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Abstract: In the present paper, reaction—diffusion systems (RD-systems) with rapidly oscillating
coeflicients and righthand sides in equations and in boundary conditions were considered in domains
with locally periodic oscillating (wavering) boundary. We proved a weak convergence of the trajectory
attractors of the given systems to the trajectory attractors of the limit (homogenized) RD-systems in
domain independent of the small parameter, characterizing the oscillation rate. We consider the critical
case in which the type of boundary condition was preserved. For this aim, we used the approach of
Chepyzhov and Vishik concerning trajectory attractors of evolutionary equations. Also, we applied the
homogenization (averaging) method and asymptotic analysis to derive the limit (averaged) system and
to prove the convergence. Defining the appropriate axillary functional spaces with weak topology, we
proved the existence of trajectory attractors for these systems. Then, we formulated the main theorem
and proved it with the help of auxiliary lemmata.
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1. Introduction

In the paper, one can find the homogenization problem for reaction—diffusion (RD) equations in
domains with very rapidly wavering boundary (for detailed geometric settings [1]). We prove the
existence of trajectory attractors and also obtain the convergence of the attractors as the small parameter,
characterizing the oscillations, goes to zero, i.e., we prove the Hausdorff convergence of attractors as the
small parameter goes to zero. Thus, we construct the limit attractor and prove the convergence of the
attractors of the given problem to the attractor of the limit problem. In many pure mathematical papers,
one can find the asymptotic methods applying to problems in domains with wavering (rough) boundaries
(see, for example, rapidly oscillating boundaries in [1-5], fractal boundaries in [6], diffusivity through
rough boundaries in [7], rapidly oscillating type of boundary conditions on oscillating (wavering)
boundaries in [8, 9], boundaries with many thin rods in [10-13]). We want to mention here the basic
frameworks [14—18] where one can find the detailed bibliography.

Concerning attractors, see, for instance, [19-21] and the references in these monographs.
Homogenization of attractors were studied in [21-24] and applications of this theory were investigated
in [25-28].

In this paper, we proved the weak convergence of the trajectory attractor 2, to the RD-systems in
domains with wavering boundary, as € — 0, to the trajectory attractors 2 of homogenized systems in
some natural functional space. Here, the small parameter e characterizes the period and the amplitude
of the oscillations. The parameter € is included also in a Fourier condition on a part of the boundary,
and we consider the case when the type of this condition is preserved (critical case).

Note that the subcritical case (the case of the Neumann homogenized condition) and supercritical
(the case of the Dirichlet homogenized condition) are also interesting, but we suppose to study them in
independent papers.

Section 2 is devoted to basic settings. In Section 3, one can find the framework of the theory of
attractors. In Section 4, we describe the limiting (homogenized) RD-system and its trajectory attractor.
Section 5 contains auxiliary results, and Section 6 is connected with the proof of the main result.

2. Settings of the problem

Suppose that D is a bounded domain in R? d > 2, with smooth boundary dD =T'; UT,, where D lies
in a semi-space {x; > 0} and I'; C {x : x; = 0}. Given a smooth nonpositive 1-periodic in the y function
F(x,9), X = (x1, ..., X4-1), Y = 1, ..., Ya—1), We define the domain D, as follows: D, = I'{ U T, where
wesetl'S = {x = (X, xy) : (X,0) €', xg = €“F(X,%/€)}, 0 < a < 1, i.e., we add the thin oscillating
layer I1, = {x = (X, x4) : (X,0) € '}, x4 € [0, e”F(X, X/€))} to the domain D. Usually, we assume that
F(%,y) is compactly supported on I'; uniformly in y. Consider the problem

W = AAue —a(x,2) fu) + h(x,2), x€Det>0,

e o v, o d-aorw X o
a_l:/ + eBp(x’ f)uf - 61 a/g(x’ )_EC)’ X = (x’ xd) E FE’ t > 05 (2.1)
u. =0, xel,t>0,
u. = U(x), xeD.,t=0,

where u, = ulx,t) = (u',...,u")7 is an unknown vector function, the nonlinear function

f="....,f"" is given, h = (h',...,h")T is the known righthand side function, and A is an
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n X d-matrix with constant coefficients having a positive symmetrical part: %(.7( + A >wl, w>0

(where I is the unit matrix with dimension n). We assume that p(%,%) = diag{p',...,p"},
g(x,y) = (gl, ...,&"T" are continuous, 1-periodic in y, and p (%5¥),i=1,...n,are positive. Here, % is
d
the co-normal derivative of the function, i.e., a% = > A j%N jand N = (Ny,...,Ny) is the outward
kj=1

normal vector to the boundary of the domain with unit length. We denote the maximum of p on I';
by pmax- _
The function a(x, y) € C(D. x R) is such that 0 < a; < a(x,y) < a, with some coefficient a,, a,. We
assume that function a.(x) = a (x, f) has an average a(x) when € — 0+ in space L, .,,(D), that is,
fa (x, E):,o(x)dx - fa(x)(p(x)dx (€ = 0+), 2.2)
€
D

D

for each ¢ € Li(D).

