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random diffusion and Robin coefficients. The FEMC-HDG method solves a single linear system with
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1. Introduction

This paper concentrates on the numerical simulation of a heat problem involving random diffusion
and Robin coefficients. The problem is to find u(t, x, ω) and p(t, x, ω) such that

κ(t, x, ω)p(t, x, ω) − ∇u(t, x, ω) = 0, in [0,T ] × D ×Ω,
∂u(t, x, ω)
∂t

− ∇ · p(t, x, ω) = f (t, x, ω), in [0,T ] × D ×Ω,

p(t, x, ω) · n = 0, on [0,T ] × ∂D0 ×Ω,

p(t, x, ω) · n = ρ(t, x, ω)(g(t, x, ω) − u(t, x, ω)), on [0,T ] × ∂D1 ×Ω,

u(0, x, ω) = u0(x, ω), in D ×Ω.

(1.1)
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Here, D ⊆ Rd (d = 2, 3) is a Lipschitz domain with boundary ∂D = ∂D0∪∂D1, where ∂D0 and ∂D1 are
two non-overlapping parts. The vector n is the unit outward normal to ∂D, and Ω denotes the sample
space.

Many problems in engineering and physics involve uncertainty. For example, in heat transfer
dynamics, material properties, Robin boundary conditions (convective heat transfer coefficient),
thermal conductivity (diffusion coefficient), etc., are affected by various forms of uncertainty. These
uncertainties make the accurate prediction and analysis more challenging. For these problems, many
numerical approaches have been devised [1, 2]. In addition to stochastic finite element methods [3],
stochastic collocation methods [4–7], and polynomial chaos methods [8], the Monte Carlo (MC)
method is widely regarded as another very important approach (see [9–12]). The advantages of the
MC method are that its convergence rate is independent of the dimensionality of the random
parameters, and it is easy to implement. For the MC method, we first perform M independent and
identically distributed (i.i.d.) samples of random variable ω. The i-th (i = 1, 2, · · · ,M) realization ωi

satisfies 

κi(t, x)pi(t, x) − ∇ui(t, x) = 0, in [0,T ] × D,
∂ui(t, x)
∂t

− ∇ · pi(t, x) = fi(t, x), in [0,T ] × D,

pi(t, x) · n = 0, on [0,T ] × ∂D0,

pi(t, x) · n = ρi(t, x)(gi(t, x) − ui(t, x)), on [0,T ] × ∂D1,

ui(0, x) = u0
i (x), in D,

(1.2)

where we assume that ρi(t, x) = ρ(t, x, ωi) and κi(t, x) = κ(t, x, ωi) for i = 1, 2, · · · ,M, with similar
expressions to the other variables. The average

1
M

M∑
i=1

ui(t, x)

of the solution for problem (1.2) is used as an approximation of the solution for problem (1.1).
Although the MC method is simple and easy to implement, its convergence speed is very slow. To

improve this method, Jiang and Layton [13] proposed an ensemble approach for the random evolution
equation. Since its proposal, this method has been widely promoted and applied [12, 14–18]. In [16],
a parabolic problem with a random diffusion coefficient is solved by the ensemble MC and finite
element method. The error estimate is not optimal in space. To improve this, Yong et al. in [19]
presented an optimal error estimate using the finite element method with ensemble MC. For the same
problem as [16], Li and Luo used the ensemble MC and HDG method to approximate it and obtain
the optimal error estimate about space. Similarly, for a parabolic problem with random diffusion and
Robin coefficients, Yao et al. [18] used the ensemble MC and finite element method to approximate it
and find the sub-optimal error estimate in space.

The discontinuous Galerkin (DG) method is an excellent approximation method for problems
concerned with partial differential equations (PDEs). The DG method is particularly well-suited for
problems with discontinuous coefficients. However, the main disadvantage of DG methods is the
large number of degrees of freedom. The HDG method (see, e.g., [20]) approximates the solution’s
flux and trace by introducing numerical fluxes and numerical traces in a mixed formulation.
Compared to DG methods, HDG methods significantly reduce the number of globally coupled
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degrees of freedom. To date, the HDG method has been utilized for a variety of problems, including
convection-diffusion problems, flow problems, and hyperbolic equations (see, e.g., [15, 21–23]).

In this work, we study the numerical approximate of a parabolic problem with random diffusion
and Robin coefficients by the ensemble MC and HDG methods. By introducing the flux p, the
parabolic problem with random Robin coefficients and diffusion coefficients can be transformed into
problem (1.1). After using MC sampling, the problem involves solving a large number of
problems (1.2). Introduce two averages for the Robin coefficient and diffusion coefficient,
respectively, and construct an ensemble format. Then in the calculation of each time step, a coefficient
matrix can be shared, which reduces the computational complexity (the details can be seen in
Eq (3.12)). The FEMC-HDG method has first-order temporal accuracy and optimal L2 convergence in
spatial space.

The paper is structured as follows: In Section 2, the necessary notations and preliminaries are
provided. In Section 3, we introduce the fully discrete HDG ensemble scheme for problem (1.2), along
with a comprehensive analysis of its stability and convergence. In Section 4, two numerical examples
are provided to illustrate the effectiveness of the proposed method. Finally, concluding remarks are
presented.

2. Preliminaries

In this section, we introduce some notations that will be used throughout this work.
Let (·, ·) and ∥ · ∥ be the inner product and the L2(D) norm, respectively. We adopt the standard

Sobolev space notation W s,q(D), with the corresponding norm ∥ · ∥W s,q(D) and seminorm | · |W s,q(D), where
s ≥ 0 and 1 ≤ q ≤ ∞. For convenience, we use H s(D) := W s,2(D). Specifically, the norm ∥ · ∥Hs(D) and
semi-norm | · |Hs(D) correspond to H s(D).

We assume that (Ω,F ,P) is a complete probability space, where F ⊂ 2Ω represents the σ-algebra
of events, and P : F → [0, 1] denotes the probability measure. H ∈ L1

P(Ω) is a random variable. The
expectation of H can be expressed as

E[H] :=
∫
Ω

H(ω) dP(ω).

Consider a d-tuple δ = (δ1, · · · , δd) with length |δ| =
∑d

i=1 δi, where each δi ∈ N
+. Let the space

W̃ s,p(D) = Lp
P(Ω,W

s,p(D)) consist of random functions u : Ω × D → R, which are measurable with
respect to theσ-algebra F ⊗B(D), whereB(D) denotes the Borelσ-algebra on D. The norm in W̃ s,p(D)
is defined as

∥u∥W̃ s,p(D) :=
(
E

[
∥u∥pW s,p(D)

])1/p
=

E
∑
|δ|≤s

∫
D

∣∣∣∂δu∣∣∣p dx




1/p

, 1 ≤ p < +∞.

If u ∈ W̃ s,p(D), then for almost every ω, u(ω, ·) ∈ W s,p(D). Additionally, for |δ| ≤ s, the derivatives
∂δu(·, x) are in Lp

P(Ω) for almost every point on the domain D. Lastly, we define H̃ s(D) = L2
P(Ω,H

s(D)).
We introduce the tensor product Hilbert space

X := L̃2(0,T ; H1(D)) � L2
P(0,T ; H1(D);Ω),
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where the inner product is defined as

(u,w)X := E
[∫ T

0

∫
D

(∇u · ∇w + uw) dx dt
]
.

The norm is expressed as

∥u∥X :=
(
E

[∫ T

0

∫
D

(
|∇u|2 + u2

)
dx dt

])1/2

.

