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Abstract: Recently, the variable coefficient homogeneous differential equations (VCHDE) have been
widely applied to real-world problems, such as wave propagation and material science. However the
exploration and research on higher-order VCHDE is relatively lagging. Given this, this work focuses
on the solutions of fourth-order and nth-order VCHDE with polynomial coefficients. By means of the
sufficient conditions for the existence of solutions to differential equations, a connection is established
between the rank of the variable coefficient matrix and the existence of polynomial particular solutions.
The main results show that: (1) the necessary and sufficient conditions for the existence of polynomial
particular solutions of fourth-order VCHDE are derived; (2) the necessary and sufficient conditions for
the existence of only one polynomial particular solution, or the existence of two, three, or four linearly
independent polynomial particular solutions of fourth-order VCHDE are proved; (3) the necessary
and sufficient conditions for the existence of only one polynomial particular solution, or the existence
of two, three, or four linearly independent polynomial particular solutions of nth-order VCHDE are
proved. These results not only extend the class of solvable differential equations, but also provide a
new way of thinking about the existence of solutions to VCHDE.
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1. Introduction

The variable coefficient homogeneous differential equations (VCHDE) provide a more vivid and
comprehensive description of various phenomena and processes in the real world. Specifically,
VCHDE are commonly applied in the study of fluctuation equations in physics to describe the
propagation of fluctuations within a medium, where the variable coeflicients are related to the density,
elastic modulus, and other properties of the medium. For instance, they are used to derive design
methods for high-resolution imaging optical systems [1]. Thus, exploring the existence of solutions
to VCHDE is crucial for their broader applications.

