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Abstract: In abounded domain, the solution of linear homogeneous time fractional parabolic equation
is known to exhibit polynomial type decay rate (the so-called Mittag-Lefller stability) over time, which
is quite different from the exponential decay of classical parabolic equation. We firstly use the finite
element method or finite difference method to discretize the parabolic equation in space to obtain
fractional ordinary differential equation, and then use fractional linear multistep method (F-LMM) to
discretize in time to obtain a fully discretized schemes. We prove that the strongly A-stable F-LMM
method combined with appropriate spatial discretization can accurately maintain the long-term optimal
algebraic decay rate of the original continuous equation. Numerical examples are included to confirm
the correctness of our theoretical analysis.
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1. Introduction

Let Q c R? be a bounded domain with smooth boundary dQ. Consider the initial-boundary value
problem for a time-fractional parabolic equation:

Diu(x,t) — Lu(x,t) =0, x€Q, t>0, (1.1)
subject to the Dirichlet-boundary condition u(x,7) = 0 for x € 0Q and the initial value u(x,0) =
up(x), x € Q. Here Dfu(t) := F(ll—a) fot(t — §)"“u’(s)ds denote the Caputo time fractional derivative of

order @ € (0, 1) and £ be a linear second-order elliptic operator in H*(Q) N H, ()

d d
(Lw)(x, 1) = ) Bilay()du(x)) + Y b(x)0,u(x) + c(x)u(x, 1). (1.2)

ij=1 j=1
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Like [1], we assume that a;; = aj; > 0 in Q, and also either ¢ > 0 or ¢ — 1 Z?:l 0;b; > 0 to ensure the
existence and uniqueness of the solution.

The time fractional parabolic equation with order @« € (0, 1) include diffusion, sub-diffusion
equation and other types, which are often used to describe various transport processes with memory
effect. The existence, uniqueness and stability of solutions of fractional partial differential equations
(F-PDEs) have been deeply studied and many important results have been obtained. Many typical
results, such as fractional comparison principle [2] and maximum principle [3], have been established.
Compared with the standard parabolic equation, the solution of the anomalous parabolic model (1.4)
has two typical characteristics [4]:

e weak singularity at ¢t = 0. That is the solution of the equation pointwise satisfies the estimation

% < C(1 + t*7%). In particularly, for k = 1 we have

/.01 < C(1+ 1) luollzys i€ Nl ¢, Dllpq) — +o0 as 1 — 07 (1.3)

e long-time polynomial decay rate,

(-, Dll2) < luollz2 ) = O(t™) as t — +oo. (1.4)

I+

In this paper, we mainly focus on the long time behavior of numerical solution. In [5], it is pointed
out that the asymptotic stability and long-time decay behavior of solution to linear homogeneous
Caputo time fractional ordinary differential equations (F-ODEs) are completely determined by the
eigenvalues of the coefficient matrix. For the F-PDE, the optimal long time estimation of the solution
is also established [6-8]. Similarly, asymptotic stability also applies to fractional systems obtained
from different practical problems. Examples include fractional-order coupled reaction-diffusion
neural networks without strong connectedness [9], fractional-order memristor neural networks with
leakage delay [10], time fractional reaction-diffusion systems with unknown time-varying input
uncertainties [11], and non-autonomous fractional order neural networks with impulses [12]. The
asymptotic stability of exact discretization numerical scheme for Caputo-Hadamard fractional
differential equation on the time scale is proved in [13].

In [5], the authors proves that the numerical solutions of the linear homogeneous F-ODEs are
Mittag-Lefller stable by singularity analysis of the generating function, which shows the numerical
solution completely preserves the same optimal decay rate for a long time as that for the continuous
equation. In this paper, we first convert the F-PDE into a F-ODE system through the finite element
method or finite difference method in the spatial direction, and then use the methods and ideas
from [5] to prove that for a large class of strongly A-stable numerical methods, the numerical solution
can accurately maintain the long-time decay rate of the continuous equation.