Let Th be a quasi-uniform triangulation of D. ¯∂D0 ∩ ¯∂D0 are the triangulation nodes. Thus, D can
be written as the union D =

⋃
K∈Th

K, where each element K has a diameter hK . We further define h
as h = maxK∈Th hK . The set ∂Th is defined as {∂K : K ∈ Th}, and Fh represents the collection of faces
F from elements K ∈ Th. The space of polynomials of degree ℓ on K is denoted by Pℓ(K). We then
introduce the following discontinuous finite element spaces:

Vℓh :=
{
v ∈ [L2(D)]d : v|K ∈ [Pℓ(K)]d,∀K ∈ Th

}
,

Wℓ
h :=

{
w ∈ L2(D) : w|K ∈ Pℓ(K),∀K ∈ Th

}
,

Mℓh :=
{
µ ∈ L2(Fh) : µ|F ∈ Pℓ(F),∀F ∈ Fh

}
.

The inner products are defined as follows:

(v,w)Th :=
∑
K∈Th

(v,w)K , ⟨ζ, ρ⟩∂Th
:=

∑
K∈Th

⟨ζ, ρ⟩∂K , ⟨ζ, ρ⟩∂D1
:=

∑
K∈Th

⟨ζ, ρ⟩∂K∩∂D1
,

where (v,w)D :=
∫

D
vwdx, and ⟨v,w⟩∂D :=

∫
∂D

vwds. So we define ∥w∥2
Th
= (w,w)Th .

We assume that the constant C is positive and changes throughout the paper for different
occurrences. Crucially, it does not depend on the discrete parameters M, ∆t, or h.

3. The FEMC-HDG scheme for the stochastic heat equation

In this section, we begin with outlining several assumptions, then develop an FEMC-HDG scheme
for problem (1.2), and proceed to design the FEMC-HDG algorithm. Following this, we present results
on stability and error estimates for both the FEMC-HDG scheme and the FEMC-HDG algorithms.

The mean values of the Robin boundary conditions and diffusion coefficients across the ensemble
can be defined as follows:

ρ̄(t, x) :=
1
M

M∑
i=1

ρi (t, x) , (3.1)

and

κ̄(t, x) :=
1
M

M∑
i=1

κi (t, x) , (3.2)

respectively. In order to derive the stability and error estimates for the FEMC-HDG algorithm, we
draw on the work of [16] and make the following two assumptions:
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(H1) : Let κmax, κmin, ρmin, and ρmax be four positive constants such that for any t ∈ [0,T ], the
probability is expressed as

P
{
ω ∈ Ω; min

x∈D̄
κ(t, x, ω) > κmin

}
= 1, (3.3)

P
{
ω ∈ Ω; max

x∈D̄
κ(t, x, ω) < κmax

}
= 1, (3.4)

and

P

{
ω ∈ Ω; min

x∈ ¯∂D1

ρ(t, x, ω) > ρmin

}
= 1, (3.5)

P

{
ω ∈ Ω; max

x∈ ¯∂D1

ρ(t, x, ω) < ρmax

}
= 1. (3.6)

(H2) : Let κ+, κ−, ρ+, and ρ− be four positive constants, such that for every t ∈ [0,T ], the probability
is stated as follows:

P
{
ωi ∈ Ω; κ− ≤ |κ (t, x, ωi) − κ̄|∞,D ≤ κ+

}
= 1, (3.7)

and
P
{
ωi ∈ Ω; ρ− ≤ |ρ (t, x, ωi) − ρ̄|∞,∂D1

≤ ρ+
}
= 1. (3.8)

Hypothesis (H1) ensures almost sure uniform coercivity, while hypothesis (H2) imposes a uniform
bound on |κ(t, x, ωi) − κ̄(t, x)| with a probability close to certainty. Similar properties are also assumed
to hold for ρ(t, x, ωi).

For a discretized physical space, problem (1.2) seeks (pih(t, ·), uih(t, ·), ûih(t, ·)) ∈ Vℓh ×Wℓ
h ×Mℓh such

that, for all (rh, vh, µh) ∈ Vℓh ×Wℓ
h × Mℓh,

(κi pih, rh)Th
+ (uih,∇ · rh)Th

−
〈̂
uih, rh · n

〉
∂Th
= 0,

(∂tuih,wh)Th
+ (pih,∇wh)Th

−
〈

p̂ih · n,wh
〉
∂Th
= ( fi,wh)Th

,〈
p̂ih · n, µh

〉
∂Th
+

〈
ρîuih, µh

〉
∂D1
= ⟨ρigi, µh⟩∂D1

, i = 1, 2, · · · ,M.
(3.9)

The numerical flux p̂ih is defined by:

p̂ih := pih − τ(uih − ûih)n, on ∂Th, (3.10)

where τ represents the stabilization parameter. In this work, we set τ = 1 since we do not address
multiple physical scales. Substituting Eq (3.10) into Eq (3.9), we obtain the semidiscrete HDG
scheme of problem (1.2), which seeks (pih(t, ·), uih(t, ·), ûih(t, ·)) ∈ Vℓh × Wℓ

h × Mℓh such that, for all
(rh, vh, µh) ∈ Vℓh ×Wℓ

h × Mℓh, i = 1, 2, · · · ,M,
(κi pih, rh)Th

+ (uih,∇ · rh)Th
−

〈̂
uih, rh · n

〉
∂Th
= 0,

(∂tuih,wh)Th
+ (pih,∇wh)Th

− ⟨pih · n,wh⟩∂Th
+

〈
τ(uih − ûih),wh

〉
∂Th
= ( fi,wh)Th

,

⟨pih · n, µh⟩∂Th
−

〈
τ(uih − ûih), µh

〉
∂Th
+

〈
ρîuih, µh

〉
∂D1
= ⟨ρigi, µh⟩∂D1

.

(3.11)

We divide the interval [0,T ] into N equal parts, with a length of ∆t for each part. Denote tn = n∆t
for n = 1, 2, · · · ,N. At each time t = tn, the functions ui, fi, gi, ρi, κi, ρ̄, and κ̄ are denoted by
un

i , f n
i , gn

i , ρn
i , κni , ρ̄n, and κ̄n, respectively. Using the backward Euler method to approximate the time

derivative of Eq (3.11), we can get the fully discrete non-ensemble MC HDG (FNEMC-HDG) scheme.
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Here, we omit the details. By applying Eqs (3.1) and (3.2) to (3.11) and performing simple algebraic
calculations, we can obtain the FEMC-HDG scheme: Seek (pn

ih, u
n
ih, û

n
ih) ∈ Vℓh ×Wℓ

h ×Mℓh such that, for
all (rh, vh, µh) ∈ Vℓh ×Wℓ

h × Mℓh,(
un

ih,∇ · rh
)
Th
+

(
κ̄n pn

ih, rh
)
Th
− ⟨̂un

ih, rh · n⟩∂Th = −
((
κni − κ̄

n) pn−1
ih , rh

)
Th
, n = 1, 2 · · · ,N, (3.12a)(

un
ih − un−1

ih

∆t
,wh

)
Th

−
(
∇ · pn

ih,wh
)
Th
+

〈
pn

ih · n, µh
〉
∂Th
+

〈
τ(un

ih − ûn
ih),wh − µh

〉
∂Th
+

〈
ρ̄nûn

ih, µh
〉
∂D1

=
(
f n
i ,wh

)
Th
+

〈
ρn

i gn
i , µh

〉
∂D1
−

〈
(ρn

i − ρ̄
n)̂un−1

ih , µh

〉
∂D1
, n = 1, 2 · · · ,N. (3.12b)

The initial conditions are given by u0
ih = Π

ℓ+1u0
i , p0

ih =
1
κi
∇u0

ih, and û0
ih = Π̂

ℓu0
i , where Πℓ+1 and Π̂ℓ

represent the L2 projection operators Πℓ+1 : L2(K) → Pℓ+1(K) and Π̂ℓ : L2(F) → Pℓ(F), respectively,
which satisfy: (