Denote by V (respectively, V,) the Sobolev space H'(D,T,) (respectively, H'(D,,T5)), i.e., the space
of functions from the Sobolev space H'(D) (respectively, H'(D,)) with zero trace on I',. We also
denote by V' (respectively, V)) the dual space for V (respectively, V,), i.e., the space of linear bounded
functionals on V (respectively V). For vector function % (x,y), assume that for any € > 0, function
hi(x) = hi (x, ’—EC) € L,(D,) and it has an average hi(x) in space L,(D,) for € — 0+, that is,

% (x, )—C) ~H(x) (€ - 0+) weaklyin Ly(D,),
€

or
f K (x, f)go(x)dx 5 f H()p(dx (€ — 0+), 2.3)
€
D D
for each function ¢ € [,(D)andi=1,..., n.

From the condition (2.3), it follows that the norms of functions 4’ (x) are bounded uniformly in €, in
the space L,(D,), i.e.,

WL ONLypy < Mo, Ve € (0,1]. (2.4)
We suppose that the nonlinearity f(w) is continuous, i.e., f(w) € C(R"; R"), and this function satisfies
DU wIET < My [Z PP+ 1), 2<pi <. <Pt < pus (2.5)
k=1 k=1
D b =M< ) et Yw e R, (2.6)
k=1 k=1

for y, > O for any k = 1,...,n. The inequality (2.5) is due to the fact that in real RD-systems, the
functions f*(w) are polynomials with possibly different degrees. The inequality (2.6) is called the
dissipativity condition for the RD-system (2.1). In a simple model case p, = p foreachk =1,...,n,
bounds (2.5) and (2.6) are reduced to the following:

lf(w)| < My (le”_1 + 1), ywlP — M, < fw)yw, Yw e R". 2.7

Note that the fulfillment of the Lipschitz condition for the function f(w) in the variable w is not supposed.
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Remark 2.1. Using the presented methods, it is also possible to study systems in which nonlinear terms
look as follows: ), ay (x, ’—E‘) fiw), where a, are matrices of the elements of which admit averaging and
k=1

Sfi(w) are polynonjlial vectors of w, which satisfy conditions of the form (2.5) and (2.6). For brevity, we

study the case m = 1 and a, (x, f) =a (x, f) I, where I is the identity matrix.

G = f SV PGP g 5) . 2.8)

Denote

[O,I)d‘]
P(%) = f VIVsF(E, )P p(%, ) d5. (2.9)
[0,1)‘1_1

Note that P(X) is positive due to the positiveness of p. We have the convergences (see [1] and
Section 5 of this paper)

el_afgi()?,é)-v(i,e“F(fc,)—ec)) ds—)fGi()Z)-v(x) ds, (2.10)

re I
and
l-a i~ x ~ ~ X i~
€ p (x, E)v(x, € F(x, ;)) ds — | PP(XH)v(x)ds, 2.11)
re I

for each v € H'(D,) by € — 0. Here, ds is the element of (d — 1)-dimensional measure on the hypersurface.
In the further analysis we use the following notation for the spaces U := [L,(D)]", U, := [Ly(D¢)]",
W := [H'(D,T,)]", W, := [H'(D,;T,)]". The norms in our spaces are defined in the following way:

VP == f DV oPdx, M2 = f D V(Pdx,
D i=1 D i=1

€

M := f D WPy, IR, = f D IWi)Pdsx.
D i=1 D i=1

€

Denote by W’ the dual space to the space W, and by W_. the dual space to the space W..

Let g, = (pk”fl) forany k = 1,...,n. We use the notation p = (py,...,p,) and q = (qy,...,¢qn), and

define spaces

Vp =L, (D)X...xXL, (D), Vpe:=L, (Do) X...xXL, (D),
Vo®4: V) = Ly (Rei Ly (D) X ... X Ly, (R Ly, (D)),
Vo®o: Vi) = Ly Ry Ly (D) X ... X Ly, (R Ly, (D).
As in [21,29], we investigate weak (generalized) solutions of the problem (2.1), that is, functions

uc(x, 1) € V(R U N VR W) N VP (Res Vi)
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which satisfy the Eq (2.1) in the distributional sense (the sense of generalized functions), that is, the
integral identity

- fue . E;—li/ dxdt + fﬂVm -V dxdt + fae(x)f(ue) Y dxdt +

DXRL DexR DexR,

eﬂfp(fc,)—;C)ue-tlfdsdt:fhe(x)-wdxdt+61_“fg(fc,§)-wdsdt,

Fi xR, DcXR, Fj xR,

(2.12)

for each function y € C7(R,; W. NV, ). Here, z; - 2> denotes the scalar product of vectors z;,z, € R".
If u.(x,1) € Vp(0, M; V, ), then from the condition (2.5) it follows that f(u(x, 1)) € Vq(0, M; V).
At the same time, if u.(x, ) € V,(0, M; W,), then AAu(x,t) + h. (x) € V,(0, M; W.). Therefore, for an
arbitrary generalized solution u.(x, s) to problem (2.1), it satisfies
Ou(x,t)
ot
Now, applying the Sobolev theorems, we get the following:

€ Vq(0, M; Vg ) + V2(0, M; W)).

V(0. M: Vy) + V50, M; W) € Vo (0, M; UZ) .

Here U" := H"'(D)X...XxH ™(D.),xr = (ry,...,rp,)and r; = max {1,d(1/q; — 1/2)} fori =1,...,n,
where H™"(D,) denotes the space dual to the Sobolev space H"(D.) with superscript r > 0 in the
domain D..

Therefore, for all generalized (weak) solution u.(x, f) to problem (2.1), time derivative
to V4 (0, M; U").