The main work of this paper is to establish the numerical Mittag-Leffler stability of F-PDEs and
obtain the same long-time decay rate of the numerical solution as that of the continuous solution. The
detailed description can be expanded from the following aspects:

e For homogenous F-PDEs, we use two spatial discretization methods to obtain time F-ODEs, and
then use strong A-stable fractional linear multistep methods (F-LMMs) to get the corresponding
generating function equation of numerical solution.
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e We mainly use the singularity analysis of the generating function to establish the Mittag-Leffler
stability conditions of numerical solution for the fully discretized scheme.

The rest of the paper is organized as follows. In Section 2, we first review the properties of solution
for F-ODE system. Then we derive the space semi-discretization scheme by finite element or finite
difference for Eq (1.4) and combine with F-LMMs to obtain the fully discretized schemes. In Section
3, we prove the numerical solution preserves the long-time decay rate O(z,“). Numerical examples are
included in Section 4.

2. Numerical methods for F-PDE

Let us start with the main results on Mittag-Leffler stability for F-ODE system.

Lemma 2.1. [14] Consider the F-ODE system D®y(t) = Ay(t) where y € RY and A is a constant
coefficient matrix. Let A4 be the eigenvalue of matrix A. Then it holds that
(i) The solution to F-ODE is asymptotically stable if and only if all the eigenvalues A, satisfy that

A4 € Ay 1= {z € C\[O) : |arg(2)] > %}. @.1)

(ii) If all the eigenvalues A4 € A,, the solution to the F-ODE is Mittag-Leffler stable, i.e., ||y(?)|| =
Ot ) ast— .

2.1. Spatial discretization methods

In order to apply the main results and ideas of F-ODE, we first discretize the equation in space. We
will consider two typical methods, namely the finite element method and the finite difference method.

2.1.1. Finite difference approximation

Let Q, be the tensor product of d = 2 uniform meshes {ih}f‘ﬁo, where Q,, := Q,\0Q denotes the set

of interior mesh nodes. Now, consider the spatial difference semidiscretization

(2.2)

Dfu(x,t) = Lyu(x,t), x €y, t>0,
u(-1) =0 in Q,NIQ, u(x,0)=uy in Q,,

where £, is a standard central differential operator defined by

2
Lyu(x,t) = Z %h_z{apq(x + hop)[u(x + hép, t) — u(x + hé, — hd,, 1)]
p.q=1
+ apg(x — ho,)[u(x — hop, t) — u(x — hd, + hé,, 1)]
+ apg(X)[u(x + hoy, 1) — 2u(x, t) + u(x — ho,, 1)1}
2

(2.3)

B by (0)[u(x + hS,, 1) — u(x — hé,p, 1)] — c(x)u(x, 1).

| =

p=1

Then the spatial finite difference semi-discrete scheme of Eq (1.4) can be written as

D" = Ly, (2.4)
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where L, is the spatial difference matrix.
The local truncation error of the solution of the above semi-discrete scheme is known to be O(h?)
under the condition A~! > max;-;, {%ku”Lw(mlla;l||Lw(g)} in the norm L. (Q) [15]. In the following

finite element semi-discrete scheme, when the coefficient satisfies ¢ — % Z,le Oibr > 0, it can also be
obtained that the local truncation error is O(h?).

2.1.2. Finite element method
Let V,, C Hé(Q) N C(Q) be the Lagrange finite element space of a quasi-uniform simplical
triangulation 7~ of Q. Let u” € V), satisfy
(D" VY, = AV, W eV, (2.5)

with ug = uy, and (-, -), is an approximation of the inner product L,(€2). Let (:,-) denoting the exact
L,(Q) inner product, then the bilinear from A, is defined by A, (u,v) := (Lu — cu,v) + {cu, vy, [15].
We construct an approximation of the solution in a family of finitely dimension subspaces:

M+l i
V/’l = {p }iZI s (p 9p ) = 6ij9
where {p}*! is an orthonormal basis of V},. So we have u" = 31" (u", p")p', and when we take V' = p/,
Eq (2.5) can be rewritten as
M+1 M+1
D Y o) (ppl), = D W o)A’ ). (2.6)
i=1 i=1

This leads to the finite element semi-discrete scheme for Eq (1.4)
D" = Lyu" (2.7)

with L, € RM*DXM+D determined by L;'L,, where Li(i, j) = (o', p/);, and Ly(i, j) = Au(p', p). Since
L, is known as the identity matrix, there is L, := L,. Therefore, for the two spatial discretization
methods, we have a unified form as that given in Eqs (2.4) and (2.7), but L, has a different meanings.