In many early studies, certain progress had been made in researching the existence of solutions to
lower-order VCHDE. Zhao and Ma applied the Leray—Schauder extension theorem to study a class of
nonlinear fourth-order ordinary differential equation boundary value problems, obtaining existence
results for the solutions [2]. Zhang et al. extended some results concerning the estimation of the
growth of the full solution of a certain class of two-linear differential equations to nonlinear
two-linear differential equations [3]. Yang and Chen et al. found the existence of solutions to
impulsive mixed boundary value problems involving derivatives of Caputo fractions and
Krasnoselskii’s fixed point theorem, and the Arzela—Ascoli theorem gave some examples to illustrate
the main results [4]. Alyusof and Jeelani et al. used the technical method of factorization to derive
properties such as partial dichotomy, several properties of dichotomy of polynomials, partial
differential expressions for Gould—Hopper—Frobenius—Genocchi polynomials, etc. [S]. Tian and Chen
et al. obtained the general solution formula for the corresponding second-order second derivative
equation from the prime decomposition of a quadratic matrix polynomial and the general solution
formula for the corresponding second-order disjunctive equation [6]. Hasil and Vesel’ et al. used the
Riccati transformation, identified a new type of conditionally oscillatory linear differential equations
together with the critical oscillation constant, and proved that they remained conditionally oscillatory
with the same critical oscillation constant [7]. Bazighifan et al. studied the oscillation of solutions for
a fourth-order neutral nonlinear differential equation, driven by a p-Laplace differential operator and
obtained an oscillatory criterion for these equations [8]. Zheng et al. introduced the elastic
transformation method into the process of solving ordinary differential equations. A class of
first-order and a class of third-order ordinary differential equations with variable coefficients could be
transformed into the Laguerre equation through elastic transformation. The general solution of these
two types of ordinary differential equations was obtained [9]. Soto et al. studied a class of singular
nonlinear partial differential equations and constructed unique solutions that were continuous in a
certain interval [10]. According to the properties and initial conditions of the Chebyshev
polynomials, Fan et al. could obtain the solutions of the initial value problems of the original
first-order differential equations and the third-order differential equations by the elastic inverse
transformation and then plot the curves [11]. Fan et al. studied the positive solutions of the
periodic-parabolic logistic equation with indefinite weight function and a non homogeneous diffusion
coeflicient, and obtained the existence, uniqueness, and stability of positive periodic solutions [12].
Zhang et al. studied the initial value problem for higher-order Caputo type modified nonlinear
differential equations with Erdelyi—Kober fractional derivatives. According to the transmutation
method, the good solvability of the initial value problem for higher-order linear models was proved
and explicit solutions were given. Some new Gronwall-type inequalities involving Erdelyi—Kober
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fractional integrals were then established. By applying these results and some fixed point theorems,
the existence and uniqueness of positive solutions of nonlinear differential equations were
proved [13]. The results of Albidah et al. showed that the solution was continuous in the domain of
the problem in the limit of the given initial conditions, whereas the first-order derivatives were
discontinuous at a point and lay in the domain of the delay equation [14]. Al-Mazmumy et al.
improved the standard Adomian decomposition method by combining Taylor series with orthogonal
polynomials [15]. Bendouma et al. investigated the existence of solutions to a system of fourth-order
differential equations when a function lay on the right-hand side. The concept of a solution tube was
proposed for these problems. According to this concept, the concepts of the upper and lower solutions
of fourth-order differential equations were extended to systems of fourth-order differential
equations [16]. Wang et al. studied a certain higher-order uncertain differential equation, focusing
mainly on the second-order case. We introduced the notion of a path for uncertain differential
equations and proved its properties. On this basis, we derived the inverse uncertainty distribution of
the solution [17]. AlKandari et al. studied a certain oscillatory behaviour of the solutions of a class of
multi-delayed third-order neutral differential equations and proposed a new oscillatory criterion that
refined and simplified some previous results [18]. Turo et al. proved an existence and uniqueness
theorem for first-order stochastic partial differential equations [19]. Zhang et al. numerically
investigated the spatially variable coefficient fractional convection—diffusion wave equation with
single and multiple delays when the exact solution satisfied certain regularities [20]. Borrego-Morell
et al. studied linear second-order differential equations. Under some assumptions on a certain class of
descending and ascending operators, it was shown that, for a certain sequence of polynomials to be
orthogonal on the unit circle in order to satisfy the differential equations, the polynomials must be of a
particular form involving extensions of Gaussian and confluent hypergeometric series [21].
Akhmetkaliyeva et al. considered the third-order differential equation with unconstrained coefficients,
proved some new existence and uniqueness results, and gave exact estimates of the norm of the
solution [22]. Padhi et al. obtained sufficient conditions for the existence of at least two non-negative
periodic solutions for a system of first-order nonlinear functional differential equations, giving some
applications to ecological [23]. Mohamed et al. studied the conditions under which Schrédinger-type
operators with matrix potentials were separated and the Schrodinger equation had a unique solution in
a weighted space [24]. Khaliq et al. presented a series of second-order methods for the numerical
solution of fourth-order parabolic partial differential equations with variable coefficients in one spatial
variable [25]. Mohammed et al. introduced a class of second-order ordinary differential equations
with variable coefficients whose closed-form solutions could be obtained by the same methods used to
solve differential equations with constant coefficients. General solutions in the homogeneous case
were also discussed [26]. Lynch et al. presented a large class of second-order variable coefficient
ordinary differential equations with known solutions. This class of equations formed the basis of a
large number of examples that could be used to explore the theory of solutions to linear differential
equations [27]. Camporesi et al. proposed an impulse response method based on the factorization of
differential operators for solving linear ordinary differential equations with constant coefficients [28].
Jia et al. used the relationship between the higher-order variable coeflicients, the conditions for
constant coefficient of the fifth-order variable coefficient linear non-homogeneous equations were
obtained by appropriate linear transformations [29]. To sum up, although these research achievements
have made some contributions in the field of lower-order VCHDE, there is still much room for
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exploration in the research of higher-order VCHDE, especially in the aspect of extending the
conditions for the existence of particular solutions to higher orders.