Oue(x,t)

o belongs

Remark 2.2. Existence of a generalized solution u(x,t) to problem (2.1) for any initial data U € U,
and fixed €, can be proved in the standard way (see, for instance, [20], [29]). This solution may not be
unique, since the function f(v) satisfies only the conditions (2.5) and (2.6) and it is not assumed that the
Lipschitz condition is satisfied with respect to v.

The next lemma is proved in a similar way to the proposition XV.3.1 from [21].

Lemma 2.1. Let u(x,1) € VY°“(R,; W) N VY“(R,; V) be the generalized solution of problem (2.1).
Then,

(i) u. € C(R,;U,);

(ii) function ||u.(-,t)||? is absolutely continuous on R, and moreover

1d ,
Ed—tllue(-, DII- + fﬂVuE(x, 1) - Vu(x, dx+
D,
f a (0 f (U, D) - ud(x, )dx + & f p(x, f)ue(x, £ - ux. ) ds = (2.13)
De re ‘
fhé(x) u(x, Hdx + €7 fg ()?, g) cu(x,t)ds,
D, Ie

1

fora. a. t € R,.
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To define the trajectory space 7. for Eq (2.1), we use the general approaches of Section 3, and for
every [#,#;] € R, we have the Banach spaces

ov
Gy, := Valto, 11; W) N V(20,11 U) N V(0,115 Vp) N {V ' 7 € V4 (to,ll;U_r)} ,

(sometimes we omit the parameter e for brevity) with the following norm:

ow
||W||03,01,I = Wlvaouswy + WV, aon vy + WV + || 5 .
Ot 1lvy(t0.0:07)

Letting O, ,, = Vq (to,1; U™"), we obtain ©,,,, € D, ,,, and for u(t) € ®,,,,, we have L(u(t)) € D, ,,.
One considers now the generalized solutions to Eq (2.1) as solutions of the equation in the general
scheme of Section 3.

Consider the following spaces:

, , : , ow . _,
GV = VI (R,: W) N VI (R,; V) N VIR, U) N {w ' s Vi R,; U )},

- 8W oc —-r
G = VIR W) NV R, V) N VER,;U) N {w \ 5 € Vi B U )} :

We introduce the following notation. Let K be the set of all generalized solutions to Eq (2.1). For
any U € U, there exists at least one trajectory u(-) € 7. such that u(0) = U(x). Hence, the space 7 to
Eq (2.1) is not empty.

It is easy to see that 7 C 6 and the space 7 is translation invariant, i.e., if u(t) € 7', then
u(t+1) e 77 forall T > 0. Hence, S(7)7 C 7. forall t > 0.

In the set ®,,,, we can introduce metrics py, ,, (-, -) in ®,,,, by means of V,(, #;; U)-norms. Hence,

we obtain the following definition of this metric:

" 1/2
Pion (v, W) = f (@) —W(t)%dt) V() w(-) € Frony-

The topology ®¢ in ¢ is generated by these metrics. Let us recall that {v,} € %' converges to
v € 6 as k — o0 in O if [[vi(-) = v()lIvVywovy = O (K — o0) for all [£y, ;] C R,. Bearing in mind
Eq (3.2), we conclude that the topology ®’¢ is metrizable. We consider this topology in 7" of Eq (2.1).
Similarly, we define the topology @< in 6.

Consider the semigroup of translation {S ()} on 7, S(r) : 7. — 7., 7 > 0. This semigroup {S ()}
acting on 7, is continuous in the topology @i(ffr.

Using the scheme from Section 3, one can define bounded sets in 7" by means of the Banach space
®” . We naturally get

ow _,
62, = VAR, Wo) N VAR, V) N VR, U) N {w |5 e Vima )} ,

b loc
and the space ¢, is a subspace of 6.
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Suppose that 7 is the kernel to Eq (2.1), i.e., we have the set of all generalized complete bounded
solutions u(¢),t € R, to our RD-system. We consider solutions bounded in

ow _,
62 = V5R; Wo) N VER; V) N Ve(®; U N {w ‘ 5 € VIR; U, )} :

Proposition 2.1. Problem (2.1) has the trajectory attractors U in the topological space G)IEOEr The set
W, is bounded in (512, . and compact in @ In addition, N, = 11, K., and the kernel K, is nonempty and

€,+

bounded in ©°. Recall that the spaces 6%, and ©'; depend on .

To prove this proposition, we use the approach of the proof from [21]. To prove the existence of an

absorbing set (bounded in ¥, and compact in ®"¢), one can use Lemma 2.1 similar to [21].

It is easy to verify that A, C By(R) for all € € (0, 1). Here, By(R) is a ball in (6’; . with a sufficiently
large radius R. Due to Lemma 3.1, we have

By(R) € V3R, U™, (2.14)
By(R) € C(R,; U, O0<p<l. (2.15)

Bearing in mind Eqs (2.14) and (2.15), the attraction to the constructed trajectory attractor can
be strengthened.

Corollary 2.1. For any bounded in 6% _ set B C T} we get

diStvz(o, MU (HopS (1B, oy Te) — 0,

where M is a positive constant.

Recall that D C D, and D lies in the positive half-space {x; > 0}. Therefore, for each function u(x, t)
of the variable x € D, that belongs to the space Tf .» 1ts restriction to the domain D belongs to the space
F? and, moreover,

llullge < llualle, -
Using this observation, we have:
Corollary 2.2. The trajectory attractors U, are uniformly (with respect to € € (0, 1)) bounded in F?.

It should be noted that the kernels K, are uniformly bounded in the space &°. We mean that they are
uniformly bounded with respect to € € (0, 1).

