x)e™h gy =
0 0

—
— L = (A + L) — (A + )é — V2 — &2 = 2ivéy

+ L has f hl,z(x)e-w—foxh1~2<f>df[cos(gkx)—isin(gkx)]dx
0
+ i (v +1&) f hl,z(x)e_v"x_fomh"zm ¥ [cos(&x) — isin(£x)]dx
0
+ L f By (x)e ™ h @ eag(& x) — i sin(éx)]dx
0

X f ) hy(x)e ™"k 2O [cog(£,x) — i sin(&x)]dx = 0
0
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—Aidy — (A + D)ve — Vi + 513

+ A fo ) By (x)e ™ h MO cog(& x)dx
+ Ly f(; ) hl,z(x)e_v"x‘foxh”(”dT cos(&x)dx
+ A2 f(; ) By p(x)e™ k11208 sin g 0 dx
+ 41 ay [ j:o i, (x)e_vkx_foxh”mdr cos(&rx)dx
X j(; ) By (x)e ™k O cog(g xv)dx

B ﬁ ) g (x)e ™"~k 1O i x)dx

X f hay(x)e ™"k M@ sin(£.x)dx| = 0. (3.13)
0

= (A + )& — 2viéi — L1 fow hl,z(x)e_vkx_foxh"Z(T)dT sin(&x)dx
+ Aiané, fo ) By (x)e ™ M cog(& x)dx

— Lok \fo ) hl,Z(x)e_V"x_fOxh”(T)dT sin(§x)dx

- A1 [ Lw hy, (x)e_vkx_f(’xhl’](T)dT cos(&x)dx

X fo ) B ()™ O gin (& ) dx

+ f hl,l(x)e_ykx_fo AT gin (& x)dx
0

x fo ) By (x)e ™= O oo v)dx = 0. (3.14)

Given that 17, € Q, and by applying the Riemann-Lebesgue theorem, we deduce
lim Om hj(x)e”" b BO% cog(g x)dx = 0, (3.15)
lim fo h 0k O gin g x)dx = 0. (3.16)

From Eqgs (3.13), (3.15), (3.16) and taking the limit as k — oo in Eq (3.13), we arrive at a
contradiction where co = (. This contradiction implies that /(1) can have at most a finite number of
zeros in Q. In other words, the operator A + E has at most a finite number of eigenvalues in Q.
Furthermore, based on Eqs (3.8a)—(3.8c¢), the eigenvectors associated with 7 span a one-dimensional
linear space. This indicates that the geometric multiplicity of 7 is one.
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Remark 3.1. It can easily be seen that /(0) = 0. Consequently, O is an eigenvalue of the operator
A + E with a geometric multiplicity of one. Given that A + E has a finite number of eigenvalues, and
all non-zero eigenvalues have strictly negative real part in €. it follows that O is a strictly dominant
eigenvalue of A + E.

Lemma 3.4. The adjoint operator (A + E)* is given as

(A +E)II" = (G+ BT, II' € D(A +E)*) = D(G),

where
-4 0 0 0 0 T
0 -4 0 0 0 S
GI'= 0 0 <L—h, 0 0 7 (%)
0 0 0 L~ h(x) 0 7} 5 (%)
0 0 0 0 &~ ))\7;,,(0)
00 0\ =
00 0l =
hu(x) 0 0 0ff m,00 |,
hlz(x) 0 0 0 0] 7,0
hg(x) 0 0 0 0)\x3,, 0
0 /110’1 /11(1’2 0 7'1'1<
0 0o 0 0 Al =
FIT'=|0 0 0 0 0] x,0 |,
00 0 0 Offn,0
00 0 0 0/x,,, ~0
D(G) = {H* c X‘ dmr (x) exists and 7T] 1(oo) _n] 2(oo) T pl(oo) =g }

and € in D(G) is a constant that is independent of state.

Lemma 3.5. Suppose that for i = 1.1, 1.2, 2, the function A;(x) satisfies 0 < h; < hi(x) < h; < co. the
adjoint operator (A +E)* has at most a finite number of eigenvalues within the re%ion {n € C|—min h; <
Rn < 0}. Furthermore, if the geometric multiplicity of each eigenvalue is one, then O is a strialy
dominant eigenvalue.