Πℓ+1w, vh

)
K
= (w, vh)K , ∀vh ∈ Pℓ+1(K), (3.13a)〈

Π̂ℓ+1w, µh

〉
F
= ⟨w, µh⟩F , ∀µh ∈ Pℓ+1(F). (3.13b)

To solve the stochastic partial differential equation (SPDE) (1.1) using the FEMC-HDG scheme,
we first employ the MC method to generate i.i.d. samples. Subsequently, we apply the FEMC-HDG
scheme to solve the resulting Eq (1.2). The solution of Eq (1.2) is used to compute the expected value
of the solution to the SPDE (1.1). We present the FEMC-HDG algorithm which consists of three main
steps:

Step 1. Generate an i.i.d. sample set for the initial conditions, boundary conditions, source term,
diffusion coefficients, and Robin coefficients. For the i-th realization, these samples are denoted as
u0

i = u0 (·, ωi), gi = g (·, ·, ωi), fi = f (·, ·, ωi), κi = κ (·, ·, ωi), and ρi = ρ (·, ·, ωi), respectively.

Step 2. Calculate ρ̄n = 1
M

M∑
i=1
ρ (tn, x, ωi) and κ̄n = 1

M

M∑
i=1
κ (tn, x, ωi). For the i-th sample, solve

Eq (3.12a) and (3.12b) to determine un
i,h and pn

i,h for n = 1, · · · ,N.

Step 3. For n = 1, · · · ,N, compute 1
M

M∑
i=1

un
ih, 1

M

M∑
i=1

pn
ih to approximate the expectation E[un], E[pn],

respectively.
The FEMC-HDG algorithm effectively combines the scheme (3.12a)–(3.12b) with the random

sampling method. It preserves the benefits of the ensemble approach used for deterministic PDEs,
such as employing the same coefficient matrix for all simulations at each time step. As a result, this
approach involves solving a linear system with several right-hand side vectors, significantly reducing
computational expenses (refer to [16]).

4. Stability and convergence analysis

In this section, we carry out the stability analysis and error estimates.

4.1. Stability

The FEMC-HDG scheme (3.12a)–(3.12b) has the following stability results.
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Theorem 4.1. Assume that fi ∈ L̃2
(
0,T ; L2(D)

)
, gi ∈ L̃2

(
0,T ; L2(∂D1)

)
, and u0

i ∈ L̃2
(
H1(D)

)
, and that

hypotheses (H1) and (H2) are met. The FEMC-HDG scheme (3.12a)–(3.12b) is stable if

κmin − κ+ > 0, and ρmin − ρ+ > 0. (4.1)

Moreover, the numerical solution to (3.12a)–(3.12b) satisfies the following inequality:

max
1≤n≤N

E
[
∥un

ih∥
2
Th

]
+

N∑
n=1

E
[
∥un

ih − un−1
ih ∥

2
Th

]
+ ∆t

N∑
n=1

E
[
∥
√
τ(un

ih − ûn
ih)∥2∂Th

]
+ (κmin − κ+)∆t

N∑
n=1

E
[
∥pn

ih∥
2
Th

]
+ κmin∆t max

1≤n≤N
E

[
∥pn

ih∥
2
Th

]
+
ρmin − ρ+

2
∆t

N∑
n=1

E
[
∥̂un

ih∥
2
∂D1

]
+ µmin∆t max

1≤n≤N
E

[
∥̂un

ih∥
2
∂D1

]
≤ C

(
∆t

N∑
n=1

E
[
∥gn

i ∥
2
∂D1

]
+ ∆t

N∑
n=1

E
[
∥ f n

i ∥
2
Th

]
+ E

[
∥u0

ih∥
2
Th

]
+ ∆tE

[
∥̂u0

ih∥
2
∂D1

]
+ ∆tE

[
∥p0

ih∥
2
Th

] )
.

(4.2)

Proof. By selecting (rh,wh, µh) = (pn
ih, u

n
ih, û

n
ih) in scheme (3.12a)–(3.12b), we obtain

(κ̄n pn
ih, p

n
ih)Th + (un

ih,∇ · pn
ih)Th − ⟨̂u

n
ih, p

n
ih · n⟩∂Th = −((κni − κ̄

n)pn−1
ih , p

n
ih)Th , (4.3)(

un
ih − un−1

ih

∆t
, un

ih

)
Th

− (∇ · pn
ih,∇un

ih)Th − ⟨p
n
ih · n, û

n
ih⟩∂Th + ⟨τ(u

n
ih − ûn

ih), un
ih − ûn

ih⟩∂Th

+ ⟨ρ̄nûn
ih·, û

n
ih⟩∂D1 = ( f n

i , u
n
ih)Th + ⟨ρ

n
i gn

i , û
n
ih⟩∂D1−⟨(ρ

n
i − ρ̄

n)̂un−1
ih ·, û

n
ih⟩∂D1 . (4.4)

Applying the polarization identity (a − b)a = 1
2 [a2 − b2 + (a − b)2] to Eqs (4.3) and (4.4), and then

integrating over the probability space, we derive that

1
2∆t

(
E

[
∥un

ih∥
2
Th

]
− E

[
∥un−1

ih ∥
2
Th

])
+

1
2∆t
E

[
∥un

ih − un−1
jh ∥

2
Th

]
+ E

[
∥
√
τ(un

ih − ûn
ih)∥2∂Th

]
+ E

[
(κ̄n pn

ih, p
n
ih)Th

]
+ E

[
⟨ρ̄nûn

ih·, û
n
ih⟩∂D1

]
= −E

[(
(κni − κ̄

n)pn−1
ih , p

n
ih

)
Th

]
− E

[
⟨(ρn

i − ρ̄
n)̂un−1

ih ·, û
n
ih⟩∂D1

]
+ E

[
( f n

i , u
n
ih)Th

]
+ E

[
⟨ρn

i gn
i , û

n
ih⟩∂D1

]
.

(4.5)

By utilizing the condition (3.6), and applying Young’s inequality and the Cauchy-Schwarz inequality
on the right-hand side of Eq (4.5), we obtain for any ϵi > 0 (i = 1, 2, 3) that

− E
[(

(κni − κ̄
n)pn−1

ih , p
n
ih

)
Th

]
− E

[
⟨(ρn

i − ρ̄
n)̂un−1

ih ·, û
n
ih⟩∂D1

]
≤ E

[
|κni − κ̄

n|∞,D∥pn−1
ih ∥Th∥p

n
ih∥Th

]
+ E

[
|ρn

i − ρ̄
n|∞,∂D1 ∥̂u

n−1
ih ∥∂D1 ∥̂u

n
ih∥∂D1

]
≤ E

[
|κni − κ̄

n|∞,D

(
1

2ϵ1
∥pn−1

ih ∥
2
Th
+
ϵ1
2
∥pn

ih∥
2
Th

)]
+ E

[
|ρn

i − ρ̄
n|∞,∂D1

(
1

2ϵ2
∥̂un−1

ih ∥
2
∂D1
+
ϵ2
2
∥̂un

ih∥
2
∂D1

)]
,

(4.6)
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E
[
( f n

i , u
n
ih)Th

]
+ E

[
⟨ρn

i gn
i , û

n
ih⟩∂D1

]
] ≤ E

[
∥ f n

i ∥Th∥u
n
ih∥Th

]
+ ρmaxE

[
∥gn

i ∥∂D1 ∥̂u
n
ih∥∂D1

]
≤

1
2
E

[
∥ f n

i ∥
2
Th

]
+

1
2
E

[
∥un

ih∥
2
Th

]
+
ρmax

2ϵ3
E

[
∥gn

i ∥
2
∂D1

]
+
ϵ3
2
E

[
∥̂un

ih∥
2
∂D1

]
.