3. Attractors to evolutionary equations: General approach

The section is devoted to the trajectory attractors to autonomous evolutionary equations (see details
in [21]).
Consider an autonomous equation of the form
ou

Fri L(u), t=>0. (3.1)

Networks and Heterogeneous Media Volume 19, Issue 3, 1381-1401.
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Here, £(-) : Ty — Y, is a nonlinear mapping, T, Yy are Banach spaces, and T; C Y. As an
example, one can consider L(u) = AAu — a(-) f(u) + h(-).

We study generalized solutions u(f) to Eq (3.1) as functions of # € R, as an object. The set of
solutions of Eq (3.1) is said to be a trajectory space 7+ of Eq (3.1). Now, we give a detailed description
of 7.

Consider solutions u(f) of Eq (3.1) on [#y, ;] € R. We consider solutions to problem (3.1) in a Banach
space ®,,,,. The space 6, ,, is a set f(s), s € [y, 1;] satisfying f(¢) € T for a.a. t € [y, 1], where T is a
Banach space, satisfying Ty € T C T,

We consider ®,,,, as the intersection of spaces C([#, t,1; E), or L,(fy, t;; E), for p € [1, oo]. Suppose
that R, ;, ®, -, € ®y,,, and

||Rl‘(),l‘1f||(ﬁ[0,,1 S C(lo’ tlaTO’ Tl)”f”(ﬁ Vf € (ﬁTl,Tz'

7071

C(ty, t1, 70, T1) 1s independent of f.

Denote by S (7) for 7 € R the translation S (1) f(¢) = f(7 + 1). If the variable 7 of f(-) belongs to the
segment [7y, t1], then the variable ¢ of S (1) f(-) belongs to [ty — 7, #; — 7] for 7 € R. Suppose that S (7) is
an isomorphism from Fy ,, to F;_.;_. and ||S (T)f”(ﬁto_f,,,_f = [fllot.s, VI € Oy sy

Suppose that if f(¢) € ®,,,,, then L(f(¢)) € D,,,,, where D, ,, is a Banach space, which is larger,
®,, S Dyy- The derivative % is a distribution with values in Y, ‘;—J; e D'((ty,11); Vo), and we
suppose that D, ,, € D’((t,11); Yo) for all (#y, #;) C R. A function u(z) € ®,,,, is a solution of Eq (3.1) if
(1) = L(u(n)) in the sense of D' ((to, 11); Yo).

Consider the space

Here, [fy,t1] € [70,7:] and we denote by R, , the restriction operator onto [f,?;], where

G = {f(1), t € R, | Ry, f(1) € Oppys Y [t0,11] C RS ).

For instance, if ®,,,, = C([to, #1]; E), then ' = C(R; E), and if
Lﬁf“(RJr; E).

A function u(t) € ¢ is a solution of Eq (3.1) if Ry u(t) € ®,,,, and u(t) is a solution to Eq (3.1)
for any [79,1;] C R,.

Let 7* be a set of solutions to Eq (3.1) from ¢, Note that 7+ in general is not the set of all
solutions from (5?;"‘. The set 7+ consists on elements, which are trajectories, and the set 7 is the
trajectory space of the Eq (3.1).

Suppose that the trajectory space 7 ' is translation invariant, i.e., if u(t) € 7", thenu(r +t) € 7 *
for every 7 > 0.

Consider the translations S (1) in (Sffc S f@) = f(r+1), 7> 0. It is easy to see that the map
{S(r),7 > 0} forms a semigroup in (ﬁlfc : S(r)S(1p) = S(11 + 1) for 71,7, = 0, and, in addition,
S(0) is the identity operator. The semigroup {S (1), > 0} maps the trajectory space 7 * to itself:
S(T)T*CcT*forall > 0.

We investigate attracting properties of the translation semigroup {S (7)} acting on the trajectory space
7+ C . Next step is to get a topology in 6.

Assume that some metrics p,, (-, -) are defined on ®,,,, for any [#),#;] C R. Suppose that

= Ly(to, t1; E), then 6 =

fo,11

pto,tl (Rto,tlfa Rt(),tlg) < D(t09 tla To, Tl)p‘ro,‘rl (f9 g) fOr all f’ g € (BT(),T] 5 [th tl] - [TOa T1]9
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p[()—T,tl—T(S (T)fa S(T)g) = pt(),tl (f, g) vf7g € G31‘0,1‘” [to, tl] - R’ TE R

Now, we denote by ©,,,, the metric spaces on &, ,,. For instance, p,,,, is the metric defined by the
norm || - ”(B,OJ1 of ®,.

The projective limit of the spaces ©,,,, defines the topology ©¢ in 6/, that is, by definition, a
sequence {fi(f)} € 6/ goes to f(£) € ©'° as k — oo in @ if p, ,,(Riy.s, fir Rign /) — O as k — oo for
all [1p,1;] € R,. Itis possible to show that the topology ©'¢ is metrizable. For this aim we use, for

F+ s J2) - — 2 < ‘Os( D) Z)

—_— 3.2
= 1+ pofi, ) G2

We define the Banach space

6 = (f(0) € B | [Ifllyz < +oo),

with
Ifllge = sup llRo.1f (7 + Dlls, -

=0

We recall that &2 € ®"¢. For our Banach space %, we need only the fact that it should define

bounded subsets in the trajectory space 7 *.
Assume that 7+ C 6.