Proof. Consider (A + E) II" = gII", i.e

nry = =iy + Liagr (0) + Aanm 5 (0), (3.17a)
nm, = —Aom; + omy ,,(0), (3.17b)
dri (%) . \
Tdx =@M+ h ()] (x) = hy i (0)ms, (3.17¢)
dry ,(x) . \
T - (7 + hi ()7 5(x) = hyp(x)77, (3.17d)
dr3, (%) * *
b (M + ha(X))75, ) (X) = ha ()77, (3.17¢)
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(o) = &. (j = 1.1,1.2,2, rpl). (3.17f)

By solving Eqgs (3.17¢)—(3.17e), we deduce

X
ﬂ-?l(x) — ﬂ.?l(o)emﬁfo hia(mdr _ enx+f0 h1,1(T)de h]’l(x)ﬂ.;e—r]x—ﬁ) h1,1(T)dex’ (3.182)
0
v X X X
FT'Z(X) — ﬂ:]k.z(o)erpﬁj(; hip(r)dr _ enx+f0 hl,z(‘r)d‘rf I’ll’z(X)ﬂ'Te_nx_fO hl’Z(T)deX, (318b)
0
X
ﬂ';,rpl(x) — ﬂ,;’rpl(o)emﬁfo hy(7)dr _ er]x+J(‘) hz(‘r)drf hz(X)ﬂ'Te_nx_fO hZ(T)deX. (318C)
0

Multiplying both sides of e h hdT 5= 1(1.1),(1,2), (2, rpl)} by Eqgs (3.18a)—(3.18c), taking the
limit as x approaches infinity, and utilizing Eq (3.17f), we derive

71,(0) = m f iy (el @iy, (3.19a)
0

71 ,(0) = 7} f Iy o(x)e 7k TadTg (3.19b)
0

7y (0) = 7} f hy(x)e b gy (3.19¢)
0

By substituting Egs (3.19a)—(3.19c¢) into Egs (3.17a) and (3.17b), we obtain
+ A1 + Lz f hya(x)e Pk 2@y e
0
- L, f By (e h O g s = 0,
0

Ay f ) hz(x)e_”x‘fox ha@dT gy x m—(m+ ), =0,
_ 0
[/11/12 + (A + )+ 177 = Laan f:o hyp(x)e ™k i g
= A1 day j(;oo hl,z(x)e_"x_foxhl’z(T)dex - L
X fo ) By (x)e ™™ i@y f ) (e h O dxrr =0, i=1,2. (3.20)

0

If n7 = 0 (i =1, 2), Egs (3.18a)«(3.18c) mean ﬂ;‘.(x) =0 = 1.1, 1.2, 2. rpl). Evidently,
I (x) = (0,0,0,0,0), which shows that 77 is not an eigenvalue of (A + E)".
If 77 # 0 (i = 1, 2), from Eq (3.20), we obtain

B(T]) :/11/12 + (/11 + /12)77 + 772 - /1161’277[ hl,z(x)e_nx_fox h1,2(‘f)d-rdx
0

— L has f hl,z(x)e_"x_foxh"Z(T)dex
0
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— b, f By (x)e b mi@drg f hy(x)e™ b @i gy = 0, (3.21)
0 0

Hence, we can get I(7) = B(n7) = 0. Therefore,
Im=0enr #0,i=1,2. (3.22)

According to Eqs (3.18a)—(3.18c), we have (assume Ry + 4;) > 0)

x 0 ¢
I} 1l gy < 5] S @t e o f 1@k g
X

x€[0,00)

<l sup f o FIED a0 g

XE[0,00) X

.y hii (3.23)
R?] + h] 1
Similarly, we obtain
[l 5l <| *IL (3.24)
T 2llp=[0,00) S 1T R+ ho .
* * h_2
||7T2,rpl”Loo[0’°o) < |7T1|R17 + @ (325)
Combining || (i = 1, 2) with Eqgs (3.23)—(3.25), we obtain
o’ :SUP{|7TT|,|7T§|, o e g0.00)s 170 0,009 ||7T§,,p1||L°°[0,oo)}
. hiy hia hy
= 1, |7kl | |7t — | . 3.26
sup i i el il o il ) (3.26)

Eqgs (3.23)—(3.25) imply that all zeros of B(n) in Q are eigenvalues of (A + E)*. Since B(n) is analytic
in Q, by the zero-point theorem for analytic functions, B(77) has at most countably many isolated zeros
in Q. Given the similarity to Lemma 3.3, we can conclude that B(n) has at most a finite number of zeros
in Q. In other words, (A + E)* has at most a finite number of eigenvalues in Q.