2.2. Time discretization method and generating function

We recall some basic concepts and notations. Let d; := (1,0,0,...) be the convolution identity and
0;,; be the Kronecker function. Denote u = (ug, u1, . . .), where u,, € C', be a discrete sequence. When
u, v are two scalar sequences, we define the discrete convolution v * u = w, where w, = 2?:0 Vp—jUj.
The sequence v is said to be invertible only if v * u = §, and u is the inverse of v, i.e. u = v~!. The
generating function for u = (ug, uy, . ..) is defined as F,(z) = X, us2", z € C. Then it is easy to to see
if v u, then F\.,(2) = F.(2)F,(z) and if w = u~" then F,(z) = 1/F,(2).

In Eq (1.4), let u,, be the approximation of u(-, #,) by implicit scheme on uniform grid ¢, = nt with
step size T > 0 in the form

1 n
DY) = — ity =) = Lytty, n2 1. (2.8)
Jj=0
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In order to include n = 0, Eq (2.8) can be rewritten as
1 n
s Zﬂj(un—j —up) = Ly(u, — up6,0), n=0.
=0
Let w = u~'. By generating function we have u — uy = ™*w * Ly(u, — Up0,0), then

u, —uy = 7w * Ly(u, — up6,0)ln = 7 Z Wy jLyuj — w,Lyug |, n > 0. (2.9)
=0

In Egs (2.8) and (2.9), the coefficients {u,} and {w,} can be determined in several ways. Perhaps the
most famous method is the convolution quadrature (CQ) developed by Lubich [16, 17], which inherits
the excellent numerical stability characteristics of the classical linear multistep method (LMM).
Another important method is the L1 scheme [4]. Here we list the generating functions of several
widely used methods; see Table 1 or [5].

Table 1. Numerical methods and their generating functions.

Methods F,(2) F,0)
F-BDFI  (1-2)™ 1
F-BDF2  (1-2 (&)™ ()"
F-Adams2 (1-2)“(1-%(1-z2) 1-%
L1 scheme ﬁLi(}l (@ 1

By generating function F,(z) = X2y w 7/, as long as F,,(z) is given, the corresponding coefficients
{u,} and {w,} will be determined accordingly. In summary, we obtain the fully discretized scheme for
Eq (1.4):

U, = Up + T“an_thuj, n>1. (2.10)

j=1
3. Numerical Mittag-Leffler stability for F-PDEs
We now analyze the long-term qualitative behavior of the numerical solution of the fully discretized

scheme (2.10) for F-PDEs. We first review some related concepts and results of numerical solution for
F-ODE:s [5,17].

3.1. Numerical stability region of F-LMMs

The linear test model for F-ODEs (with a € (0, 1)) is D{y(¢) = Ay, which is asymptotic stable if
A € A,, as indicated in Lemma 2.1. Applying F-LMMs to the fractional linear test equation gives

Yo = Yo + AT [w  (y = yo64)]s 1 2 0. (3.1)
The numerical stability region for Eq (3.1) is defined by
ST ={{=21"€C\{0}:y, = 0asn — oo}, (3.2)
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and a numerical method is said to be A(B)-stable (with 8 € (0, 7)), if the region S¢ contains the infinite
wedge A(B) = {z € C\ {0};|arg(—z)| < B}. Similarly to ordinary differential equations (ODEs), if
the stability region S¢ contains the entire sector A,, i.e., S D A,, then the method is said to be
A()-stable, or simply A-stable.