Definition 3.1. A set = C @ is said to be the attracting set of {S (1)} acting on T in the topology ©'°¢
if for any bounded in Ft set B C T, the set E attracts S (t)B as T — +oo in the topology ©', i.e., for
any e-neighbourhood O.(E) in ®ﬂf" there is Ty > 0 such that S (1)B C O(E) for all T > 7.

It is easy to see that the attracting property of = can be reformulated equivalently: we have
diSt@)O‘M(R()’MS (T)B, RO’ME) — 0 (T - -|-OO).

Here,
distp(X, Y) := supdisty(x, ¥) = sup in;pM(x, y),

xeX xeX Y&
is the Hausdorft semi-distance from a set X to a set Y in a metric space M. We recall that the Hausdorft
semi-distance is not symmetric, for any 8 C 7+ bounded in 2 and for all M > 0.

Definition 3.2. ( [21]). A set A C T is said to be the trajectory attractor of the semigroup {S (1)} on T*
in the topology ©'° if

(i) Wis compact in ©°° and bounded in F?,

(ii) the set W is invariant: S(T)A = W for all T > 0,

(iii) the set Wis an attracting for {S (t)} on T in the topology ©', i.e., for every M > 0, we have

diste, ,,(RouS (1)B, Ry ) — 0 (7 — +00).

Let us give the main assertion on the trajectory attractor for Eq (3.1).

Theorem 3.1. ( [20,21]). Let the trajectory space T * corresponding to Eq (3.1) be contained in 65.
We also assume that our semigroup {S (t)} has an attracting set 2 CT * which is bounded in (Y)ﬁ and
compact in @¢. Then, the semigroup {S(7), 7 > 0} acting on T* has the trajectory attractor A C E.
The set U is compact in ©° and bounded in 65.

Networks and Heterogeneous Media Volume 19, Issue 3, 1381-1401.



1390

Let us describe in detail, i.e., in terms of complete trajectories of the equation, the structure of the
trajectory attractor U to Eq (3.1). We study Eq (3.1) on the time axis

ou
= = L(u), t€R. (3.3)

Note that the trajectory space 7 * of Eq (3.3) on R, has been defined. We need this notion on the
entire R. If a function f(¢), ¢ € R, is defined on the entire axis, then S (7) f(¢) = f(7 + ¢) are also defined
for T < 0. A function u(?),t € R, is a complete trajectory of Eq (3.3) if R,u(t +t) € 7 * for all T € R.
Here, R, = Ry denotes the restriction operator to R,.

We have $/°, %%, and ©'¢. Let us define spaces %", %°, and ©" in the same way

®" = {f(t),t e R| Ry, f(5) € Gy, ¥ [t0, 1] S R},

6" = {f(H) € 6" ||| fllgr < +o0},
where

Ifllse := sup [|Ro1 /(T + Dlls, - (3.4)
heR

Note that our topological space ®@¢ coincides (the coincidence as a set) with ¢ and, by definition,
filt) = f(0) (k = o0) in ¢ if R, ;, fi(t) = Ry, f(t) (k — o0) in O, ,, for each [ty,7;] C R.

Definition 3.3. The kernel 7 in 6° of Eq (3.3) is the collection of all complete trajectories u(t),t € R,
of Eq (3.3), bounded in &° w.r.t. the norm Eq (3.4), i.e.,

IRo,1u(t + Dllg,, < C YT ER.

Theorem 3.2. Suppose the assumptions of the previous theorem hold. Then, W = R, T and the set T is
bounded in ®" and compact in @,

To prove this assertion, one can use the approach from [21].

Now we are going to prove that a ball in the space ® is compact in our topological space ®"¢. For
this aim we use the next lemma. Assume that Yy and Y’y are Banach spaces and T'; € Y. We consider
the spaces

Wy o0, M 71, Vo) = {£(D).7 € 0. M | £0) € Ly (0. M), £() € Ly (0. M: X))

Wee,po(0. M3 Y1, Yo) = [€(0), 1 € 0, M | £() € Luo(0, M3 Y1), €() € Ly (0, M; X))

(p1 = 1, po > 1) with the norms

M 1/p1 M 1/po
€W, 1= ( f IIS(I)IIQIIdt] + [ f ||§’(t)||’§?)dz] ,
0 0

M 1/po
llw.,,,, := esssup {IIE@)ly, | £ € [0, M]} + [ f ||gf<t>||%?‘;dz] _
0
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Lemma 3.1. ( [30]). Suppose that T, € X' C y. Then, we have compact embeddings
Wpl,po(o’ T, Tl, TO) € Lpl (O’ T, T)a Woo,po(o’ T, Tla TO) € C([Oa T]9 T)

In this paper we investigate evolutionary equations and their attractors that depend on a small
parameter € > 0.

Definition 3.4. The trajectory attractors U tend to the trajectory attractor A as € — 0 in the topology
Q¢ if for every vicinity O in ©¢ there exists an €, > 0 such that A, € O) for all € < €, i.e., for
every M > 0, we have .

diSt@()yM(R(),MQIS,R()’MQI) -0 (E — O)

4. Homogenized RD-system and its trajectory attractor (the case 5 =1 — @)

In the next sections, we study the behaviour of the problem (2.1) as € — 0 in the critical case 8 = 1 —«a.
We have the following “formal” limit problem with an inhomogeneous Fourier boundary condition

%0 = AAug —a(x) f(up) +h(x), x€D,t>0,

aﬂ X = X = X

5+ P(Dup = G(%), x=(x0)€el,t>0, @1
ug =0, xel,t>0,

uy = U(x), xeD,t=0.