Remark 3.2. It is easy to verify that B(0) = 0 by Eq (3.21). Consequently, O is the eigenvalue of
(A + E)* with geometric multiplicity of one.

By combining Lemmas 3.3 and 3.5 with Theorem 2.3, we can determine that the algebraic multiplicity
of Ois 1 and s(A + E) = 0, i.e., the spectral bound of A + E is zero. Thus, with the Corollary 4.1 in [11],
we obtain the following:
Theorem 3.4. Ifh,(x) (i = 1.1, 1.2, 2) are Lipschitz continuous and satisfy

0<h; <hi(x)<h <oo,
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then, there exists a positive projection Pr of rank one and appropriate constants 6 > 0, M > 0 such

that

IT(¢) — Pr|| < Me™®,

where P, = ﬁ fr(zl — A —E)"'dz and T is a circle centered at 0 with sufficiently small radius.

The main results of this section will be presented in the following analysis, where we will discuss
the growth bound of T(#) and determine the explicit form of Pr.
Lemma 3.6. Fory € p(A + E), yields

where

21 Y1

22 V2
(yI-A-B)'z|=|y|, Vze X,

24 Ya

<5 5

n=+do)] [ s b [ e oty
0 0

00 X
+ f hz(x)e_yx_f" ha($)dé f z5(1)e”” +o ha ()4 4rdx + Zl]
0 0

+ A f hz(x)e—%c—fox hz(f)d{fdx[ f hl,l (x)e—yx—fox hy1(&)dé
0

0

« [ s Emsinae ey, (3.272)
0
=y - /lIQZhl.z(X)e_yx_foxh1,2(§)d§dx]

00 § X
X [ f hl,l(X)e_”_fo h1(€)de f z3(7')e”+fg ha @ qrdx + Zz]
0 0
+ ﬂla'lf hl’l(x)e—)’x—foxhl,l(f)dfdx[f hLZ(x)e—yx—fOXhLz(f)dg
0 0

X 00
x f 2a(7)e’™ o MO Jrdy + f o (x)e™ " Jo ma(&)dé
0 0

% f ZS(T)CTH—K hz(‘f)ddedx + Zl]/F(')’)a (327b)
0

3300 ={0r + )| f Iy a(x)e b 0% f 22 b %

0 0

00 X
+ f hz(x)e—%c—fo' hz(f)dff Zs(T)eyﬂfO ha (& 4rdx + Zl]
0 0

+,12f hz(x)e_”‘fdxm(‘f)d‘fdx[f hl’l(x)e—yx—foxhl,l(f)dg
0 0

X f e (T)e””foT ma@dEqrdx + 22] / F (y)}
0
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x
X [ﬁlale—)’x—j(‘) URICIL S e—yx—fo' h],l(f)dff Z3(T)CVT+J;’ hl,l(f)dde]’
0