Generally speaking, previous research efforts have predominantly concentrated on lower-order
VCHDE. The investigations into second-order and third-order VCHDE have, to a certain degree,
established the groundwork and proffered ideas for higher-order scenarios. However, fourth-order
VCHDE are far more intricate than their second-order and third-order counterparts, and frequently
manifests in practical applications. For instance, Hu and Li et al. [30] furnished the sufficient
conditions for the existence of polynomial particular solutions for a class of second-order linear
VCHDE with polynomial coeflicients through recursive formulas. Subsequently, Li and Jiang et
al. [31] leveraged the concept of coefficient matrices to deduce the solutions of third-order linear
VCHDE with polynomial coeflicients, building upon the work of Hu et al. [30]. Notably, although
fourth-order VCHDE are typically more complex than second or third order ones, they are
inescapable in certain problems. This present work, for the first time, extends the necessary and
sufficient conditions for the existence of particular solutions of VCHDE to the fourth-order and
nth-order cases. By delving into the relationship between the coefficient matrix of the VCHDE and
the existence of polynomial particular solutions, the necessary and sufficient conditions for the
existence of solutions of fourth-order VCHDE and those for the nth-order VCHDE are derived. In
this way, we are able to address the problem of the existence of solutions of VCHDE with polynomial
coeflicients for any order. It should be emphasized that although the ultimate conclusion pertains to
the nth-order case, the exploration of the fourth-order VCHDE is indispensable. The fourth-order case
serves as a crucial stepping-stone, bridging the gap between the lower-order studies and
generalization to the nth-order, providing valuable insights and intermediate results that are essential
for the overall theoretical framework.

The paper is organized as follows: Section 2 derives the existence of solutions to fourth-order
VCHDE, Section 3 proves the existence of solutions to nth-order VCHDE, and Section 4 provides the
discussion and conclusion.

2. Existence of special solutions to fourth-order VCHDE

In this section, we study the existence of particular solutions to fourth-order VCHDE subject to the
following constraints.

Lemma 1. Let A be an n X m matrix and let X be an m-dimensional column vector. There then exists
a non-zero solution X* = 0 to the system of homogeneous linear equations AX = 0, and the sufficient
and necessary condition that its first component is not zero is:

rank (X) = rank(A),

where A is the submatrix of A minus the first column.

Now, the existence of solutions of fourth-order VCHDE is investigated

Py + 0y +Rx)y +S@)y + T(x)y =0, (2.1)

based on the Lemma, where the coefficients of the differential equation are
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P(x) kin kip-r -0 ki ko X
O(x) kon koot -0 kay kap X!
Rx) |=| ksy kspor -+ kai kap .
S(x) kan kapn-1 -+ kai kap X
T(x) ksp ksp-1 -0 ksi ksp 1

where k; (i = 1,2,3,4,5. j=0,1,...,n)is a constant.

(2.2)

Theorem 1. A necessary and sufficient condition for the existence of a particular solution of the
polynomial type of the mth-order for the VCHDE (2.1) with fourth-order polynomial coefficients
(where the coefficients are given by (2.2)) is

ks, =0, rank(F,) = rank(F,,),

where F,, is the (m + n) X (m + 1) matrix.

mk4,n + kS,n—l kS,n 0
Aik&n + mky 1 + ks
Alkyy + Al ks o1 + mka s + ks s
Ak + Adkoyoy + Azks oo + mka oy + ks s
Apkipot + A koo + ALk ps + mky s + ks s

: Fm—l
Fo= Aik1,4 + A?nkzﬁ + A%nk_v,’z + mk4,1 + k5’0
e Afnkl’j, + A?nkz,z + A,%nk?:,l + mk4,0
Afnkl,Z + Ailkg,l + Aik&o
A;‘nkl,l + AfnkZ,O
Af;kl,o
0
0
k4,n + kS,n kS,n
kap-1 + kst ks
Fy = : :
kay + ks ks i
ka ks
Proof. Let the coefficients be nth-degree polynomials, i.e.,
P(x) kin kip-1 -+ kg kip x:
O(x) kyw kopot -0 kay koo X
R(x) |=| ks kzpn-1 -+ ka1 ksp :
S(x) kapn kapr -0 kay kap X
T(x) ksp ksp1 -+ ksi ksp 1

Networks and Heterogeneous Media
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When m = 1, the equation is assumed to have a first-order solution

where K;(i = 0, 1) is a constant. Substituting this into Eq (2.1) yields

y=Kix+ Ky,

P)y™ + Q(0)y™ + R(x)y” + S (x)y” + T(x)y

= Klks,nx”“ +( Xt X!