Here, a(x) and h(x) are defined in Eqgs (2.2) and (2.3), respectively, and G(X) and P(X) were defined
in Egs (2.8) and (2.9).
As before, we consider generalized solutions of the problem (4.1), that is, functions

uo(x, 1) € V(R U) N VE R W) N Ve (Ri3 V).

which obey the integral identity

—fuo . % dxdt +fff’qu0 - V& dxdt +fa(x)f(u0) - & dxdt+

DXxR, DXxR, DXR,

fP(fc)uo-§dsdt:fiz(x)-§dxdt+fG()”c)-‘fdsdt,

' xR, DXR, T xRy

for each function £ € CJ(R,; WN V). For each u(x, 1) to Eq (4.1), we have that % € Vq(0,M;U™)
(see Section 2). Recall that the “limit” domain D in Eqs (4.1) and (4.2) is independent of € and its
boundary contains the plain part I';.

Similar to Eq (2.1), for any initial data U € U, the problem (4.1) has at least one generalized solution
(see Remark 2.2). Lemma 2.1 also holds true for the problem (4.1) with replacing the e-depending

coeflicients a, h, p, and g by the corresponding averaged coefficients a(x), h(x), P(%), and G(%).

4.2)

As usual, let 7" be the the trajectory space for Eq (4.1) (the set of all generalized solutions) that
belongs to the corresponding spaces %' and % (see Section 3). Recall that 7T c ®%¢ and the space
‘7_’+ is translation invariant with respect to translation semigroup {S (1)}, that is, S (T)‘7_'+ c 7_"+ for all
7 > 0. We now construct the trajectory attractor in the topology ©°¢ for the problem (4.1) (see Sections 2
and 3).

Similar to Proposition 2.1, we have:
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Proposition 4.1. Problem (4.1) has the trajectory attractor U in the topological space @', The set A is

bounded in ®° and compact in ®'. Moreover,
A =R, K,

and the kernel K of the problem (4.1) is nonempty and bounded in ®".

We also have A c B,(R), where By(R) is a ball in ¥ with a sufficiently large radius R. Finally, the

analog of Corollary 2.1 holds for the trajectory attractor .

Corollary 4.1. For any bounded in " set B C ?Jr, we have

disty, o mui- (RO,MS ()8, RO,M?) - 0,

5. Preliminary Lemmata (the case 8 =1 — )

Next lemmata are proved in [1].

Lemma 5.1. The convergence
X
v()?, e'F ()?, —)) - v(X0) ase—0,
€
is strongly in [L,(I'1)]" and the inequality

IVllikor < Ci Ve vllw,,

is true for any v € W..

Let us consider auxiliary elliptic problems

ﬂAVG + h(x’ f) = 0’ X € DE,
% + eﬁp(fc, f)vE = el‘“g(fc, ’g), x=(%x) € re,
Ve = 0’ X € rg,

and _
AAvy + h(x) =0, xeD,
T+ P(R)vo = G(X), x=(%0)€eT,
Vo = O, X € Fz,

where A(x) is defined in Eq (2.3), and G(%) and P(X) are defined in Eqgs (2.8) and (2.9).

Lemma 5.2. For all v e W, the convergence

€ fg(fc, é) . v(fc, e“F (fc, E)) ds — fG(fc) -v(x)ds| — 0,

rs Iy

is valid as € — 0.

S.D

(5.2)

(5.3)

(5.4)

(5.5
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Lemma 5.3. The convergence

el f p(i,é)vo (fc eF(fcg))v(i e"F(i,g))ds— f P(F)Wo(x) - v(x) ds| — 0, (5.6)

rs Iy

takes place as € — 0. Here, vy is a solution to Eq (5.4) and v € W..

Remark 5.1. Due to the smoothness of the boundary 0D, the solution v, belongs to H*(D) [31], and,
hence, can be continued on R, to belong to H*(D,) [32].

Lemma 54. Let 8 =1 - a and F(X,), g(X,9), p(X,y) be periodic in y smooth functions, ‘A be a given
matrix, and h(x, 2) be a righthand function which satisfies the conditions (2.3) and (2.4). Suppose
that F(X,y) is compactly supported in x € 'y uniformly in y. Then, for all € > 0, the existence and
uniqueness of the solution to problem (5.3) follows, and the strong convergence

Ve = Vo, (5.7)

in Was e — 0isvalid.

Proof. The existence and uniqueness of v, (vy) are due to the positiveness of p(X, ’f) (P(X) ) and the
Lax-Milgram lemma (see [33]). Then, according to Eqs (2.1) and (4.1),

fﬂV(VO —v.) - Vwdx + €™ fp(vo —Ve) - wds = fﬂVvo - Vwdx—
De D

i

fh~wdx—el_“fg~wds+el_"fpvo~wds:f.‘f’(Vv0~dex—

D, re re D
fh-wdx—el_“fg-wds+f.7{Vvo-dex+61_“fpvo-wds =
D¢ Iy Re re
f AVvy - Vwdx — €' f g-wds + f G(X) - wds—
R re I
fh -wdx + €7 fpvo -wds — fP(fc)vo -wds.
Re re I

1

Let us estimate all the terms in the righthand side of the last relation. By Eq (5.2), considering the
smoothness of vy, we have

fﬂVvO - Vwdx| < [|AIVolli,worlwliw, < C2 Ve vollw Iwllw,,
Re

and

fh ~wdx| < |[Mlli,@orWllieor < Cs Ve|lhllu lwllw, .