ya(0) ={(r + )| f hia(x)e 7k et f 2Dk MO drdy
0

0

00 X
+ f hz(x)e_”_fo hz(f)d,ff z5(7')677+£ ha (4 4rdx + Zl]
0

0

+ A, f hz(x)e—yx—foxhz@)dgdx[ f Iy (e £ e
0

0
X f 23(T)e’ b Mm% gy Zz] / F (y)}
0

. X -
X [ﬂlaze—)’x—fo hads e—yx—fo h],z(f)dff Z4(T)eyT+f0 h.vz(g)dng]’
0

ys() ={(r + )| f hia(x)e 7k et f 2@k MO drdy

0 0

00 X
+ f hz(x)e_”‘_fo hz(-f)d,ff ZS(T)eyT+j(;T ha () 4rdx + Zl]
0

0

+ A f hz(x)e—%c—fox hz(f)dfdx[ f hl,l (x)e—yx—fox hy1(&)dé
0

0
X f 3 (T)e”*g M@ qrdx + 22] / F (y)}
0

. x X "
X ek MO | gmya= [ f 25(T)e? ™ h mEO% g
0

where
F(y) =(y + /lz)[y +A4 - f hl,z(x)e‘”‘—fo‘hl.z@dfdx]
0

-1 Ay f hz(x)e—)’x—foxhz(f)dfdxf hl’l(x)e—yx—fox hia@©dEq
0 0

Proof. Considering (yl — A -E)y =z forVz € x,i.e.,

(y+ Ay = f hy 2(x)y4(x)dx + f hy(x)ys(x)dx + zi,
0 0

(y+ )y, = f hi 1 (x)y3(x)dx + 2z,
0

d

y(i)(CX) = =(y + hi1(X)ys(x) + z3(x),
d
% = —(y + h12(0))ya(x) + z4(x),
dy;)(cx) = —(y + ha(0)ys(x) + z5(x),

v3(0) = yidiay,
v4(0) = y1 A1z,
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¥5(0) = y24s. (3.28h)

By solving Eqgs (3.28¢)—(3.28e), and using Eqs (3.28f)—(3.28h), we have

y3(x) = yi e Jo ma@dE | =yx= [ hi@)d f ()™ N ha©)E g, (3.292)
0
ya(x) = Y1 A e o ma@de | g=yx= [ hia@)dé f 2(T)e"™ fo’hl,z(;f)dfdn (3.29b)
0
Y5(x) = yadoe " o m©dé | o-yx= [ ha@)dé f 25(T)e”™ Jo M@0 g (3.29¢)
0

Combining Egs (3.29a)—(3.29¢) with Eqs (3.28a) and (3.28b) yields

(¥ + An :f h1,2(x)}’1ﬂlaze_yx_f“xhl’zg)dfdx+f hl,z(x)fl_”_f“xhl’z(f)df
0 0

X f ()™ h 2 O%qrdx 4 f ha(x)yadpe ™k 12O g
0 0

o X
+ f hz(X)e_Vx—fO h(§)dés f Zs(T)ey‘H—fO hz(f)dngdx +z
0 0

(7 + 4 - A f hl,z(x)e_yx_f“xhu@dfdx))’l - (/12 f hy(x)e b hzg)dgdx))h
0 0
- f hya(x)e ™k — kb ma©d f 2a(T)e™Hh M2 qr iy
0 0
+ f ha(x)e™ 7 b M ©d f 25(1)e? h mO%qrdyx + 7, (3.30a)
0 0

(y + L)ys = f By g (X)y; dyerye 7k M@ f hy s (b @
0 0

X
X f z3(T)eyT+f0 mi@EGrdx + z,
0

( - f hl,l(x)e_yx_foxhl’l(f)dfdx)}ﬁ + (Y + )y
0

= f hljl(x)e‘”‘foxhlvl(f)df f z3(T)eVT+foTh1»'(§)d§dex+zZ. (3.30b)
0 0

Applying Cramer’s rule to Eqgs (3.30a) and (3.30b), we obtain Eqs (3.27a) and (3.27b), and
substituting this into Eqs (3.29a)—(3.29c) separately, we obtain Eqs (3.27¢)—(3.27e).

Theorem 3.5. Under conditions of Theorem 3.4, the T-DS of system (2.4) converges exponentially to
its S-S, i.e.,

IT(C.0) = TG < Me™, 1> 0.
Proof. Theorems 3.1 and 3.2 imply
In[[S() = W@ = In|[V()|l < — min{dy, Az, h}r
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=

In[|S(¥) — W)l < —minfd;, A, b}
» < 1, 42,15

Combining this with Engel et al. [16, Prop. 2.10], we deduce that w,(S(?)) (i.e., w.5(A)), the
essential growth bound of S() (i.e., A), satisfies

Wess(S(t)) < - min{/ll ’ /12, h}
Since E : R* — R* is a compact operator, we derive by [16, Prop. 2.12] that
Wess(A + E) = Wess(T(t)) = WeSS(S(t)) < - min{/lb /12’ h}