Let

k4,n + kS,n

r)

kay + ks,

kS,n

kap1 +ksno1 ksn-i

ks,1

ka o ks
k4,n + kS,n kS,n
kap1 + kst Kksnoi
kyy + ks ks,
ks ks

The sufficient condition for the existence of a first-order solution to Eq (2.1) with coefficients (2.2)

is given by the Lemma

kS,n = 09

rank(F) = rank(Fy).

When m = 2, the equation is assumed to have a second-order solution

y= K2x2 + K x + Ky,

where K;(i = 0, 1,2.) is a constant. Substituting this into Eq (2.1) yields

Px)y"”” + Q(x)y" + R(x)y” + S (x)y" + T(x)y

= Kok ,x"2 +( Xy

Let

F, =

Networks and Heterogeneous Media

xl)

2k4,n + k5,n—

2ksp-1 + ks

kyy + ks
kap

2k4,n + kS,n—l kS,n
2k4,n—l + kS,n—2
: F,
kay + ks
ka o
1 kS,n 0 ]
F,
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The sufficient condition for the existence of an mth-order solution to Eq (2.1) with coefficients (2.2)
is given by the lemma

ks, =0, rank(F,) = rank(F).

By analogy, the equation is assumed to have mth-order solutions when m > 4

y=K X"+ K X" '+ + Kix + Ko,

where K;(i =0, 1,...,m.) is a constant. Substituting this into Eq (2.1) yields

Py + Q(x)y” + R(x)y” + S (x)y" + T(x)y
= Kyuks , X" + ( rtmel o ndm=2 o m=3  med ) x
[ mky, + ks o1 ks, 0 -+ 0]
Alks, + mkay-y + ks o
Alkon + Azks ot + mkypo + ks s
Aﬁlkl,n + A;kl,n—l + Aik&n—z + mkyp3 + ks g
Ap kit + A koo + ALks s + mkap_a + ks s

A:‘nkl,4 + Aik2’3 + A,znk3’2 + mk4,1 + k5’0
Aﬁlkl,S + Aikz’z + Arznk&l + mk4,()
Abkr s+ Ak + A2k K
Aﬁlkl,l +A?nk2,0 L KO
Ak
0

Let

mky, + ks -1 ks, 0 -+ 0]
As ks, + mky oy + ks o
Alkoy + Azks oy + mkapo + ks s
Aikl,n + A,ikZ,n—l + Aik3,n—2 + mky -3 + ks g
Apki ot + A koo + ALks oy + mka g + ks s

A;klA + Afnkz’g + A,znkg,z + mk4’1 + k5,0
Ailkl,B + Azqkz’z + AikS,l + mk4,()
Afnkl,Z + A;kz,l + Aiklo
A;‘nkl,l + A?nkz,o
A4 kl,O

m

0

Networks and Heterogeneous Media Volume 20, Issue 1, 213-231.
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In summary, it follows from the lemma that the sufficient condition for the existence of a particular
solution to this VCHDE is

ks, =0, rank(f\m) = rank(F,,).
Proof completed (PC).
The existence of unique solutions to this fourth-order VCHDE is investigated next.

Theorem 2. When ks, # 0, there is a unique number of polynomial particular solutions to VCHDE
(2.1) with fourth-order polynomial coefficients of (2.2) .

Proof. By Theorem 1, the differential Eq (2.1) has mth-order polynomial particular solutions if and
only if

ks, =0, rank(F,) = rank(F,,),

where
mky,, + ks 1 ks, 0 -+ 0]
Alks, + mkypoy + ks o
Aikln + Afnkin—l + mkypy + ks -3
Ankin+ Agkony + Apks g + mkay 3 + kspa
Apki ot + A koo + A2ks s + mka g + ks s

AﬁqklA + AfnkZ,3 + A,znk3,2 + mk4’1 + ks,()
Aiklﬁ + Afnkz,z + Aik&l + mk4,o
Aikl,Z + A;kz’l + A;%zklo
Aikl,l + A?nkg’()

Apkig
0

| 0
Itis clear that fi; = mks, + ksp—1, f1; =0, j =2,3,...,m— 1 in the matrix F,, = (f;)).
Then from rank(F',,) = rank(F,,), we conclude

l’l’lk4’n + kS,n—l =0.