Re
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Then, according to Lemmas 5.2 and 5.3, the inequalities

61—” fg -wds — fG -wds < C4(€l_a/ + \/E)”W”Wga

re I

and
el_afpvo -wds — vao -wds| < Cs (61_“ + VEH)”VOHWEHW”WE,
re r

hold. With the help of these inequalities, we obtain

fﬂV(vo—vE) Vwa’x+fp(v0—ve) wds| < Ce ( I-a @)Ilwllwe.

l"E

Substituting w = vy — v, and using Lemma 5.3 and the Friedrichs type inequality (see [34-36]), we
obtain Eq (5.7). The lemma is proved.

Lemma 5.5. 1) All solutions u.(t) to Eq (2.1) satisfy

luc®I? < lucO)lZe™" + R}, (5.8)

t+1
@ f ||ue(s)||51ds+2a02% f [TAGHEY:

t+1

+ 2Pmaxe’ f lite (g, reyds < NI + R, (5.9)

where %, > 0 is a constant independent of €. Positive values R, and R, depend on M, (see Eq (2.4)) and
are independent of u.(0) and €.

2) All solutions u(t) to Eq (4.1) satisfy the same inequalities (5.8) and (5.9) with the norms in the
function spaces over the domain D instead D..

Proof. We give a brief outline of the proof (see the details in [21]).
In the righthand side of Eq (2.13), the integral over the part of the boundary I'{ is nonnegative because
of the positiveness of the matrix p. We integrate Eq (2.13) with respect to ¢. Then, to estimate the terms

el_“fg -wds and el_"fpuE - wds,

i i

we use the Cauchy inequality and the compactness of embedding V,(I'f) € W.. For other terms, we use
a standard procedure (see [21]). The lemma is proved.
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6. Main assertion

Here, we formulate the main result concerning the limiting behavior of the trajectory attractors 2, of
the systems (2.1) as € — 0 in the critical case § = 1 — a.

Theorem 6.1. The following limit holds in the topological space ®'
A - A ase—0+. (6.1)

Moreover,

K. > Kase— 0+ in 0 (6.2)

Proof. It is easy to see that Eq (6.2) implies Eq (6.1). Hence, it is sufficient to prove Eq (6.2), i.e., for
every neighborhood O(K) in @, there exists €, = €,(0) > 0 such that

K. c O(K) for €< e. (6.3)

Assume that Eq (6.3) is not true. Then, there exists a neighborhood O'(%) in ®%¢, a sequence
& — 0+ (k — 00), and a sequence u, (-) = u (1) € K, such that

g, ¢ O'(K) forall keN.

The function u (x, ), € R is a solution to

:‘Z? = Alue, —a(x, ) flug) +h(x, %), x€ D,
%+ & p(E, D = € g(%, ), xers, (6.4)
Ug = 0, X € rz,

where § = 1 — . To get the uniform in € estimate of the solution, we use Lemma 5.5 (see also
Corollary 4.1). By means of Eqs (5.8) and (5.9), we obtain that the sequence {u, (x,?)} is bounded in
G, ie.,

t+1 172 t+1 p
llue lle» = sup |lug (DI + sup [fluek(ﬂ)llf dﬂ] +sup [flluek(ﬁ)llflp dﬂ] +
t t

teR teR teR

teR teR
t Ff

t+1 t+1 1/q
X Oue, q
€ sup (% = Juc(x, 8) - ue(x, 9) dsdi + sup H L) d9| <CVkeN. (65)
€ U-r
t

Note that here, 5 = 1 — @. The constant C is independent of €. Consequently, there exists a
subsequence {uek((x, 1)} C {ue (x, 1)}, such that

ug (x, 1) = u(x, 1) ask — oo in e,
Here, u(x, t) € ®” and u(t) satisfies Eq (6.5) with the same constant C. Because of Eq (6.5), we get

g (x, 1) = T(x, 1) (k = 00),
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weakly in V¥(R; W), weakly in V{j"‘ (R; Vp), star-weakly in V¢(R, ; U) and

Oue (x, 1) Ju(x, )
ot ot

(k = 00),

weakly in Vf;’jv (R; U™). We claim that u(x, t) € K. We have ||| < C. Hence, we have to verify that
u(x,t) = up(x, ), i.e. it is a generalized solution to Eq (4.1).
Using Eqgs (6.5) and (2.3), we find that

o _
— Alu,, — hy, (x) — a_L; — AN —h(x) ask — oo, (6.6)

in the space D’ (R; U™), since the derivative operators are continuous in the space of distributions.
Let us prove that

a(x, g) Flug) — a(x) f@@) ask — oo, 6.7)
k

weakly in foﬁv (R;Vq). We fix any number M > 0. The sequence {u(x,?)} is bounded in
Vp (M, M;V,) (see Eq (6.5)). Then, due to Eq (2.5), the sequence {f(uq (1))} is bounded in

Vq (—M,M; Vq). Because {u(x,?)} is bounded in V, (=M, M;W) and {agj" (t)} is bounded in
Vo (=M, M;U™), we may assume that

uEk(-x’ t) - ﬁ(x’ t) as k — oo in V2 (_Ma Ma VZ) = V2 (DX] - M’ M[)’

hence,
ue (x,t) = u(x,t) ask — oo for almost all (x,7) € DX] — M, M[.