We get that 0 is a pole of (yI — A — E)~! of order 1, using the above result together with Engel et
al. [16, Coro. 2.11] and Theorem 3.1. Therefore, by the residue theorem, we have

lim yy,

y—0
i 2| limyy
22 22 .y—>0
z3| = lin(l) yoyI — A-B)y 'z | = y_{% Yy3(0) |,

y—
%4 ()| | limyy.(x)
Zs zs(x)) [0
%1_{% yys(x)

Determining the projection operator is now possible by calculating the above limit. Given that
f hi(x)e b HOUGy = _gm K MOE 1> (=11, 1,2, 2),
0
and we obtain the following using L”Hospital’s rule:

lim V/F()’) =lim 1/[7 +4 - f hy o(x)e 7 2 g
y—0 y—0 0

+ (v + )1+ L f xhy o ()77 h MO}
0
+ all/ll/lz f xhz(x)e_'yX—j: hz(f)dfdx f l’ll’l(X)e_yx_f()xhl*'(f)d‘fdx
0 0
+ f By (x)e ™5 M€ gy f xhl,l(x)e_”_foxhl’l(f)dfdx]
0 0

:1/[/11 - /llaz f h],Z(X)e_ j(;xhl,Z(f)dfdx
0

+ /12{1 + /llazf xhl,z(x)e—f(fhl,z(f)dfdx}
0

+ a1 Aof f xhy(x)e™ b O% f By (o)e™ b g
0 0

+ f ha(x)e™ b 12O%q f xhlvl(x)e—fo*h.,l@dgdx}]
0

0

Networks and Heterogeneous Media Volume 20, Issue 2, 500-531.



519

:1/[/11 - /lla’Z + /12{1 + /11(}2[ xhl,Z(X)e_ f()th(f)dfdx}
0

+ 1 A1 f xhy(x)e b 2O%qx 4 f xh1,1(x)e‘foxh’v1(f)d§dx}]
0 0

:1/ [/11“1 + A + i d@s f xhyo(x)e b M2 @y
0

+ a1/11/12{ f xhy(x)e” Jy gy f xhy(x)e” f;h“(adgdx}]
0 0
1

I8

The Fubini theorem gives

f I p()e” b et f (e M2 gpd
0

0

- f Z4(77)€3f<;7 hy 2(&)dé f hyo(x)e” foxhl,z(f)dfdxdn
0

n

- [ zman= [ zwax
0 0
Similarly, we have

f By (x)e™ o 1 f za(p)eh mi©%gpqy = f z3(x)dx,
0 0 0

f h2(x)e_f0xhz(§)d§f Zs(n)efoqhz@dgdndx:f z5(x)dx.
0

0 0

5 00
Using this and z; + 25 + ), fo zi(x)dx = 1 we derive
i=3

00 X
lir% vy =+ f hz(x)e_”_f0 ha(&)dg f z5(T)eyT+f0 &% qrdx + zl]
Y= 0 0

+ fo ek O g fo ) hyy (x)e b i@
X ‘fo ) 23(r)e’™h M@k gy 4 zz]} /H
=| fo (e fo 2 e g
+ j:o hy(x)e” k m@d f: zs(n)efo" h2(§)d§dndx + 21}
+ 1 fo e b (g f (e b e

0
X fx z3(n)efo"h1’1(f)dfdndx + zZ}]/H
0
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:/lz{f Z4(x)dx+f zs(x)dx+z1}+/lz{f z3(x)dx+zZ}/H
0 0 0
=hfu + 2+ f z3(x)dx + f za(x)dx + f zs(x)dx}/H

0 0 0

Ao
=— =Ty, 3.31
H T ( a)
lir% Yys =X { f hl,l(x)e_”_foxh“(f)df f z3(T)e7T+£ ha @ qrdy + zg}
y— 0 0
+ A f By (x)e™" f(;‘hl,l(f)d.fdx{ f hio(x)e "k ot
0 0

X 00
% f z(r)e’™ o MO Jrdy + f hia ( x)e—yx—fo hy(&)dg
0 0

X f z5(r)e’™Hh % qrdx + zl} / H
0
:{/ll - f hia(x)e” f;h”@dfdx}
0
X {f hi(x)e” foxhl‘l@dff Z3(T)ef(;h1~'(f)d§drdx + Zz}
0 0