(4.7)

By combining the estimates given in Eqs (4.6) and (4.7), applying the conditions (3.3), (3.5), (3.7), and
(3.8), and multiplying Eq (4.5) by ∆t, we find that for all 0 < σ1 ≤ 1,

1
2

(
E

[
∥un

ih∥
2
Th

]
− E

[
∥un−1

ih ∥
2
Th

])
+

1
2
E

[
∥un

ih − un−1
ih ∥

2
Th

]
+ ∆tE

[
∥
√
τ(un

ih − ûn
ih)∥2∂Th

]
+ ∆t

(
κminσ1 −

κ+
2ϵ1

)
E

[
∥pn

ih∥
2
Th

]
+ ∆t

(
ρminσ1 −

ρ+
2ϵ2
−
ϵ3
2

)
E

[
∥̂un

ih∥
2
∂D1

]
+ ∆tκmin(1 − σ1)

(
E

[
∥pn

ih∥
2
Th

]
− E

[
∥pn−1

ih ∥
2
Th

])
+ ∆t

(
κmin(1 − σ1) −

κ+
2ϵ1

)
E

[
∥pn−1

ih ∥
2
Th

]
+ ∆tρmin(1 − σ1)

(
E

[
∥̂un

ih∥
2
∂D1

]
− E

[
∥̂un−1

ih ∥
2
∂D1

])
+ ∆t

(
ρmin(1 − σ1) −

ρ+
2ϵ2

)
E

[
∥̂un−1

ih ∥
2
∂D1

]
≤

1
2
∆tE

[
∥un

ih∥
2
]
+
ρmax

2ϵ3
∆tE

[
∥gn

i ∥
2
∂D1

]
+
∆t
2
E

[
∥ f n

i ∥
2
Th

]
.

(4.8)

According to the condition (4.1), choosing

σ1 =
1
2
, ϵ1 = ϵ2 = 1, ϵ3 =

ρmin − ρ+
2

,

from Eq (4.8), we obtain

1
2

(
E

[
∥un

ih∥
2
Th

]
− E

[
∥un−1

ih ∥
2
Th

])
+

1
2
E

[
∥un

ih − un−1
ih ∥

2
Th

]
+ ∆tE

[
∥
√
τ(un

ih − ûn
ih)∥2∂Th

]
+ ∆t
κmin − κ+

2
E

[
∥pn

ih∥
2
Th

]
+ ∆t
ρmin − ρ+

4
E

[
∥̂un

ih∥
2
∂D1

]
+ ∆t
κmin

2

(
E

[
∥pn

ih∥
2
Th

]
− E

[
∥pn−1

ih ∥
2
Th

])
+ ∆t
κmin − κ+

2
E

[
∥pn−1

ih ∥
2
Th

]
+ ∆t
ρmin

2

(
E

[
∥̂un

ih∥
2
∂D1

]
− E

[
∥̂un−1

ih ∥
2
∂D1

])
+ ∆t
ρmin − ρ+

2
E

[
∥̂un−1

ih ∥
2
∂D1

]
≤

1
2
∆tE

[
∥un

ih∥
2
]
+
ρmax

ρmin − ρ+
∆tE

[
∥gn

i ∥
2
∂D1

]
+
∆t
2
E

[
∥ f n

i ∥
2
Th

]
.

(4.9)

Summing Eq (4.9) up from n = 1 to n = N, we get

max
1≤n≤N

E
[
∥un

ih∥
2
Th

]
+

N∑
n=1

E
[
∥un

ih − un−1
ih ∥

2
Th

]
+ 2∆t

N∑
n=1

E
[
∥
√
τ(un

ih − ûn
ih)∥2∂Th

]
+ ∆t(κmin − κ+)

N∑
n=1

E
[
∥pn

ih∥
2
Th

]
+ ∆tκmin max

1≤n≤N
E

[
∥pn

ih∥
2
Th

]
+ ∆t
ρmin − ρ+

2

N∑
n=1

E
[
∥̂un

ih∥
2
∂D1

]
+ ∆tρmin max

1≤n≤N
E

[
∥̂un

ih∥
2
∂D1

]
≤ ∆t

N∑
n=1

E
[
∥un

ih∥
2
Th

]
+
ρmax

ρmin − ρ+
∆t

N∑
n=1

E
[
∥gn

i ∥
2
∂D1

]
+ ∆t

N∑
n=1

E
[
∥ f n

i ∥
2
Th

]
+ E

[
∥u0

ih∥
2
Th

]
+ ∆tρminE

[
∥̂u0

ih∥
2
∂D1

]
+ ∆tκminE

[
∥p0

ih∥
2
Th

]
.

(4.10)
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Finally, applying Gronwall’s inequality to the inequality in (4.10) yields the desired result.

Remark 4.1. According to condition (4.1), for the sequence {κi}Mi=1, the gap between κi and κ̄ should not
exceed the fixed value of κmin. A similar condition applies to the sequence {ρi}

M
i=1. If this criterion is not

satisfied, it becomes imperative to partition the ensemble into multiple smaller groups and employ the
FEMC-HDG algorithm on each subset. Throughout this procedure, upholding the stability requirement
within each subgroup is crucial.

4.2. Error analysis

Under the assumption of sufficiently smooth solutions to the heat conduction equation, we provide
error estimates for the FEMC-HDG algorithm. Let Ūn

Mh =
1
M

∑M
i=1 un

ih and Q̄n
Mh =

1
M

∑M
i=1 pn

ih denote the
results obtained from the FEMC-HDG algorithm, which approximate the expected exact solutions. We
now proceed to estimate the error E [ui(tn)]− Ūn

Mh and E
[
pi(tn)

]
− Q̄n

Mh in various norms. For simplicity,
we drop the subscript i in E [ui(tn)]− Ūn

Mh and E
[
pi(tn)

]
− Q̄n

Mh and consider these errors in two separate
terms:

E [ui(tn)] − Ūn
Mh =

(
E [u(tn)] − E

[
un

h
])
+

(
E

[
un

h
]
− Ūn

Mh

)
= Eun

h + E
un

M , (4.11)

E
[
pi(tn)

]
− Q̄n

Mh =
(
E

[
p(tn)

]
− E

[
pn

h
])
+

(
E

[
pn

h
]
− Q̄n

Mh

)
= E

pn

h + E
pn

M . (4.12)

The term Eun

h = E
[
u(tn) − un

h

]
represents the combined error due to HDG and time discretization. The

second term, Eun

M = E
[
un

h

]
− Ūn

Mh, denotes the statistical error. Epn

h and Epn

M are analogous. Before
deriving an error estimate for the FEMC-HDG algorithm, we undertake some preparatory work. First,
we review standard error estimates for the L2 projections Πℓ and Π̂ℓ .