In other words,
kS,n—l

k4,n

€ N+9

m=—

and the other elements on the diagonal of the matrix F), satisfy

lkyp+kspy #0, 1=0,1,...,m—1.

Otherwise, it does not satisfy rank(f\m) = rank(F,,),
where we let F,, be the matrix obtained by removing the first row of F,,.

Networks and Heterogeneous Media Volume 20, Issue 1, 213-231.



221

Thus

Alks, + mkyp-y + ks o
A,ikz,n + Aikln—l + mkypy + ks -3
Apkip + A koot + ALks oo + mkays + ks pa
Apki ot + A koo + Ap ks s + mka s + ks s

Afnkl,ﬁ‘— + Aik2,3 + Aik&z + mk4,1 + ks’() F,_
F, = Afnklﬁ + A;kz,z + Aﬁzkll + mk4,0
A4mk1’2 + Aikll + A%nk:;’()
Afnkl,l + A,:;kz’()
Apkio
0

It is clear that rank(F,,) = rank(F,) = m.
Subject to the above conditions, the VCHDE (2.1) has mth-order polynomial particular solutions.
Proof completed (PC).

The proof of Theorem 2 includes the proof of the following corollary, so by the same reasoning.

Corollary 1. When ky, # O, the sufficiently and necessary condition for the existence of mth-order
polynomial particular solutions to the fourth-order VCHDE (2.1) with the coefficients (2.2) is

kS,n—l
k4,n

m= e N,, rank(F_m) =m,

where we let F,, be the matrix obtained by removing the first row of F,,.

Theorem 3. When ks, # O, the sufficient and necessary condition for the coefficients (2.2) of fourth-
order VCHDE (2.1) to have two linearly independent particular solutions is

k4,n = kS,n = kS,n—l = O,

and

h(x) = A2ks,, + xkypy + ks o,

has two positive integer roots my, my, where m, # m,, and
rank (F,, ) = rank (F,,,-1) ,rank (F,,) = rank (F,,,—) .

Proof. With loss of generality, we can assume that m; < m,. By Theorems 1 and 2, the equation with
coefficients of (2.2) has two linearly independent particular solutions if and only if

ksa=0, kiy=0, rank(F,)=rank(F,), m=mm,.

Networks and Heterogeneous Media Volume 20, Issue 1, 213-231.
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In other words,

mk4,,, + k5,n_1 =0.

Thus

kS,n—l =0.

So under the above condition, the constraints at this point have

0 0 -~ 0
Al ks, + mkypoy + ks o
Alkoy + Alks oy + mky s + ks s
Afnkl,n + A?nkz,n—l + A;%lk3,n—2 + mky 3 + ks 4
Ap kit + A koo + ALks s + mkapg + ks s

Afnk1,4 + Afnkz,g + A31k3,2 + mk4,1 + k5’0
A4mk1’3 + Aikz’z + A%lkg,l + mk4,0
Aikll + Aikll + Afnkg,’()

Aikl,l + Aikz’()

Apkig
0

0

It is clear that for F,, = (f;;), we have f; =0, fi;s1 =0,fori=1,2,...,m, and
rank (F,,_;) = rank (fm\l) , rank(F,,_;) = rank (fm\z) ,
from rank (F,, ) = rank (fm\l) and rank (F,,,) = rank (fm\z), we obtain
rank (F,,,) = rank (F,,,—1), rank(F,,) =rank(F,,-),

2

A, kzp +mikyny +kspo =0,
2

Am2k3,n +moky 1 + ks =0,

In other words,

h(m;) =0, h(my) =0.

Because h(x) is a quadratic polynomial, m;,m, are exactly two different positive integer roots
of h(x).
Proof completed (PC).