+ Al f g (x)e™ b MO f hy 2(x)e™ b e
0

0

X 00
X f z(t)eh M2 O%grdx + f ha(x)e™ b @
0

0
X f Z5 (T)efoT W@ qrdx + zl} / H
0

=41 - L) f z3(1)dr + 2
0
+ L f z4(r)dr + f zs(rdt + 24| [H
0 0

:/11&1{Z1+Zz+f Z3(x)dx+f z4(x)dx+f z5(x)dx}/H
0 0 0

A
_ ;Il = 1, (3.31b)

lim yys(x) =4 e b 11O lim yy,
y—0 v—0

1 . Ldaie b mi©d
=22 X e h s = SO = 11,1 (0), (3.31c)
lim yys(x) =4z b 12O% lim yy,
y—0 y—0
pl . Lo b ma©d
:EZ w Ayape b ma@as - A 2“26H° = 712(%), (3.31d)

lim yys(x) =~ b 2O Jim yy,
y—0 y—0
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A D doqie b h2©d
- 1};’1 X Aye b @ MCH - = T pi(). (3.3le)
Combining Egs (3.31a)—(3.31e) with Theorem 3.5, we obtain
Pri1(0) = I(x). (3.32)

From Theorem 2.3, Eq (3.32), and Theorem 3.5, it follows that

I, ) = IOl =ITOTO) = PrILO)]| < IT(2) = PrilTO)]| < Me™™|IO)]| = Me™, 1> 0.

4. Asymptotic expression of the T-DS of Eq (2.1)

The algebraic multiplicity of all eigenvalues of A + E in Q is 1, as can easily be demonstrated using
the same method as in [12]. Without loss of generality, suppose

meZ={neC|l-minh <Rp<0},1=0,1,--- 4,

—mink; <1, <ng <0<y <no=0,

are g+ 1 real eigenvalues of A + E. Thus, by combining Theorem 2.1 with [11, Thm.1.89] (see also [15]),
we deduce

q
I(x, 1) = T(HII(O0) = Z T/()II(0) + R,(HII(0), (4.12)

1=0
T,(HI(0) = ™ PrI(0), [=0,1,---,q, (4.1b)

1
PriII0) = — f(nl —~A-BE)'II(0)dy, [=0,1,---,s5, (4.1c)
2ri Jr,

IR, ()l < Me™ M >0,0>0, (4.1d)
where ; (1 =0, 1,--- , q) is an order-one pole of (n — A — E)~! due to its algebraic multiplicity of one.

By the residual theorem, we have

PrII(0) = limn(nl — A — E)~'11(0), 4.2)
n—m
and

A4 IT,
A% I,

I -A-B)Y'|y;|=|IL|, VYyeXx 4.3)
V4 I,
Vs I1s

By Egs (4.2) and (4.3), we can determine

Prol1(0) = (I1(0), IT*)I1(x),
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here II(x) and II* satisfy (A + E)II(x) = 0, (A + E)*II* = 0,(II,II*) = 1. Finally, we deduce the
following main results.
Theorem 4.1. If the condition of Theorem 3.4 holds, then the TDS of Eq (2.1) can be written as

q
T(x, 1) = (M(0), Q)(x) + Y & lim n(nl — A = B)'TI(0) + Ry()TI(0),
=1 n=m

IR, ()l < Me™ M > 0,6 >0,
where (I = 1, - - - , g) are isolated eigenvalues of A + E in Q.

5. Numerical results

In this section, we analyze the reliability indices of the system through specific examples and
numerical analysis. The key indices under consideration include the instantaneous availability A(?),
failure frequency m(t), renewal frequency m,(t), and reliability R(7). These indices are defined as
follows, based on [11],

A1) =m (1) + mp(2),
m(t) =17 (1) + Ama(2),

m(t) = f m12(xX)h o (x)dx + f 702 rp1(X) o (xX)dx.
0 0

According to Theorem 3.5, the system’s reliability indices converge to steady-state values as time
approaches infinity:

limA() = A, limme(r) = My, limm,(t) = M,.
—00 ’ X t—00

t—00

To validate the aforementioned results numerically, we assume that both repair and replacement times
follow to an exponential distribution. Furthermore, we examine how variations in system parameters
affect these reliability indices. The system parameters are initially set to the following values:

41 =0.01,2, =0.02,; =0.5,a, =0.5,h1; =0.1,h1, = 0.2, h, = 0.1.