Lemma 4.1. [24] Assume ℓ ≥ 0. Then there exists a constant C, which is not dependent on K ∈ Th,
such that

∥ui − Π
ℓui∥K ≤ Chℓ+1|ui|Hℓ+1(K), ∀ui ∈ Hℓ+1(K), (4.13a)

∥ui − Π̂
ℓui∥∂K ≤ Chℓ+1|ui|Hℓ+

3
2 (K)
, ∀ui ∈∈ Hℓ+

3
2 (K). (4.13b)

Next, for any t ∈ [0,T ], let (ΠℓV pi,Π
ℓ
Wui) represent the HDG projection of (pi, ui). Here, ΠℓV pi and

ΠℓWui are the components of the HDG projection of pi and ui into Vℓh and Wℓ
h, respectively. For each

K ∈ Th, the pair (ΠℓV pi,Π
ℓ
Wui) satisfies the following equations:(
ΠℓV pi, r

)
K
= (pi, r)K , ∀r ∈ [Pℓ−1(K)]d, (4.14a)(

ΠℓWui,w
)

K
= (ui,w)K , ∀w ∈ Pℓ−1(K), (4.14b)〈

ΠℓV pi · n− τΠℓWui, µ
〉

F
= ⟨pi · n− τui, µ⟩F , ∀µ ∈ Pℓ(F), (4.14c)

for every face F of the simplex K. When ℓ = 0, the Eq (4.14a) and (4.14b) become trivial, and the
projections are solely governed by Eq (4.14c). For these projections, they have the following property
(Lemma 4.2), which is established in [20].
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Lemma 4.2. Suppose the polynomial degree meets the requirements ℓ ≥ 0 and τ > 0. Then the
system (4.14) has a unique solution (ΠℓV pi,Π

ℓ
Wui). Moreover, there exists a constant C > 0, which is

independent of both K and τ, such that

∥ΠℓV pi − pi∥K ≤ C
(
hℓpi+1|pi|Hℓpi+1(K) + hℓui+1|u|Hℓui+1(K)

)
,

∥ΠℓWui − ui∥K ≤ C
(
hℓui+1|u|Hℓui+1(K) + hℓpi+1|∇ · pi|Hℓpi (K)

)
,

for ℓui , ℓpi in [0, ℓ].

Lemma 4.3. For every n = 1, 2, · · · ,N, the subsequent equations:(
κ̄nΠℓV pn

i , rh

)
Th
+

(
ΠℓWun

i ,∇ · rh

)
Th
−

〈
Π̂ℓun

i , rh · n
〉
∂Th

= −
((
κni − κ̄

n)ΠℓV pn
i , rh

)
Th
+

(
κni

(
ΠℓV pn

i − pn
i

)
, rh

)
Th

(4.15)

and (
ΠℓWun

i − Π
ℓ
Wun−1

i

∆t
,wh

)
Th

−
(
∇ ·ΠℓV pn

i ,wh

)
Th
+

〈
ΠℓV pn

i · n, µh

〉
∂Th

+
〈
τ
(
ΠℓWun

i − Π̂
ℓun

i

)
,wh − µh

〉
∂Th
+

〈
ρ̄nΠ̂ℓun

i , µh

〉
∂D1

=
(
f n
i ,wh

)
Th
+

〈
ρn

i gn
i , µh

〉
∂D1
+

(
ΠℓWun

i − Π
ℓ
Wun−1

i

∆t
,wh

)
Th

−
(
∂tun

i ,wh
)
Th
+

〈
ρn

i (Π̂ℓun
i − un

i ), µh

〉
∂D1
−

〈
(ρn

i − ρ̄
n)Π̂ℓun

i , µh

〉
∂D1

(4.16)

hold for all (rh, vh, µh) ∈ Vℓh ×Wℓ
h × Mℓh and i = 1, 2, · · · ,M.

Proof. By the definition of ΠℓV in Eq (4.14a), Π̂ℓ in Eq (3.13b), and ΠℓW in Eq (4.14b), we get(
κ̄nΠℓV pn

i , rh

)
Th
+

(
ΠℓWun

i ,∇ · rh

)
Th
−

〈
Π̂ℓun

i , rh · n
〉
∂Th

=
(
κ̄nΠℓV pn

i , rh

)
Th
+

(
un

i ,∇ · rh
)
Th
−

〈
un

i , rh · n
〉
∂Th

=
(
κ̄nΠℓV pn

i , rh

)
Th
−

(
∇un

i , rh
)
Th
=

(
κ̄nΠℓV pn

i , rh

)
Th
−

(
κni pn

i , rh
)
Th

=
(
κ̄nΠℓV pn

i , rh

)
Th
−

(
κniΠ

ℓ
V pn

i , rh

)
Th
+

(
κniΠ

ℓ
V pn

i , rh

)
Th
−

(
κni pn

i , rh
)
Th
.

The initial identity has been established.
Going forward, we shall demonstrate the second identity. First, by the definition of ΠℓW and ΠℓV in

Eq (4.14c), we have 〈
ΠℓV pn

i · n, µh

〉
∂Th
−

〈
τ
(
ΠℓWui − Π̂

ℓun
i

)
, µ

〉
∂Th
+

〈
ρn

i Π̂
ℓun

i , µh

〉
∂D1

=
〈
ρn

i (Π̂ℓun
i − un

i ), µh

〉
∂D1
+

〈
ρn

i gn
i , µh

〉
∂D1
,

(4.17)

and

−
(
∇ ·ΠℓV pn

i ,wh

)
Th
+

〈
τ
(
ΠℓWun

i − Π̂
ℓun

i

)
,wh

〉
∂Th
=

(
f n
i ,wh

)
∂Th
−

(
∂tun

i ,wh
)
∂Th
. (4.18)
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Adding Eqs (4.17) and (4.18) yields

−
(
∇ ·ΠℓV pn

i ,wh

)
Th
+

〈
ΠℓV pn

i · n, µh

〉
∂Th
+

〈
τ
(
ΠℓWun

i − Π̂
ℓun

i

)
,wh − µ

〉
∂Th
+

〈
ρn

i Π̂
ℓun

i , µh

〉
∂D1

=
(
f n
i ,wh

)
∂Th
−

(
∂tun

i ,wh
)
∂Th
+

〈
ρn

i gn
i , µh

〉
∂D1
+

〈
ρn

i (Π̂ℓun
i − un

i ), µh

〉
∂D1
.

(4.19)

Therefore, combining with Eq (4.19), we have(
ΠℓWun

i − Π
ℓ
Wun−1

i

∆t
,wh

)
Th

−
(
∇ ·ΠℓV pn

i ,wh

)
Th
+

〈
ΠℓV pn

i · n, µh

〉
∂Th

+
〈
τ
(
ΠℓWun

i − Π̂
ℓun

i

)
,wh − µh

〉
∂Th
+

〈
ρ̄nΠ̂ℓun

i , µh

〉
∂D1

=
(
f n
i ,wh

)
Th
+

〈
ρn

i gn
i , µh

〉
∂D1
+

(
ΠℓWun

i − Π
ℓ
Wun−1

i

∆t
,wh

)
Th

−
(
∂tun

i ,wh
)
∂Th

+
〈
ρn

i

(
Π̂ℓun

i − un
i

)
, µh

〉
∂D1
+

〈
ρ̄nΠ̂ℓun

i , µh

〉
∂D1
−

〈
ρn

i Π̂
ℓun

i , µh

〉
∂D1
.

This proves the second identity.

Subtracting the outcome of Lemma (4.3) from the FEMC-HDG system (3.12a)–(3.12b) yields the
subsequent error equations.