Consider the classical k-step LMMs with generating polynomials p(z) = Z’J‘-zo @z and o(z) =
Z];:(),szj. Let
_Zp@)  ad izt
C o)) Botk 4+ Brarz+ B
The LMM defined by a generating polynomial F5(z) = Fgp.0)(2) = d(z)~! for the classical ODE, with
order p > 1 is called strong A(f)-stable if

6(2)

6(z) 1s analytic, with no zeros in a neighborhood of the unit disk |z| < 1 except z = 1;

larg6(z)| < m— B for |z < 1; %5(6_T) =1+0(@(P), withp>1. (33)

See [16,17]. The fundamental relationship between the stability regions of the classical LMMs and the
F-LMMs is given by

Lemma 3.1. [17] Consider a classical LMM defined by a generating polynomial F(z) = 6(z)~!
satisfies the stability conditions Eq (3.3). Let S; and S? be the stability regions of the standard LMM
and its corresponding F-LMM defined by F,(z) = (F5(2))" = 6(2)™® respectively. Then it holds that

1) ST =C\{1/F,(2) : |2 < 1}

(i) (C\ 89) = (C\ S0

(iii)) LMM is A-stable if and only if the F-LMM is A-stable;

(v) with m — ¢ = a(r — ), LMM is A(p)-stable if and only if the F-LMM is A(Y)-stable.

The above stability results are extended to general finite dimensional F-ODE systems in [5].

Lemma 3.2. [5, Theorem 7] Assume that the F-LMM satisfies the conditions in (3.3). Then for the
vector-valued F-ODEs D{u(t) = Au with any step size T > 0, the numerical stability region is given by

St =det(I =1 F,(2)A) #0 for|z] < 1

=3 is not an eigenvalue of matrix A for |z] < 1
TF,(2)

is an eigenvalue of matrix A for |z] < 1} .

1
C\ {T“Fw(z)

Lemma 3.2 shows that if 14 € A, and the F-LMMs are strongly A-stable, then det (/ — 7*F,(2)A) #
0 for all |z] < 1 and 7 > 0. This leads to the F-LMMs is unconditionally stable for the vector-valued
F-ODEs.

3.2. Mittag-Leffler stability analysis

Generating function is the main tool to study the long time behavior of numerical solutions for
time fractional differential equations. The following lemma gives the internal relationship between the
coefficient of generating function and the behavior of function singularity at z = 1.
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Lemma 3.3. [18] Assume F,(z) is analytic on AR,0) := {z : |zl < R, z # 1, |arg(z — 1)| > 6} for
someR>1and @€ (0,2). If F,(z) ~(1 —2)Pasz— 1, z€ AR,0) for B # {0,-1,-2,-3,---}, then

~ L B-1
Un ~ gt asn — .

In the following, we study the polynomial long time decay rate for the numerical solution of Eq
(1.4). So before we do that we first need to check that L, satisfies the condition of Lemma 3.3.

When £ is so small such that A~! > max;_; » {%Ilbkll re@lla;'l LM(Q)} , then the spatial central difference
operator £, satisfies the discrete maximum principle. Hence, —L; is an M-matrix. It is also known from
[1, Remark 7.2] that the matrix associated with the spatial linear finite element discretized operator
—Ap, is also an M-matrix. So the real part of the eigenvalue of the semi-discrete matrix Lj, is less
than 0, i.e. A, € C . The strong stability condition for F-LMMs yields 1/F,(z) falls in region
{z:largz] < G} N C*. Therefore 1/(77F,(z)) is not an eigenvalue of L;, which leads to that

det(I — tF,(z)L,) # 0, forall |zl < 1 and 7 > O. (3.4)

Theorem 1. Assume the F-LMMs is strong A-stable in the fully discrete scheme (2.10) for F-PDE
(1.4). Then the numerical solution is Mittag-Leffler stable, i.e., ||u"|| = O(t;%) as n — oo for any T > 0.