Because the function f(w) is continuous in w € R, we conclude that
Sf(ug(x,1)) = f(i(x,1)) as k — oo for almost all (x, 1) € DX] — M, M|. (6.8)

We have
a (x, f) Flug) —a(x) f(@) =
€k
a (x, f) (fus) — @) + (a (x, 1) _a (x)) f(@). (6.9)
€ €k

Let us show that both terms in the righthand side of Eq (6.9) tend to zero as k — oo weakly in
V4 (—M, M, Vq) = V4 (D x |-M, M|). First, the sequence a (x, é) (f(ug) — f(@)) goes to zero as k — oo

for almost all (x,t) € D X |-M, M| (see Eq (6.8)). Applying Lemma 1.3 from [37], we conclude that

a(x, f)(f(ufk) — f@) = 0 ask — oo,

€k

weakly in V(D X ]-M, M[). Second, the sequence (a (x, fk) —-a (x)) f(t) also goes to zero a k — oo

weakly in V(D X ]-M, M[), since a (x, é) — a(x) as k — oo star-weakly in V., (—M, M;V,) and
f@u) € Vg (D x 1-M, M[). Thus, Eq (6.7) is proved.
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Now, let us show that ~
&~ p(%, :k)ufk ~ P®i as k- +oo, (6.10)

weakly in V,(I'; X] — M, M[). Indeed, we have

€ "p(x ;)uek (fc, e,fF(fc, eﬁk)) — P(X)u(x) =
e pl%, Eﬁk) (ufk(;z, e F(x, Efk)) - u(x e F (. Efk))) +

e pl, ;)u(x e F(%, Efk)) — P(D)i(%, 0).

We have

il ﬁ)?,f;:F;C,z,t —0 as k— +oo,
Ek €

1-a X ( @ [
(s )( % (.
weakly in V,(I'yx] — M, M[) due to Lemma 5.1. We state that
X\_(. . X I
ek “p(x, )u(x, e,fF(x, —), t) - PX)u(x,0,t) = 0 as k — +oo, (6.11)
€L €k
weakly in V,(I'; xX] — M, M[). Indeed, due to Lemma 5.5, both terms are bounded V,(I'yx] — M, M[).
Also, one can see that this convergence due to Eq (2.11) is almost everywhere in | — M, M[. Using
Lemma 1.3 from [37], we get the weak convergence Eq (6.11) and, hence, we obtain Eq (6.10).

In an analogous way, we act with the terms with g(fc, E—’;) and G(X), using Lemma 5.2.
Hence, for u(x, t) = ug(x, t), we have

ffuek dxdt+ffﬂVuEk Vfdxdt+ffaek(x)f(uq ) - € dxdt+

-M D, -M D, -M D,
ekﬁff ( )uek Edsdt — — ffuo —= dxdt+
-M % -M D
M M
ffff’quo - V& dxdt + fﬁ(x)f(uo) <& dxdt + ffP(fc) ug - €dsdt,
-M D D -M T,

as k — oo,

Using Eq (6.8), we pass to the limit in the Eq (6.4) as k — oo in the space D'(R; U™") and obtain that
the function u(x, ) satisfies the integral identity Eq (4.2) and, hence, it is a complete trajectory of the
Eq (4.1).

Consequently, ug € K. We have proved above that u;, — up as k — oo in @ ¢, Assumption
Ue, ¢ O (K) (see [38]) implies uy ¢ O'(K), and, hence, uy ¢ K. We arrive to the contradiction that
completes the proof of the theorem.

Networks and Heterogeneous Media Volume 19, Issue 3, 1381-1401.



1398

Using the compact imbedding Eqs (2.14) and (2.15), we improve the convergence Eq (6.1).
Corollary 6.1. For any 0 <n <1 and for all M > 0,

diStVz([O,M];Ul"I) (R()’MQIE, RO,Mﬁ) - 0, (612)
disteosnu-n (Rosle Ron) = 0 (€ = 0+). (6.13)

To prove Eqs (6.12) and (6.13), we use the reasoning in proof Theorem 6.1, changing the topological
space @ by V¢(R,; U'™") or C"“(R,; U™).

In conclusion, we consider the case of uniqueness of the Cauchy problem for RD-systems. It is
sufficient to suppose that the nonlinear function f(u) in Eq (2.1) satisfies the inequality

—Clw; = wy* < (f(w1) = f(wp), w) —wy) for any wy,w, € R”, (6.14)

(see [21,29]). In [29], it was proved that if Eq (6.14) is true, then Eqgs (2.1) and (4.1) generate dynamical
semigroups in U, possessing that global attractors A, and A are bounded in W (see [19,20]). Moreover,

A= {u(0) |ueN), A={u0)|uc.

The convergence Eq (6.13) gives:

Corollary 6.2. Under the assumption of Theorem 6.1, the limit formula takes place

disty-s (AE,Z) — 0 (e — 04).
7. Conclusions

In the paper, we consider RD-systems with rapidly oscillating terms in equations and in boundary
conditions in domains with locally periodic wavering boundary (rough surface) depending on a small
parameter. We define the trajectory attractors of these systems and prove that they weakly converge to the
trajectory attractors of the limit (averaged) RD-systems in domain independent of the small parameter.

In this paper we consider the critical case in which the type of boundary condition is preserved under
the limit passage.

Defining the appropriate axillary functional spaces with weak topology, we prove the existence of
trajectory attractors for these systems. Then, we formulate the main theorem and prove it with the help
of auxiliary lemmata.
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