Lemma 4.4. Let ξun

ih = un
ih − Π

ℓ
Wun

i , ξpn

ih = pn
ih − Π

ℓ
V pn

i , and ξûn

ih = ûn
ih − Π̂

ℓun
i . Then we have that the

following error equations:(
κ̄nξpn

ih , rh

)
Th
+

(
ξun

ih ,∇ · rh

)
Th
−

〈
ξûn

ih , rh · n
〉
∂Th

=
((
κni − κ̄

n) (ΠℓV pn
i − pn−1

ih

)
, rh

)
Th
−

(
κni

(
ΠℓV pn

i − pn
i

)
, rh

)
Th

(4.20)

and ξun

ih − ξ
un−1

ih

∆t
,wh


Th

−
(
∇ · ξpn

ih ,wh

)
Th
+

〈
ξpn

ih · n, µh

〉
∂Th

+
〈
τ
(
ξun

ih − ξ
ûn

ih

)
,wh − µh

〉
∂Th
+

〈
ρ̄nξûn

ih , µh

〉
∂D1

=
(
∂tun

i ,wh
)
Th
−

(
ΠℓWun

i − Π
ℓ
Wun−1

i

∆t
,wh

)
Th

−
〈
ρn

i

(
Π̂ℓun

i − un
i

)
, µh

〉
∂D1
+

〈(
ρn

i − ρ̄
n) (Π̂ℓun

i − un−1
ih

)
, µh

〉
∂D1

(4.21)

hold for all (rh, vh, µh) ∈ Vℓh ×Wℓ
h × Mℓh and i = 1, 2, · · · ,M.

Here, we determine the estimates of Eun

h , Eun

M , Epn

h , and Epn

M to establish an error assessment for the
FEMC-HDG algorithm.

Theorem 4.2. Let (un
i , p

n
i ) and (un

ih, p
n
ih) denote the solutions to systems (1.2) and (3.12) at time tn,

respectively. Assume that fi ∈ L̃2(0,T ; L2(D)), gi ∈ L̃2(0,T ; L2(∂D1)), u0 ∈ L̃2(Hℓ+2(D)), and that the
condition (H1) and (H2) are met. Consequently, there exists a positive constant C such that

max
1≤n≤N

∥Eun

h ∥
2 + (κmin − κ+)∆t

N∑
n=1

∥E
pn

h ∥
2
Th
≤ C

(
h2ℓ+2 + ∆t2

)
, (4.22)

provided the stability conditions κmin − κ+ > 0 and ρmin − ρ+ > 0 are satisfied.
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Proof. First, by selecting (rh,wh, µh) = (ξpn

ih , ξ
un

ih , ξ
ûn

ih ) in Eqs (4.20) and (4.21), we obtain(
κ̄nξpn

ih , ξ
pn

ih

)
Th
+

(
ξun

ih ,∇ · ξ
pn

ih

)
Th
−

〈
ξûn

ih , ξ
pn

ih · n
〉
∂Th

=
((
κni − κ̄

n) (ΠℓV pn
i − pn−1

ih

)
, ξpn

ih

)
Th
−

(
κni

(
ΠℓV pn

i − pn
i

)
, ξpn

ih

)
Th
, (4.23)

and ξun

ih − ξ
un−1

ih

∆t
, ξun

ih


Th

−
(
∇ · ξpn

ih , ξ
un

ih

)
Th
+

〈
ξpn

ih · n, ξ
ûn

ih

〉
∂Th

+
〈
τ
(
ξun

ih − ξ
ûn

ih

)
, ξun

ih − ξ
ûn

ih

〉
∂Th
+

〈
ρ̄nξûn

ih , ξ
ûn

ih

〉
∂D1

=
(
∂tun

i , ξ
un

ih

)
Th
−

(
Πℓi u

n
i − Π

ℓ
i u

n−1
i

∆t
, ξun

ih

)
Th

−
〈
ρn

i

(
Π̂ℓun

i − un
i

)
, ξûn

ih

〉
∂D1
+

〈(
ρn

i − ρ̄
n) (Π̂ℓun

i − un−1
ih

)
, ξûn

ih

〉
∂D1
.

By summing Eqs (4.23) and (4.24), applying the polarization identity, and integrating over the
probability space, we derive

1
2∆t

(
E

[
∥ξun

ih ∥
2
Th

]
− E

[
∥ξun−1

ih ∥
2
Th

])
+

1
2∆t
E

[
∥ξun

ih − ξ
un−1

ih ∥
2
Th

]
+ E

[
∥
√
τ(ξun

ih − ξ
ûn

ih )∥2∂Th

]
+ E

[
(κ̄nξpn

ih , ξ
pn

ih )Th

]
+ E

[
⟨ρ̄nξûn

ih ·, ξ
ûn

ih ⟩∂D1

]
= E

[((
κni − κ̄

n) (ΠℓV pn
i − pn−1

ih

)
, ξpn

ih

)
Th

]
− E

[(
κni

(
ΠℓV pn

i − pn
i

)
, ξpn

ih

)
Th

]
+ E

(∂tun
i , ξ

un

ih

)
Th
−

(
ΠℓWun

i − Π
ℓ
Wun−1

i

∆t
, ξun

ih

)
Th

 − E [〈
ρn

i

(
Π̂ℓun

i − un
i

)
, ξûn

ih

〉
∂D1
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)
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ih

〉
∂D1

]
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(4.24)

Utilizing the Cauchy-Schwarz inequality, the conditions (3.6) and (3.4), and Young’s inequality on the
right-hand side of Eq (4.24), we obtain the following five inequalities for any ϵi > 0 (i = 1, 2, · · · , 6):

E
[((
κni − κ̄

n) (ΠℓV pn
i − pn−1

ih

)
, ξpn

ih

)
Th

]
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ih , ξ
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)
Th

]
≤ E

[
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n|∞,D∥Π
ℓ
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(
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i − pn−1
i

)
∥Th∥ξ

pn

ih ∥Th

]
+ E

[
|κni − κ̄
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]
≤

1
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E

[
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ℓ
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(
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)
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]
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[
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2
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]
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[(
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) ( 1

2ϵ2
∥ξpn−1
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2
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+
ϵ2
2
∥ξpn

ih ∥
2
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,

(4.25)

− E
[(
κni

(
ΠℓV pn

i − pn
i

)
, ξpn

ih

)
Th

]
≤
κmax

4ϵ3
E

[
∥ΠℓV pn

i − pn
i ∥

2
Th

]
+ ϵ3E

[
∥ξpn

ih ∥
2
Th

]
, (4.26)
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E
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]
,

(4.27)

− E
[〈
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i

(
Π̂ℓun

i − un
i

)
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ih

〉
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]
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(4.28)

and
E
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ρn

i − ρ̄
n) (Π̂ℓun
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)
, ξûn
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〉
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]
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〉
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ih , ξ
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1
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(4.29)

By substituting Eqs (4.25) through (4.29) into Eq (4.24), and additionally applying the conditions (3.7),
(3.8), (3.3), and (3.5), we obtain the following for any 0 < σ1 < 1:

1
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(
E
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∥∂tun

i −
un

i − un−1
i

∆t
∥2Th

]
+

1
∆t
E

[
∥un

i − un−1
i −

(
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(4.30)

According to the condition (4.1), we choose

σ1 =
1
2
, ϵ2 = ϵ6 = 1, ϵ1 =

κmin − κ+
4

, ϵ3 =
κmin − κ+

8
,

ϵ4 =
ρmin − ρ+

4
, ϵ5 =

ρmin − ρ+
8

.
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Then, from Eq (4.30), we obtain

1
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(4.31)

Additionally, the following estimates pertain to temporal errors:

∆tE
[
∥Π̂ℓ

(
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i − un−1
i

)
∥2∂D1

]
= ∆tE
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(4.32)
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(4.33)

and

1
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(4.34)

∆tE
[
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∆t
∥2Th
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= ∆t−1E
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]
.