Using the same ideas and methods as in Theorem 3, we continue to explore the rank of the
coefficient matrix F,,, proving the following corollary, so by the same reasoning.
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Corollary 2. When k,,, # 0, the sufficiently and necessary condition for a fourth-order VCHDE (2.1)
with the coefficients (2.2) to have three linearly independent particular solutions is

k4,n = kS,n = kS,n—l = O»
kyn =kap-1 = ks =0,
hy(x) = Alky, + Aks g + Xkgp o + ks,

where there exist three positive integer roots my, my, ms, where my, my, ms are pairwise distinct, and

rank (F,, ) = rank (F,,»),
rank (F,,) = rank (F,,»),
rank (F,,,) = rank (F,,,-2) .

Corollary 3. When k;, # O, the sufficiently and necessary condition for a fourth-order VCHDE (2.1)
with the coefficients (2.2) to have four linearly independent particular solutions is

kin = ksn = ksp1 =0,
k3n = kan-1 = kspo =0,
kow = kan-1 = kano =ksp3 =0,
hy(x) = Aikl,n + AikZ,n—l + Aikan—z + xk4 -3 + ks s,

where there exist four positive integer roots mi,mp,ms,my, where my,my,mz,my are pairwise
distinct, and

rank (F,,,) = rank (F,,,—3) ,
rank (F,,) = rank (F,,,-3),
rank (F,,,) = rank (F,,,_3),
rank (F,,,) = rank (F,,_3) .

3. Existence of special solutions to nth-order VCHDE
In this section, we study the existence of solutions to VCHDE of the nth-order.

P,(0)y"™ + Pucy(0)y" ™V + -+ + P1(x)y + Po(x)y = 0, 3.1)
where the coefficients of the VCHDE are

P,(x) [ ki kipcr ... kg kio ] X!
P,1(x) ko  kopor ... kag koo ¥
: = : : P : P (3.2)
Py(x) kin — knnr oo kg ko x
Po(x) | kst Knvtnor oo Kpern knwio [U 1

We extend the conclusions for all particular solutions of VCHDE of the fourth-order to VCHDE of
the nth-order.

Networks and Heterogeneous Media Volume 20, Issue 1, 213-231.
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Theorem 4. A necessary and sufficient condition for the existence of a particular solution of the
polynomial type of the mth-order for the VCHDE (3.1) with nth-order polynomial coefficients (where
the coefficients are given by (3.2)) is

knt1, =0, rank (F;,) =rank (F,,),

where F,, is the (m + n) X (m + 1) matrix.
F, =

mkn,n + kn+1,n—1 kn+1,n 0O -+ 0]
2
Amkn—l,n + mkn,n—l + kn+l,n—2
3 2
Amkn—Z,n + Amkn—l,n—l + mkn,n—2 + kn+1,n—3

-1 3 2
AZ’C]’” + AZz k2,n—1 + -+ Amkn_z’j, + Amkn—l,l + I’I’lkn,l + kn+1,0 Fm_1
-1 3 2
Anmkl,n—l + Anm k2,n—2 + -+ Amkn—2,2 + Amkn—l,l + mk,,,o
-1 3 2 s
A:,Zkl,n—Z + Aﬁ1 k2,n—3 +---+ Amkn—Z,l + Amkn—l,O

Alkio
0

kn,n + kn+1,n kn+l,n
kn,n—l + kn+1,n—1 kn+1,n—1

Fy : :
kni + k11 kni11
kn,O kn+l,0

Proof. If there exist mth-order polynomial particular solutions to the nth-order VCHDE (3.1) with the
coefficients (3.2)

y=K X"+ K, X" '+ ...+ Kix + Ko,

where K;(i =0, 1,...,m) is a constant.
For ease of computation, without loss of generality, let us assume m > n > 0. Then bringing y into
the Eq (3.1) yields

Pu(x)y™ + Py ()Y ™0 + -+ Pi(x)y’ + Po(x)y
= Ku[AZ P ()X + AP, (0)X™ ™™ 4 oo+ mP ()X + Po(x)X™] + E,y