Proof. 1t follows from Eq (2.10) that u)! = ug + 7 ¥}_; w,- thui?, then

n
h _ 01 h 10g h
u, = —1t"w,Lpuy + 1 E wn_thuj.
J=0

Multiply the above equation both sides by z* and sum over n form 0 to oo to get that
Fp(z) = i(l — 1w, L)7"uf + T F () Ly F o (2). (3.5)
n=0
From Eq (3.5), we can get
Fu(@) = - 1T"F,Ly™ (%_ZI - T“Fw(z)Lh) iy
= (I = °F (L) (1 ()L + li_zl) ul
_ (1 + IL_Z(I _ T“Fw(z)Lh)_l) .
We see from Eq (3.4) that the inverse (I — 7F,(z)L;)”" exists for |z < 1 and z # 1. And the

generating polynomial constructed under the condition of strong A-stability satisfies that [5], F,(z) ~
(1 —2)™*asz— 1.So we have

Fu@ = |1+ 7= =271 |}

a -1
|z 1(<1—z) I-L,,) ]ug

(1-g)loge| 1o
1 o z (1 _Z)a -1
e [(1 - T+ r_a( — I—Lh) .
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Since 0 < @ < 1, we have (1 —2)!"* — 0 and (1 —2)% — 0as z — 1. Therefore, we have
F(z) ~ W - %L, 'ug as z — 1. By Lemma 3.3, we have u! ~ mL}‘llugn‘“T‘“, which lead to the
desired results ||u"|| ~ O(£;%) as n — oo. O

4. Numerical example

To quantitatively investigate the long-time decay rate of the numerical solution, we introduce the
index function
In ([l 11/ 112 1)
In (tn+5/tn)

which is numerical observation order of decay rate as O(t,”*). It is independent of the initial value.
In the numerical example we take Q = [0, 1], the initial value uy = 10sin (47rx) sin (47ry) and the
parameter ajp =ay = 2, app =dy = 1, bl = b2 = 1, c=1.

, 4.1)

Pa(ty) = —

Table 2. Observed p, computed by L1 scheme in time and finite difference and finite element

(the values in brackets) in space with 7 = 0.2, h = 35

1
32°

In

a=0.1

a=0.3

a=0.5

a=0.7

a=09

100
300
500
700
900

0.1003(0.1003)
0.1000(0.1000)
0.0999(0.0999)
0.0999(0.0999)
0.0999(0.0999)

0.3013(0.3013)
0.3004(0.3004)
0.3002(0.3002)
0.3001(0.3001)
0.3001(0.3001)

0.5026(0.5026)
0.5008(0.5008)
0.5005(0.5005)
0.5004(0.5004)
0.5003(0.5003)

0.7038(0.7038)
0.7013(0.7013)
0.7008(0.7008)
0.7006(0.7006)
0.7004(0.7004)

0.9049(0.9049)
0.9016(0.9016)
0.9010(0.9010)
0.9007(0.9007)
0.9005(0.9005)

Table 3. Observed p, computed by BDF1 scheme in time and finite difference and finite

element (the values in brackets) in space with 7 = 0.2, h =

1

32°

In

a=0.1

a=03

a=0.5

a=0.7

a=09

100
300
500
700
900

0.1004(0.1004)
0.1000(0.1000)
0.1000(0.1000)
0.0999(0.0999)
0.0999(0.0999)

0.3018(0.3018)
0.3005(0.3005)
0.3003(0.3003)
0.3002(0.3002)
0.3001(0.3001)

0.5039(0.5039)
0.5013(0.5013)
0.5008(0.5008)
0.5005(0.5005)
0.5004(0.5004)

0.7064(0.7064)
0.7020(0.7020)
0.7013(0.7013)
0.7009(0.7009)
0.7007(0.7007)

0.9052(0.9052)
0.9030(0.9030)
0.9018(0.9018)
0.9013(0.9013)
0.9010(0.9010)

We calculate and observe index p,, with various choices of parameters for F-BDF1 and L1 schemes,
as shown in Table 2 and Table 3 respectively, from which the decay rate data is completely consistent
with our theoretical prediction of Theorem 1, i.e., O(,“).

Figure 1 shows the numerical solutions of U” at the initial time ¢, = 0, and Figures 2, 3, 4 are the
numerical solutions U" at the time #, = 10, 30, 100, respectively. From Figure 1 to Figure 4, it can be
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Figure 3. U" for ¢, = 30. Figure 4. U" for #, = 100.

seen that the ||U"|| of the numerical solution decays with time, and further qualitative analysis can get
that [|U"|| = O(t,*), as expected.
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