(4.35)
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Summing Eq (4.31) up from n = 1 to N and using Eqs (4.32)–(4.35), we arrive at
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(4.36)

Applying Gronwall’s inequality to Eq (4.36), and utilizing Lemma 4.1 along with Lemma 4.2, we
obtain

max
1≤n≤N

E
[
∥ξun

ih ∥
2
Th

]
+ (κmin − κ+)∆t

N∑
n=1

E
[
∥ξpn

ih ∥
2
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(
h2ℓ+2 + ∆t2

)
. (4.37)

Decomposing Eun

h as

E
[
un

i − un
ih
]
= E

[
un

i − Π
ℓ
Wun

i

]
− E

[
ξun

ih

]
,

and Epn

h as

E
[
pn

i − pn
ih
]
= E

[
pn

i −Π
ℓ
V pn

i

]
− ξpn

ih ,

and applying the triangle inequality, Jensen’s inequality, and Lemma 4.2, we derive the expected
result (4.22).

Remark 4.2. As far as we know, the previous other research has only provided a suboptimal L2

convergence rate for ensemble solutions uih for the heat equation with a Robin coefficient. In contrast,
our result in Eq (4.22) achieves the optimal L∞(0,T ; L2(D)) convergence rate on a general polygonal
domain D.

The statistical errors Eun

M and Epn

M can be obtained using the standard estimation method (refer to [1]).

Theorem 4.3. Given that the condition (H1), (H2), and the stability condition (4.1) hold, along with
fi ∈ L̃2(0,T ; L2(D)), gi ∈ L̃2(0,T ; L2(∂D1)), and u0

i ∈ L̃2(Hℓ+2(D)), then there exists a positive constant
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C such that
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(4.38)

Proof. We first analyze E
[∥∥∥Eun

M

∥∥∥2

Th

]
, for all 1 ≤ n ≤ N. It is easy to see that

E
[∥∥∥Eun

M

∥∥∥2

Th

]
= E


 1

M

M∑
i=1

(
E

[
un

h
]
− un

ih
)
,

1
M

M∑
j=1

(
E

[
un

h
]
− un

jh

)
Th


=

1
M2

M∑
i=1

M∑
j=1

E
[(
E

[
un

h
]
− un

ih,E
[
un

h
]
− un

jh

)
Th

]
.

(4.39)

Given that un
h(·, ω1), · · · , un

h(·, ωM) are i.i.d., the expectation of
(
E[un

h] − un
ih,E[un

h] − un
jh

)
is zero when

i , j. Thus, we obtain
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LetM = un
h and M̄ = E [M], from which we can infer

E
[(
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Th
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]
.

As a result, we arrive at

E
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∥∥∥2
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]
≤

1
M
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[∥∥∥un
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]
.

Regarding E
[
∥E

qn

M∥
2
Th

]
, the situation is similar. From Theorem 4.1, we derive the result (4.38).

By combining the space error, time error, and the MC sampling error, we can derive the total error
of the FEMC-HDG algorithm.

Theorem 4.4. Let f ∈ L̃2
(
0,T ; L2(D)

)
, g ∈ L̃2

(
0,T ; L2(∂D1)

)
, and u0 ∈ L̃2

(
Hℓ+2(D)

)
. Assume that the

condition (H1), (H2), and the stability condition (4.1) are satisfied. Then there exists a constant C > 0
such that
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2
Th

]
+ E

[
∥u0

ih∥
2
Th

]
+ ∆tE

[
∥̂u0

ih∥
2
∂D1

]
+ ∆tE

[
∥p0

ih∥
2
Th

] )
+C

(
h2ℓ+2 + ∆t2

)
.

(4.40)
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Proof. Employing Young’s inequality along with the triangle inequality on the first term of the left-
hand side of Eq (4.40), we obtain

E
[∥∥∥E [un] − Ūn

Mh

∥∥∥2
]
≤ 2

(
E

[∥∥∥E [un] − E
[
un

h
]∥∥∥2

]
+ E

[∥∥∥E [
un

h
]
− Ūn

Mh

∥∥∥2
])
.

Applying Jensen’s inequality to the first term on the right-hand side of the preceding inequality yields

E
[∥∥∥E [un] − E

[
un

h
]∥∥∥2

]
≤ E

[
E

[∥∥∥un − un
h

∥∥∥2
]]
= E

[∥∥∥un − un
h

∥∥∥2
]
.

Thus, by employing Theorem 4.1, Theorem 4.2, and Theorem 4.3, the desired outcome is obtained.
Likewise, the term

∆t
N∑

n=1

E
[
∥E

[
pi(tn)

]
− Q̄n

Mh∥
2
Th

]
on the left-hand side of Eq (4.40) can be deduced in a similar way.

Remark 4.3. The method outlined above attains first-order accuracy in time. Higher-order temporal
accuracy can be achieved using numerical algorithms like the BDF(k) (backward differentiation
formula of order k) scheme, with k ≥ 2 [25–27], which can be adapted for use with ensemble
algorithms for the uncertain heat equation. However, these may demand more stringent stability
conditions than those outlined in Eq (4.1). A stable numerical scheme can be constructed using
similar methods, and its convergence theory is also analogous.

4.3. Postprocessing

As defined in [28], the element-by-element postprocessing is as follows: Find un∗
ih ∈ Pℓ+1(K) such

that for all
(zh,wh) ∈ [Pℓ+1(K)]⊥ × P0(K),

(
∇un∗

ih ,∇zh
)

K =
(
κni pn

ih,∇zh
)

K ,(
un∗

ih ,wh
)

K =
(
un

ih,wh
)

K ,

where
[Pℓ+1(K)]⊥ = {zh ∈ Pℓ+1(K)|(zh, 1)K = 0} , n = 1, · · · ,N, i = 1, · · · ,M.

After such postprocessing, we can use 1
M

M∑
i=1

un∗
ih in place of 1

M

M∑
i=1

un
ih in the FEMC-HDG algorithm.

From the numerical experiments presented later, it can be observed that, after such postprocessing, the
discrete solution achieves a super-convergent rate under certain conditions on the domain. For instance,
a convex domain is adequate.

5. Numerical test

In this section, we verify Theorem 4.4 through numerical simulations and highlight the advantages
of the FEMC-HDG algorithm over the FNEMC-HDG approach. In particular, we examine the heat
equation (1.1) with random coefficients, defined on the unit square [0, 1]2, with boundary conditions
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∂D0 = {x2 = 0} ∪ {x2 = 1} and ∂D1 = {x1 = 0} ∪ {x1 = 1}. Our numerical simulations utilize the
open-source software NGSolve [29], which can be accessed at https://ngsolve.org/.

We conduct the experiment using the exact solution

u(t, x, ω) = (1 + ω) cos(2πx1) cos(2πx2) sin(t),

where ω is uniformly distributed over [0, 1] and t ∈ [0, 1]. The coefficients are set as

κ(x, ω) = ρ(x, ω) = 8 + (1 + ω) cos(x1x2).

5.1. Tests of convergence order of time and space

The FEMC-HDG scheme is applied in this experiment to simulate the ensemble with M = 30.
Define

Eun

E := max
1≤n≤N

√√
1
M

M∑
i=1

∥ui(tn) − un
ih,E∥

2
Th
, Epn

E
:=

√√
N∑

n=1

1
M

M∑
i=1

∥pi(tn) − pn
ih,E∥

2
Th
,

Eun

N := max
1≤n≤N

√√
1
M

M∑
i=1

∥ui(tn) − un
ih,N∥

2
Th
, Epn

N
:=

√√
N∑

n=1

1
M

M∑
i=1

∥pi(tn) − pn
ih,N∥

2
Th
,

Eun∗

E := max
1≤n≤N

√√
1
M

M∑
i=1

∥ui(tn) − un∗
ih,E∥

2
Th
, Eun∗

N := max
1≤n≤N

√√
1
M

M∑
i=1

∥ui(tn) − un∗
ih,N∥

2
Th
,

where (un
ih,N , p

n
ih,N ) and (un

ih,E, p
n
ih,E) denote the non-ensemble solution and ensemble solution,

respectively. In the experiment, both time and space are partitioned uniformly. We use ℓ = 0, where
the time step is set to ∆t = h. For ℓ = 1, the time step is set to ∆t = h3. The spatial step size h is varied

from
1
21 to

1
25 . The corresponding errors and convergence rates are shown in Table 1.