— Kmkn+l,nxm+n + Km[AZ(xm xm—l . xm—n+l xm—n)
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k2,n
kZ,n—l
+A:1—l(xm+l xm . xm—n+2 xm—n+1) + .-
k2.1
ka0
kn,n
kn,n—l
Fm(xmml 2 ey
kn,l
ka
kn+l,n—1
kn+1,n—2
+(xn+m—1 xn+m—2 . xm+1 xm) . + E |
. m—
kn+l,1
kn+1,0
K
Km—l
— Kmkn+l,n-xm+n + (xn+m—l xn+m—2 . xm—n+l xm—n)Fm
K
Ko
where F,, is the (m + n) X (m + 1) matrix.
F, =
mkn,n + kn+l,n—1 kn+1,n 0

Networks and Heterogeneous Media

2
Amkn—l,n + mkn,n—l + kn+1,n—2
3 2
Amkn—Z,n + Amkn—l,n—l + mkn,n—Z + kn+1,n—3

-1 2
AZJ{L,, + Anm kZ,n—l +---+ Aikn—Z,S + Amkn—l,Z + mkn,l + kn+l,0 Fm—l
-1 3 2
A,’;kl,n—l + AZ kg’n_z + -+ Amkn—2,2 + Amkn—l,l + mkn’o
-1 3 2
A;l”k]’n_z + AZ kg,n_g + -0+ Amkn—Z,l + Amkn—],O

A’:nkl,()
0

Volume 20, Issue 1, 213-231.
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kn,n + kn+1,n kn+1,n
kn,n—l + kn+1,n—l kn+1,n—1
Fy = : :
kni + kui11 kni1,1
kn,O kn+1,0

By Lemma 1, it follows that if and only if it satisfies

kn+1,n = 0, rank (Fm) = rank(Fm),

There exist mth polynomial particular solutions to the nth-order VCHDE (3.1) with the
coefficients (3.2).
Proof completed (PC).

We can now extend the conclusions about the specific solutions of the fourth-order VCHDE (2.1) to
the conclusions about the specific solutions of the nth-order VCHDE (3.1), and therefore the following
conclusions can be proved as well.

Theorem 5. When k,, # 0, there is a unique number of polynomial particular solutions to VCHDE
(3.1) with nth-order polynomial coefficients of (3.2).

Corollary 4. When k,, # O, the sufficiently and necessary condition for the existence of mth-order
polynomial particular solutions to the nth-order VCHDE (3.1) with the coefficients (3.2) is

kn+1,n—1
kn,n

m=— € N+rank(ﬁ;) =m,

where f,\,, is the matrix obtained by removing the first row of F,,.
Theorem 6. When k,_,, # O, the sufficient and necessary condition for the coefficients (3.2) of nth-
order VCHDE (3.1) to have two linearly independent particular solutions is

kn,n = Kn+ln = Kn+ln-1 = 0,
_ A2
h(X) - Amkn—l,n + mkn,n—l + kn+1,n—2’

has two positive integer roots m,, m,, where m, # m,, and
rank (F,,,) = rank (F,, -1) ,rank (F,,,) = rank (F,,_1).

Corollary 5. When k,,_,,, # 0, the sufficiently necessary condition for an nth-order VCHDE (3.1) with
the coefficients (3.2) to have three linearly independent particular solutions is

kn,n = kn+1,n = Kp+ln-1 = 0,
kn—l,n = Kpn-1 = kn+1,n—2 = 0’

3 2
hl(x) = Amkn—Z,n + Amkn—l,n—l + mkn,n—Z + kn+1,n—3a
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where there exist three positive integer roots my, m,, ms, where my, my, ms are pairwise distinct, and

rank (F,, ) = rank (F,, ),
rank (F,,,) = rank (F,,—2),
rank (F,,) = rank (F,,,->) .

Corollary 6. When k,_3, # O, the sufficiently necessary condition for a fourth-order VCHDE (3.1)
with the coefficients (3.2) to have four linearly independent particular solutions is

kn,n = Kp+lyn = Kn+ln-1 = 0,
kn—l,n = Kppn-1 = kn+1,n—2 =0,
kn—Z,n = Kp—-1n-1 = kn,n—Z = kn+l,n—3 = O’
hZ(-x) = Afnkn—&n + A?y,kn—Z,n—l + A,%qkn—l,n—Z + mkn,n—S + kn+l,n—4,

where there exist four positive integer roots my,mp,ms,my, where my,my,ms,my are pairwise
distinct, and

rank (F,, ) = rank (F,,,_3),
rank (F,,) = rank (F,,_3),
rank (F,,,) = rank (F,,_3),
rank (F,,) = rank (F,,,_3) .