By varying these parameters, we analyze their impact on the reliability indices and discuss the
implications of these findings.

Figure 1 illustrates the impact of the parameters on A(f) over time ¢. It is evident that A(¢) decreases
rapidly with time and stabilizes at a constant value after extended operation.

Figure 2 describes the effect of on the instantaneous failure frequency m(¢) over time. Initially, m (¢)
increases rapidly and later stabilizes to a constant value after a period of operation.

Figure 3 depicts the effect of the parameters on m,(f). Similarly, m,(¢) exhibits a rapid decline and
then converges to a fixed value after long-term operation.
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To evaluate system reliability, we define failure states as absorbing states in the model. The reliability
function is derived as follows:

R(f) = e~ ",

Figure 4 shows how the system reliability R(¢) changes over time for different values of 4;. A higher
A leads to a faster decline in R(¢), indicating accelerated system degradation. Conversely, a lower 4,
results in slower reliability decay, reflecting improved system longevity. As expected, the reliability of
the system tends towards zero as time goes to infinity.

In addition, the effect of different parameters (4;, 4>, @y, @2, hy 1, h1 2, hy) on the transient reliability
indices of the system is illustrated in these figures. Overall, changes in the parameters significantly alter
their decay rate or steady-state values.

6. Conclusions

In this paper, we have studied a one-unit repairable system characterized by two distinct failure
modes and subjected to imperfect repairs. We transformed the model into an ACP in Banach space and
conducted a dynamic analysis using the operator semigroup theory of linear operators. Our analysis
demonstrated that the system has unique nonnegative T-DS, which exponentially converges to its S-SS.
Furthermore, we present the asymptotic expressions for the T-DS. Moreover, we analyzed the impact
of each parameter on system reliability through numerical examples. These results are helpful for
engineers to build systems that are more reliable, secure, and cost-effective.

Our future research will extend the scope to include systems with multiple failure modes and
imperfect repairs. This will allow us to investigate increased failure mode complexity and imperfect
repair effects on system reliability and maintenance costs.
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Appendix

Proof of Theorem 3.1. We start by estimating ||(y/ — A)~!||. Given any arbitrary ® € X, and considering
the equation (y/ — A)II = @, i.e.,

(y + A)m = @y, (A.1)
(y + )mr = @y, (A.2)
drry 1 (x)
o =0+ ha@)m(x) + ©30), (A.3)
drm 2(x) _
o =0+ ha(0)male) + ©4x), (A.4)
drm,,

T (4 )20 + D), (A5)
71,1(0) = m Ay, (A.6)
m12(0) = mA s, (A.7)

702,p1(0) = M2 5. (A.8)

By solving Egs (A.1)—(A.5), and using Eqs (A.6)—(A.8), we have

1
m = Oy, (A.9)
Y+ 4
1
_ O, A.10
Up) R 2 ( )
T[l,l (x) — /llallﬂ.le—yx—ﬁ)x hy1(T)ydr + e—yx—fox hy1(nydr f (D3(§)€7§+f0§hl‘lmd7d§, (A 1 1)
0
7T1,2(x) — /ha,zﬂ_le—'yx—fox hy2(T)dt + e—yx—fox hia(T)dr f @4(§)ey§+£)€hl,2(‘r)drd§’ (A 12)
0
X
2p(30) = Apae ™k N ey o f Ds(£)e7 s O, (A.13)
0
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The following inequalities are used above:
e kWO xS es0, j=1.1, 1.2, 2.