From Table 1, it can be seen that when ∆t = h and ℓ = 0, the convergence rate of both the FEMC-
HDG and FNEMC-HDG schemes is O(h + ∆t) = O(h). Additionally, when ∆t = h3 and ℓ = 1, the
convergence rate for both schemes is O(h2 + ∆t) = O(h2). Further observations reveal that, under the
same spatial discretization parameter h, the errors for both the non-ensemble and ensemble schemes are
of the same magnitude. Notably, after postprocessing, the convergence rate of u∗ih reaches O(h3 +∆t) =
O(h3) when ∆t = h3, which demonstrates spatial super-convergence.

We chose a sample size of M = 100, with a mesh size of h =
1
26 , ℓ = 1, and a time step ∆t =

1
26 .

The mean solution at t = 0.5 is calculated. The results are displayed in Figure 1 (left). To assess the
efficiency of the FEMC-HDG algorithm, we compare its results with those from simulations using the
FNEMC-HDG algorithm, employing the same sample values. The difference in the mean solutions
between FEMC-HDG and FNEMC-HDG is depicted in Figure 1 (right).
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Table 1. Errors and convergence rates (∆t = h for ℓ = 0; ∆t = h3 for ℓ = 1; M = 30).

(a) FEMC-HDG method

Degree h
√

2

Eun

E
Epn

E
Eun∗

E

Error Rate Error Rate Error Rate

ℓ = 0

2−1 1.72147E+00 6.63799E-01 8.17718E-01
2−2 3.35280E-01 2.36 2.82738E-01 1.23 8.64218E-02 3.24
2−3 1.73353E-01 0.95 1.45335E-01 0.96 4.98378E-02 0.79
2−4 8.68186E-02 1.00 7.13858E-02 1.03 2.62287E-02 0.93
2−5 4.51054E-02 0.94 3.66211E-02 0.96 1.43155E-02 0.87

ℓ = 1

2−1 1.51705E+00 4.56279E-01 5.81619E-01
2−2 1.11939E-01 3.76 7.44930E-02 2.61 3.97105E-02 3.87
2−3 2.47416E-02 2.18 1.89130E-02 1.98 4.88681E-03 3.02
2−4 5.42893E-03 2.19 4.40070E-03 2.10 4.96631E-04 3.30
2−5 1.36441E-03 1.99 1.11908E-03 1.98 6.44694E-05 2.95

(b) FNEMC-HDG method

Degree h
√

2

Eun

N
Epn

N
Eun∗

N

Error Rate Error Rate Error Rate

ℓ = 0

2−1 1.72230E+00 6.63280E-01 8.18437E-01
2−2 3.35085E-01 2.36 2.82734E-01 1.23 8.59583E-02 3.25
2−3 1.73201E-01 0.95 1.45360E-01 0.96 4.94796E-02 0.80
2−4 8.67049E-02 1.00 7.13961E-02 1.03 2.59940E-02 0.93
2−5 4.50339E-02 0.95 3.66238E-02 0.96 1.41820E-02 0.87

ℓ = 1

2−1 1.51785E+00 4.56149E-01 5.81860E-01
2−2 1.11923E-01 3.76 7.44951E-02 2.61 3.96944E-02 3.87
2−3 2.47406E-02 2.18 1.89131E-02 1.98 4.88301E-03 3.02
2−4 5.42888E-03 2.19 4.40070E-03 2.10 4.96169E-04 3.30
2−5 1.36440E-03 1.99 1.11908E-03 1.98 6.44069E-05 2.95

Figure 1. FEMC-HDG algorithm simulations. Left: Mean. Right: Difference between the
mean of FEMC-HDG and FNEMC-HDG.

The difference between the FEMC-HDG and FNEMC-HDG algorithms is around 10−6, which
indicates that the FEMC-HDG algorithm delivers a similar level of accuracy to that of the
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FNEMC-HDG algorithm. This suggests that the FEMC-HDG approach performs comparably in
terms of precision.

5.2. Test of reducing computation cost

For further evaluation of the FEMC-HDG algorithm, we adopt piecewise constant elements (ℓ = 0).
We conduct a comparative analysis with the FNEMC-HDG algorithm. For a fair comparison, results
from both algorithms are obtained under the identical conditions that the same time step and spatial
dimensions are adopted. As illustrated in Table 2, the evaluations are performed with a mesh size

∆t =
1
24 , and a time size of h =

1
24 . Given the moderate size of the discrete system, LU decomposition

was employed.

Table 2. CPU time (s) (∆t = h =
1
24 , ℓ = 0).

M 30 60 120 240 480
FNEMC-HDG 332.62 523.69 974.76 1672.21 4625.02
FEMC-HDG 91.29 171.33 346.98 602.20 1029.98

From Table 2, it is evident that the FEMC-HDG algorithm surpasses the FNEMC-HDG algorithm in
terms of CPU time. The FEMC-HDG algorithm improves computational efficiency by approximately
70% compared to the FNEMC-HDG algorithm.

5.3. Test of Monte Carlo convergence speed

Next, we investigate the convergence rate of MC for the FEMC-HDG algorithm. Using the FEMC-
HDG algorithm, we calculate the mean of the solution with M0 = 12, 000 samples as the reference

benchmark, where ℓ = 0 and h = ∆t =
1
24 .

By adjusting the values of M in the FEMC-HDG simulations, we assess the approximation errors
to the benchmark. Furthermore, this error analysis is conducted for J = 10 independent runs, and the
mean of the resulting errors is calculated.

Let Un,m
M,h represent the FEMC-HDG solution at time tn for the m-th independent trial, given by

Un,m
M,h :=

1
M

M∑
i=1

un,m
ih ,

where un,m
ih is the result of the m-th experiment using the FEMC-HDG scheme. We also define the error

measure

EMC := max
1≤n≤N

√√
1
J

J∑
m=1

∥Un
M0,h
− Un,m

M,h∥
2.

We performed 10 independent runs and reported the experimental results of EMC for
M = 10, 30, 90, and 270 in Figure 2. The convergence rate observed in the experiments with respect
to M is approximately −0.5, which is consistent with the results derived in Theorem 4.4.
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Figure 2. Convergence rate of the MC sample.

6. Conclusion

In this study, we introduced a fully discrete HDG ensemble Monte Carlo algorithm that effectively
tackles Robin boundary conditions and stochastic diffusion in heat equations. In the preparatory
phase, the coefficient matrix for the linear systems is computed and preserved once, albeit requiring
substantial computational effort. This methodology facilitates the swift assembly of linear systems in
the operational phase, independent of the ensemble size. This marks the inaugural application of such
an algorithm to address heat problems characterized by random diffusion and Robin coefficients. The
performance of this method has been thoroughly validated and assessed.

The model described by Eq (1.1) is also relevant in robust optimal boundary control challenges as
state equations (see [30, 31]). Efficient resolution of the model in Eq (1.1) is paramount for
numerically addressing the associated optimal Robin boundary control issues. Both theoretical
analyses and numerical tests confirm the efficacy of the FEMC-HDG algorithm in resolving (1.1).
Additionally, the FEMC-HDG algorithm extends to nonlinear random heat equations, demanding
further exploration into stability conditions. Therefore, it is pertinent to investigate additional
applications of the FEMC-HDG algorithm in random contexts, which we highlight as a valuable
direction for subsequent studies.
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