4. Discussion and conclusions

In this work, we used the lemma about the necessary and sufficient conditions for the existence of the
solutions of homogeneous differential equations, and the relationship between the coefficient matrix of
VCHDE and the existence of polynomial particular solutions was studied. Especially, compared with
prior works [30, 31], this work extends, for the first time, the necessary and sufficient conditions for
the existence of particular solutions of VCHDE to the fourth-order and nth-order cases. The main
results are as follows:

(1) The necessary and sufficient conditions for the existence of solutions of fourth-order variable
coefficient VCHDE and the necessary and sufficient conditions for the existence of solutions of nth-
order VCHDE were obtained.

(2) The necessary and sufficient conditions for the existence of only one polynomial particular
solution, or the existence of two, three, or four linearly independent polynomial particular solutions of
fourth-order VCHDE are proved.

(3) The necessary and sufficient conditions for the existence of only one polynomial particular
solution, or the existence of two, three, or four linearly independent polynomial particular solutions of
nth-order VCHDE are proved.

These results not only expand the class of solvable differential equations but also provide a new
way of thinking about the existence of solutions to polynomial coefficient VCHDE and a systematic
and unified analytical framework for studying VCHDE.

However, the results of this work have not yet been validated numerically, and we plan to validate
the results in future work. Many early studies have demonstrated that numerical validation methods
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are indeed feasible. Hu designed an algorithm to automatically determine and solve the polynomial
particular or general solutions of the equation [30]. The algorithm judges and calculates on the basis
of the equation’s coefficient conditions, including evaluating the polynomial coefficient values,
calculating the roots of relevant functions, and constructing matrices to determine the rank and
determinant. Examples are verified in Maple software. Li designed an algorithm for solving the
third-order VCHDE with polynomial coefficients [31]. The process entails inputting the polynomial
coeflicients, making multi-step judgments according to the coefficients’ conditions, such as verifying
that the coefficient elements are zero, calculating the roots of relevant functions, and constructing
matrices to judge the rank, ultimately outputting the expressions of particular or general solutions.
MATLAB software is used to solve and verify specific examples. Specifically, by substituting specific
coefficient values into the equation and employing numerical computation methods to solve it,
followed by comparing the outcomes with the theoretical results, the existence of particular solutions
under various conditions can be vividly illustrated. Thus, this method can be applied in our future
validation work.

Additionally, the current work has limitations in terms of the polynomial coefficients and the
number of linearly independent solutions. Therefore, we plan to address these limitations in future
work. On one hand, we will consider various types of VCHDE, including those with non-polynomial
coefficients, such as exponential and trigonometric functions, and explore the feasibility of
establishing similar conditions for the existence of solutions. On the other hand, the influence of
boundary value conditions on the equations is an important aspect. If VCHDEs 2.1 and 3.1 are
subject to boundary value conditions, they may alter the existence and uniqueness of solutions,
requiring reanalysis and the derivation of relevant conclusions. Zhao et al. confirmed that the
interaction between boundary value conditions and the rank of the coefficient matrix has a significant
effect on VCHDE [2].

The theoretical results presented in this work have potential applications to real-world problems.
In materials science, VCHDE can describe processes like heat conduction and mass diffusion in
materials, with coefficients varying according to the material’s physical properties. Wang’s optical
system design research shows precise analysis of differential equation solutions’ properties is crucial
in material physical process modeling. This study’s results help determine the heat conduction
equation solutions’ existence, the aiding understanding of heat transfer in alloys [1]. In
communication, signal propagation models in complex media often involve VCHDE. For instance, in
time-varying channels, signal attenuation and velocity may change with time or space. Zhang et al.’s
research on nonlinear differential equation solutions shows that this study’s findings may help analyze
propagation model solutions’ characteristics, providing theoretical support for signal processing and
communication system design [20]. However, further in-depth studies and real-data verification are
needed for specific applications.
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