Now, if we combine Egs (A.11)—(A.13) with Egs (A.9) and (A.10) and use the Fubini theorem,
we get

||7T1,1||L1[O,oo):f |7ry,1(x)|dx
0

Alal foo ~ fx
< ———|Dy| + e | |D;3(&)le”dedx
Y&y + A1) : 0 0 ’
1 (o) (o]
= —laj| +f |(D3(§)|eygf e "dxd§
Y 0 &

1 1
= ~Jarl + = l1Dsll110.0 (A.14)
Y Y
1 1
12l < —lazl + = l1D4llzi0.0 (A.15)
Y Y
A
I2spllsioes < ~"sial + —||<I>5||L1[o - (A.16)

Egs (A.14)~(A.16) give

LI =[] + [l7eall + {711zt 0,00) + W1 2llzi10.00) + 1702, rpill 1 10,00)

1 /110’1 1
< ()] _ O] +— o o
A ﬂ| Dol + SO+ sl
/11(1’2 /l
PELCE RIS S +—|d>|+—||c1> (0,00
yy+A4) oy O T ) SHE0)
+ (a1 + @) +A4
LT T |q)1|+u@ﬂ"'—”@ﬂhlm,m)
Yy + A1) y(y + A2) Y

1 1
+ =[P4l L110,00) + = D521 [0.00)
Y Y
1
:;/{|c1)1| + | D] + [|D3]|L10,00) + 1DP4llL1[0.00) + ||(D5||L1[0,oo)}
1
=—[|D[£1[0,00)- (A.17)
Y
Eq (A.17) shows that (yI — A)~! exists, and

I-A)": X - DA, Nyl -A)7" < for > 0.

\<I>—*

It is evident that D(A) = X, and the proof is similar to Guper [11], thus we omit the particular
procedures. Based on the results above, linear boundedness of E, the Hille-Yosida theorem and the
perturbation theory [11, 15], we determine that A + E generates a Cy-semigroup 7 (¢).
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In the final step, we show that A + E is a dispersive operator. Choose

(7] (73] [ma(0)*] [ma(x)*] [nz,,pl(xr])

mom o ma(x) T ma(x) 7w (x)

§(x) = (

where

T, > 0,

+ _ .
mi = {7 Ty i=12

o T, w0 >0, .
[7;(0]" = { 0, 7;x)<0. j=11,1.2, 2. rpl,
for Il € D(A). Define W; = {x € [0, co)|rr;(x) > 0} and ﬁ/j = {x € [0, 00)|j(x) < 0}, then we get

foo dr;(x) [ﬂj(x)]+d f dr;(x) [ﬂj(x)]+dx+f dn;(x) [ﬂj(X)]+dx
0 W

dx  mi(x) dx  mi(x) w, dx mix)
_f dmy 1 (x) [ﬂj(X)]+dx 3 f dﬂ'j(x)dx 3 foo d[nj(x)rdx
B w, dx mi(x) B w, dx L dx
=[O 5 = —-[7;0)]", j=1.1, 1.2, 2.rpl (A.18)

Thus, we have

[m]*

T

(DG (- am + [ hamades [ hacomp(od]
0 0

[m,]*

+ { — Aoy + hl,l(x)m,l(x)dx}
0 Uy

N foo { Cdma(o) hl’l(x)m,l(x)}[m’l(x)rdx
0

dx my1(x)
© dma(x) [ 2(0)]"
+ fo (- T2 om0 T
« drmy . pi(X) (702, pi(X)]*
+ fo {- di —hz(x)ﬂz,rpl(x)}—ﬂ_z:pl(x) dx
<= Alml* + [’;11] f ()l 2 ()] dx + [’;11] f () 702, (X)) dx
0 0
[mo]*

— Alm]" +

j; by (o)l (0] dx + [,1(0)]"

Uy

—f hl,l(x)[ﬂl,l(x)]+dx+[7T1,2(0)]+—f hi2(x) [ 2(x0)] dx
0 0

+ [72,p(0)]" — f ho ()72, ()] dx
0

< Aml* = ] + [’;11] f 20 2(0)] dx
0
2L [ i porar s 28 [t ds
T 0 Uy) 0
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+ Lo [m]" + Qan[m ] + lm] - f hy (0[] dx
0

_ f > (2] dx f (D (O] dx
0 0

(I 1) f Bl (0] dx
T 0
+([7;11] -1) fo Mo ()72, rpi(X)] " dx
+([”2]+ - 1) f By ()01 (0] dx
V(%) 0
<0,

which means that A + E is a dispersive operator. Therefore, we can conclude A + E generates a positive

contraction Cy-semigroup T(7) by the Fillips theorem.
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